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Mpeaucnosue

JKenauue pemuTh 3a1a4y MHOTHMH crocobaMi ABAETCA JaNeKo
HE Npa3siHbIM, YBepeH, YTOo T¢, KTO HCKPEeHHE 3aHHTEPECOBAHBI B U3y~
YeHHW MaTeMaTHKH H ee TIPENolaBaHiH, YOeAHIHCH He TONBKO B 3(-
GeKTHBHOCTH, HO M B 5CTeTHUeCKOil MPHMBIEKATETbHOCTH TIOHCKOB
BTOPOro criocoba peleHHs.

Cnenats Takol MOMCK He CY4YaiHBIM ARTEHHEM, a PETY/ISPHBIM —
LEb 3TOM KHHIH.

TMono6HuH MOIX0n BOIMOXEH B CAMOM Hayalle W3yYeHHH reoMeT-
puH. [lake camMas TPHBHANBHAA 331343 MOXET OBITH OBOAOM JUIS Fe0-
MeTpHueckux danTa3Mi, napas peGeHKY BO3MOXHOCTH HCMONB30BATE
pa3lTHYHBIE JOTOTHHTE/IbHbIE TOCTPOSHMA, KOTOPBIE HE BCETa MOXHO
fpeayranars. 3aTo 1Mo MEpe HAKOIUIEHHS TEeOPETHUECKOro MaTepHana
K TakoH 3anaye MOXHO Bo3dppamatbest («Pemmmu nsyms — Haiimure
TpeTHii»). M X014 cioco0hl, npenaraeMele Y4aluMces, MOTYT GbITh 110~
XOXHMH H JI2Ke B ONPE/IeICHHOM cTeneHu AyOMHpyIOUHMH IpyT ApYyTa,
YYHTEIO ClIelyeT ¢ 0fo6peHHeM H IMOHHMAHHEM OTHOCHTLCA K HeTCKOl
MOMNBITKE KAaK K HaYany MOUCKOBOI M TBOpYeCKOi paGoThl.

B oT0¥ KHHMIE CHCTEMATH3MPOBAHBI HHTEPECHAIC 3a/1a4M, KOTOpHIE
MOXHO PeIaTh HECKONBKHMH criocobaMu: 3aiauu obyualonero Xxapak-
Tepa (rmaBa «[laiite peGeHKY NodaHTa3HPOBaTL») CMEHAIOTCA HOKA3a-
TEILCTBAMM TEOpEM M3 INKOJIBHLIX Y4eOHUKOB reomerpun. [Mpumene-
HHME PAVTHYHBIX criocoDoB momoraeT Bosee rayGOKOMY BOCNPHATHIO
3THX TEOPEM, a TAKXKE MX 3anoMuHaHHIo. Ho riaBHoe, 4TO ¥ y4eHHKOB
BEIpaDaTHEIBaeTCA Ka4ecTBO «He poberb» nepen asropureramu. Cama
MBIC/TB O TOM, 9TO TEOPEMY MOXHO JOKAa3aTh HHaue, 4eM B yueOHHKe —
CTHMYJI JUIS TBOpYecKoH paBoThl. DT0 MOATBEpPKAAETCA H AOKAIATEb-
cTBoM GopMys, KaKk HOBBIX, TAK M XOpomo 3HakomuiX. Kpome Toro,
TAKHE JOKAa3aTENbRCTBA CAYKAT MOJHTOHOM IS COBEPIIEHCTBOBAHHA
B anrebpe W TPUIOHOMETPHM.

OcoOblii MHTEpPeC Y YHTATeIA BEI3OBET LMK 3a/a4, IOJOXKEHHBIX
B OCHOBY OCTpOro reoMerpuueckoro cioxera («ITobena wnu nmopaxe-
HHe», «BO3HMKNA CBA3L BpEMeH», «ABTOPCKas 3anada, wiu 19 net coy-
¢TsA»). B 3THX IaBax MPOC/IEXMBAETCA HE TOJNBKO METOAHKA CO3AHHMA



Npegucnosme

HOBOI'0 criocoba peleH s, HO H UCTOPHA 3aa9H: OT MOMEHTA ee POXkKIe-
HHA 10 BOIHHKHOBCHHA H|:IB|‘.)I’*1 MA0 NMOXOXeH Ha “POAHTCIBCKYH®
(BeipaxeHue M. @. LllapriraHa).

Bepexioe cobupaHne TaKHX 3a1a4, HX KOJUTEKIMOHHPOBaHHe U TPo-
naraHua — O1HH H3 lJ,cJIEﬂ KHHI'H.

WM, HakoHen, emie ofHA W3 MMABHEIX 33/1a4 KHWTH — BOCTIHTAHHE
(7 He Gorock 2TOrO cnoBa). BocnuTaHMe cTpeMICHHA K ITOMCKY, BONH
K nobene.

Bor mouemy paboTa Han pelieHMEM 3aJad¥ MHOTUMM crocobamu
I0JKHA GBITE B apceHane M YIUTeNnei, H YIeHUKOB.



Mnaea I. laiite pe6eHky nogaHTasuposarb

Camele, CaMBle... cCaMBie TTepBHie, cambie nmpoctsie. Hu B ogHoM yueb-
HHKe [eOMETPHH, HH B OIHOM 3alauyHHKe YHTATeTb HE HAMICT Npeio-
KEHHMH I0KA34Th 3TH 3aa9M He TO YTO MHOTHMM, a XOTA Obl deyma croco-
Gamu. MoXHO HalTH TOCTATOYHO MHOTIO «CCPRE3HBIX» IIPHYHH, I04YEMY
TAKOIo 3afayHHKa HeT. 3aT0 eCTh OIHA NMPHYHHA, /LTS Yero HYXHbI 3TH
cnocobnl. Bot ona: 3to unTepecro! Ho... ciauana nonpobyiiTe caenats
cami. MoxeT 65ITE, BanmHx cnocoboB DyneT MEHBLLE, Y4EM B KHHTE, @ MO-
xeT ObITh, XoTs OB omMH OyaeT apyroit — nobena!

1. 3aga4a o buccexrpucax

ABYX CMEXHbIX yrnos

JlokaxmuTe, 9T0 BUCCEKTPHCH ABYX CMEKHBIX YTJIOB B3aHMHO T1€p-
TMEeHAUKYIAPHEL

Hepswiit cnocob
Myers yonst AOC u AOB — cMmexusie, ON 1 OM wux GHCCeKTpHCH
(puc. 1). Oboanauum £AON =a, ZAOM = p. [Tockomsky

ZAOC =2/A0N,a ZAOB =27A0M,
10200 +2B =180°, mmm o +P =90°.




[nasa L. flaiite pefenky nothaHTaIuposaTte

Bmaopoii cnoco
IMpommam npsamyio A0 (puc. 2).
Torna

£ZDOC = ZA0B =2¢.

(rouxka D TpHHAWIEXHT NPAMO¥
A0). TTockonbky

£DOC + 2004 =180°,
HMeeM
200 +2P =180°, 0 +P =90°,

M i N Tpemuii cnocof

IMponmum npamsie A0, MO, NO
(puc. 3). Tonyanm
5 B fo 4o +4p =360°, wmn o + =90°,
p Yemeepmuouii cnocol

Ha myye OA BO3bMeM mnpo-

H3BONBHYIO TOYKY X (puc. 4), u

Ha Jyud OM u ON onyctam mep-

Puc. 3 neHnuKyapel XK u XF, 1 npo-
JOJDKHM HX 10 repecedyeHus ¢ BC
B To4kax B u C. INockoneky B Tpe-
yronbHHKax XOB u XOC OK wu

OF — GHCCEKTPHCH M BRICOTHI, TO
X0=0B=0C,

a 3T0 3HAuMT, uyro £BXC paseH
90°, cnemoBaTeNBEHO,

ZKOF =90°ua +p =90°.

Iamnai cnocol
IMpumeM Touxky O 3a UeHTP
nonyokpyxHoctu (puc. 5). To-
roa BC — nuameTp 3TOMH MOMYOK-
PYXKHOCTH, @ YT/l o M f — LeH-
TpanbHbIe, IHAYHT,

20+ 2B =180° a +f3 =90°.




1. 3apa4a o GHCCEKTPUCAX ABYX CMEWHBIX YTNOB

IHlecmoii cnocof

B TOM e ToIyKpyre (CM. Ii-
THI cniocob) nposenem Jy4 OA,
KOTOpBI mepeceder Oyry momy-
Kpyra B Touke X: ZBXC=90°u
XO = BO=0C (puc. 6). 3Ha4uT,
ZLOXC =90°-a, ZOXB=90"-f
(13 paBHODEAPEHHBIX TPEYTOIb-
HuKoB XOC u XOB). Torma

90°—cx +90°-B =90°, 01 +P =90°.

Cednmoil cnocod
IIpopeneM Yepes NpPOH3BOJAL-
Hyl0 Toyky X nyua OA mpsMyo
XD, napannensuywo BC (puc. 7).
Paccmotpum TpeyroasHuk OXD.
Mockonsxy £DOB = £0DX ,a
ZCOX = £DX0, 10

a+a +28=180°a +p =90°.

Bocsmwoii enocoli
[lpoBeneM uepe3 TPOH3BONb-
Hyi0 Touky X myda OA npsamyio [/
napauieasHo BC (puc. 8). ITomy-
qHM TpeyrombHHK MON. B Hem

LMON + ZOMN + £LONM =180°

wina +f+a +f =180°,
a +p=90°.

Heaamei cnocol
H3 mpousponbHOM TOUKH X
Jyua OM onycTHM nepreHIuKy-
nsapel XH — Ha mpsmyio BC u
XE — na npamyio OA. PacecMor-
PHM NPAMOYTOJIBHBIH TPEYTOJIb-
HuKk XHD (DeBC). B Hem

(2] [o] B
Puc. 8
X
A
'E
b
B X
CH 0 D B
Puc.9

ZXDH =90°-2¢. (13 Tpeyronsuuka OED), a #HXD =180°-2f (u3 ve-
TeipexyronsHuka XEOH). Tockoneky £HXD+ ZXDH =90°, umeem
90°-2c +180°-2p =90°, mnn o +f =90°.



Inaga 1. lawre pebeuky nothaHTaznposats

Jecamuiii cnocob
Tposenem U3 NPOH3BOILHOM Toukn X myua OA npamyio XE, mapan-
nensHyI0 ON (puc. 10). B tpeyronsHuke EXA: ZEXA=o0 u £XEO=u,
3HauMT, 200 +2p =180°,0 +p =90°.

OauHHanuateiii criocob HokasaTeNbCTRa MpearaeTcs HaHTH ca-
MOCTOATENBHO.



2. BepTuKanbHble yrnbl pasHbl.

Bocemb cnocobos! Cnabo?

Pasenctso BEPTHKANBHBIX YIJI0B CTONbL OYEBHIAHO, YTO YIHBHUTEIb-
HBIM SBJISETCS CAMA MBICHIb O «MHOTOCTIOCOOLE .

OnHaKo MoMyueH MOBOA NoaHTa3HPOBATD 33 CYET MPOCTEHLIHX 0~
MOMTHHUTENBHEIX MocTpoeHuit. HMTak,

IMepenii cnocoi
O6o3nHaTuM
ZAON =, ZMOB =, ZAOM =y
(puc. 1). Toraa
a+y=180°up+y =180°,

3HauMT, o = .

Bmapoi cnocof
Mycts o #B (o >p). Ornoxum
yron KON =B (puc. 2). TTockonbky
ZKOB = ZNOB + ZNOK =
=180 +p=180°,
Toay4 OK conanaer ¢ ysom OA, uto
MPOTHBOPEYHT NPEATONOKEHHIO.

Tpemuii cnocol N
PaccmMoTpuM TpeyronsHuk AOD A o
(D € MN) (puc. 3). "
@ =0 +¢,,B=0 +0,, &/
3HAYMT, o = . B B
M~ D
Puc. 3



Inaea 1. [laiite pebedxy nodanTasnposars

Yemeepmoiii cnocod
Tposenem npsmyio || MN
(puc. 4). OHa nepeceyeT NpAMYIo
AB B Touke K. Torna ZMOB =
=/ZEKO= /KON, 1.e.a =p.

Hamuvii cnocold
Cropons yrna AOD (puc. 5)
nepeceyeM NPOU3BONBHOMN Mps-
moit XY 1 uepes NpoM3BOIBHYIO
TOYKy Z OOHOM M3 CTOPOH YI7ia
BOC nposegem npamyio ZU,
napaensHyio XV . Torna
£DX0= Z0BZ
u£XDO = Z0ZU,
a 3HagMT, ZAOD = ZBOZ.

Ilecmoii cnoco
AnanorudeH mpegslayle-
My, passe 4To To4Ka X mpruHan-
JIeXUT nipaMoi CD.

Cedomoii cnocol
OnuueM OKPYXHOCTb, 4T00B! MpAMBIE, obpasylomrmue Mexny coboii
YINIBI o M B CTANM Xopaamu 31o# okpyxHoctH AB 1 CD (puc. 6). O6o-
3HauuM UBC = n, UAD = m. TIpuMeHuM TeopeMy 006 yIie ¢ BEPLIIHHOM

m-+n n+m
-

up

BHYTDH Kpyra: o =

Puc. 6

10

, 3HAUHT, o =f.

~]



2. BeprukanbHele yriibl pasHel. Bocems cnocobos! Cnabo?

Bocsmoii cnocol
TlycTs HeKOTOpasi OKPYXKHOCTb NepecekaeT npsimbie ABu MN BTOY-
kax K, L, D, E (puc. 7). O603Hauum yrist Tpeyroibauka KDO ¢, u @,.
Toraa yrasi TpeyroibHika OLE Toxe GYIyT ¢, H @, : OHH ONHpAKTCA
Ha nyri NE u KL, a 370 3Ha4uT, 910 0. = f.

JleBaTwiit crioco® npesaaraeTca HAUTH caMOCTOSTENBHO.
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Mnaea II. B paBHoGeApeHHOM
TpeyronbHUKe

3. PaBHoGeapeHHbI TPeyrofibHUK.

Camana «3HaMeHUTaA» BbICOTA

D10 BHICOTA, MPOBENEHHAS M3 BEpUIMHEI PaBHOOEIPEHHOIO Tpe-
yrombHHKa, Obnanas HEOLEHMMBIM KauecTBOM (0Ha Gyjer MeaMaHoH 1
GHCCceKTpHCOif), 3Ta BHICOTA JAPHT AOCTATOYHO MHOTO CIOCOBOB 10Ka3d-
TenbeTBa. BripoyeM, ybeauTech caMu.

Hrak, B papHoGenperHHoM TpeyroibHuke ABC (b =c) BricoTa AH Gy-
jer MearaHoil u GuccekTpucoli yrna BAC (puc. 1).

TlepBeiii M BTOpOi crnocobbl OYEBHI-
HBI, TAK KAK TIPSMOYTOJIBHBIE TPEYTOIBHH-
¥ ABH w ACH paBHBI IO KATETY W THIIO-
TeHyse (mepBEilf cmocob) U 1o rHIoTeHy3e
W ocTpoMy YTy (BTOpOif criocod).

Tpemuit cnocob
W3 touxu H (puc. 2) omycTHM NeprieH-

A mukynspsl HD w HE na croponsr AC u
D\ AB, cootBetcTBeHHO (pHc. 2). U3 paseH-
crBa TpeyronsHukos HDC w HEB cnemyert,
D gyro HD = HE. 3uaunt, AADH = AAEH n
L O o =P, cnepoBatenbHo, AAHC = AABH u
ZAHB = ZAHC, , 7. e. AH — BricoTa.
(14 H B
Puc. 2

12



3. PaeHobBegpeHHslit TpeyronbHMK. CaMan «3HAMEHWTAAY BbICOTA

Yemeaepmutii cnocol
Tlockonsky £B = ZC (puc. 3) u
ZDHC = ZEHB, a ZAHD = ZAHE,

TO @ =f.

Ihimeui cnocob

OnuieM BOKPYT YeTHIPEXYrOJLHHKA
ADHE oxpyx#octs (puc. 4). TTockonbKy
HD=HE, 00 =p.

Llieemoii enocob
B xondurypauuu natoro cnocoba:
ZDHA=ZEHA=g,
3HAMHT,
a =90°—¢ (A4ADH),
B=90°—9 (AAEH),
chReJoBaTensHO, @ =p.

Cedawoi cnocol
Tposeaenm yepes BepuidHbl B 1 C nep-
nenaukyaapsl BM u CN x npamoit BC
(puc. 5). Torna ZACN =a, ZABM =P n
o +C = [+ B, 3HauuT, o0 = .

Bocemoii cnocob
Yepes BepIIMHY A MPOBEAEM NPAMYIO
MN napanneneHo BC (puc. 6). Toraa
Z£BAN = ZBwu £CAM = £C.Ameem

a+C=F+8B,
SHAYMT, o = .

Heaamisiii cnocofi
Mycte N u T — cepeauHbl cTOpOH AB
H AC (puc. 7). ITockonbky

1 1
HN =—AB=_AC=HT,
2 2

TO yeThipexyroibHuKk ANHT — pomb,
4 3HAYUT, o =f.

N A M
“I'p
o
c H B
Puc. 5
M A N
alp




Fnasa II. B pasvobegpenHom TpeyroneHHKe

A
IJ-“ ‘\
BI*
\. J!’z
C H B
Puc. 10
*[p
0
ml
j \yﬂ
D
Puc. 11

Mecambiii cnocofi

TMpopnum Beicoty AH Kak mokazaHo
Ha pucyHke: TH | BC (puc. 8). BHenHmit
yron TpeyronsHuKa AHC: £TAC =90°+C,
AHANOTHYHO, £ TAB =90°+B.

Hmeem:

90°+C +p =180°, 90°+B +a =180°,
3HaunT, 90°+C +p =90°+ B +a. [Tockonsky
£B=/C,100 =P.

Odunnaduyamsiii cnocod
[Ipoeenem gepes Touky H npsamMele, ma-
pamnensHule cropoHaM AC u AB (puc. 9)
(KH || AB, HE|| AC). Torna £KHC = ZBwu
ZEHB = £C,3nauuT, o + B = +C, cneno-
BaTeNBHO, a. =f.

Jeenaduamsiii cnocod
IMpoBenem
AM || BC u DH|| AC (D € AM)

(puc. 10). Torma

ZAHD =P, £BAD=_/B

u ZDHB=/ZHDA= ZC.
3uaunT, o +B=90° (LHAD), p+C=90°
(ocTpeie YIIBL MPAMOYTOJBHOTO Tpe-
yronsHuka HAD). Umeem o +B=p+C.
INockoneky £B = ZC, 00 =J.

Tpunaduyamsii cnocol

OnuuieM OKPYXHOCTH OKONo A ABC,
LEHTP KOTOpOH MNPHHALIEKUT MpAMO
AH (puc. 11) (uis onpeaeneHHocTH Gy-
JEM CUMTATh, 9TO TPEYTONMBHUK ABC —
ocTpoyronsHE). [lockonsky aHamerp
OKPYXHOCTH AD nepneHIHKyIApeH Xop-
ne BC, To uDB = uDC, oTKyna

£ZDAB = ZDAC,T. 2.0 =P.

YernipHaaUaThiil cniocod npepiaraeM HaiTH YHTATENO.
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4, PaBHbIe BbICOTHI

paBHOGEAPEHHOro TPeYroNbHUKa

PasnoBeApeHHEIN TPEYTONTBHIAK — KIOHNAHK 1A H3y4eHHS «MHOTO-
cnocobesi». PACCMOTPHM PaBEHCTBO ABYX BEICOT:

B pasHobeapenHoM TpeyroasHmke ABC (b=c) suicotsl b, M h, pas-
Hbl. JJoka3aTs.

A

[Tepssai crnocod
Tycrs BD 1 CE — ssicotsd A, ¥ h, Tpe-
yronsHEKka ABC (pwc. 1). TIpaMoyTonbHEE
TpeyromesExs BCD u CBE pasHhl, 3HAYHT,
BD=CE.

Bmaopoii cnocod
AmnanorndeH nepsoMy: AADB = AACE,
3Ha4uT, b, = h. (puc. 1).

Tpemuii cnocoi
TMockonsky ABEC = ACDB (puc. 1), To BE =CD, a ZECB = ZDBC,
snauut, HB = HC. TIpamoyroisasie TpeyronbHuku BHE u CHD pasHb,
3HauuT, DH = HE, cnenoparensto, BD =CE.

Yemeepmutii cnocold A
Tlposezem TpeTsio BricoTy AH, (puc. 2).
Tockomsky ABAH = ACAH, 1o BH =CH,
AAHE = AADH , snauwr, HE = DH, cneno-
patensHo, BD =CE.

D
Hamuui cnocob
TNockonsky BH, =CH,, To BH=CH
(puc. 2), 3Hauut, ABHE=ACHD u c 7, B

HE =DH ,a 3naunt, BD =CE. Puc.2

15



[naga II. B pasHofiegpeHHOM TREYTONBHMKE

Hlecmaoit cnocoi

A
lpoeenem otpeskm H E n HD
(puc. 3). Kak MeauaHbl NPAMOYTONBHBIX
TpeyroisHukos BEC u BDC
D E DH, =CH, w Z/DCH, = ZCDH,.
AHATOTHYHO,
Z/H EB=/EBH,,
H

B a3Ha4wuT,
Puc. 3 ZH DB=/H EC
(DH, =EH H B=HC
u ZH DB = ZH, EC),
cnenoratensHo, BD = EC.

c

Cedvmoii cnocob
Kak Ha nuamerpe onuuiem Ha BC no-
Jykpyr (puc. 4). [lockonsxky
ZABC = £ACB, 10 UCDE = UBED,

Torna wABD = CE,a 3Hauur, BD =CE.

Bocemoii cnocol
IMockoneky AC = AB u riowans S Tpe-
yronsHuka ABC papHa

%AB-}:, =%AC<h,,Toh,,=h“

Megnmuii cnocol
[lycte ZABC = ZACB =a. Torna
h, =asina =h,,
3HauuT, A, = h, .

[ecamuiii enocob

OnuieM OKPYXKHOCTE BOKPYT PaBHO-
BenpeHHOro TpeyroasHHKa ABC u mipo-
mnuM Beicoty AH, (puc. 5). IlocKoNBKY
/NAB=sH,CB=2BCN u HH, =H N,
t0 CH, =CN. Ananoruuno, BH = BN. Ho
CN = NB, 3naunt, BH =CH , cnefoBartens-
Ho, BH, =CH,.

16



4, PasHsle BLICOTH paBHoGeapeHHOro TPeyroNbHUKa

Odunrnaduamesiii cnocold
Kak Ha nuamerpe, Ha cropoHe BC onu-
mem okpyxHocth (puc. 6). TTockoabky
ZEBC = £DCB, 10 WEBC = UDCB u xop-
i BD v EC pasHbL.

Meenaduamsii cnocoii
OnycTam 13 Todexk E 1 D neprneHnuKy-
napst Ha BC: EE, w DD, (pwuc. 6). Ilo-
cKonbKy WEB =UDC, 10
EB=DC wn EE, =DD,,CD, =E B,
a 3HauuT, AEE,C = ADD, B BD =CE.

Tpunaduamei cnocob

[Moctponm yaso- B, A G
€HHBIH TPEYTOABHHK"
4gepe3 BEpIIHHE A, B,

C nposcacu npsMuic,

NapatieTsHEe COOT- A,
BETCTBEHHEIM CTOPO-

HaM  TpeYro/ibHHKa

ABC (puc. 7).

TMockoneky opto- C B
ueHTp H — LeHTp OK-
PYKHOCTH, OIMCaH-
HOH OKONO TPeyroib-
nuka A, B C, u xopmsl
A B, w AC, pasHbl,
T0 HC = HB, a3Ha4mT,
BH, =CH,.

Hy

A
Puc. 7

3amaya, ofpaTHas MOCTABAEHHOH, MOKA3KIBAETCH AHANOTHYHBIMH
criocobamu: e by =h, o b=c.

YeTrpHAIUATEI criocob MpeiaraeTcs HaliTH CAMOCTOSATENBHO.

281744 17



5. lBe GUCCeKTPUCHI

paBHo6eApeHHOro TPeyronbHUKa

JlokasbiBaeM, 9TO B PABHOGEIPEHHOM TPCYTONbHHKE GHCCEKTPHCH!
YIJIOB MPH OCHOBaHWK paBHbl. [Ipn KAXYIIEHCS aHATOTHH ¢ NpeaklLy-
MM PA3IEeNioM, JOKa3aTeNbCTBa Gonee COMepXKaTeIbHbL U HHTEPECHI.
O6paTiTe BHMMaHHe Ha OGPATHYIO 3a71a4y.

Ilepevaii enocod
Tycts BL, nCL, — GUCCEKTPHCHI YITIOB MPH OCHOBAHHH PABHOGEPEH-
Horo Tpeyronsimka ABC (b=c) (puc. 1). ockonsky £BCL; =ZCBL,,
aZB=2C,t0 ABL,C = ABL,C,3naunr, BL, =CL;.

Bmapoii cnocofi
INockonbKy
ZABL, = ZACL, n AB = AC,
10 TpeyronsHuku ACL, u ABL, paBHHl,
I : anaunt, /, =1, (puc. 1).

A

Tpemuii cnocod
Mockonbky £IBC = £ICB (puc. 1) (I —
c ' TOYKA MepeceueHns GMCCEKTPHC YIVIOB Tpe-
Puc. | yronsHuka), 10 [B=IC, a TpeyrombHHK
IL, B papen TpeyronsHuky [L,C, 3HauHT,
A IL, = IL,, crefiopaTensHo,

BI+IL, =CI +IL,, wma I, =1..

Yemeepmuiii cnocod
L, 3 Tockonmeky £IAB = ZIAC,
a/IBA= 2ICA, AB=AC,

10 AAIB = AAIC (puc. 2), snauut, BI =CI.
C ' Tockonbky AAIL, =AAIL,, 70 IL; = 1L
Puc. 2 a suauuT, BL, =CL,.
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5. [lae GUCCeKTPHCH paBHOGEAPEHHONO, TREYr ONBHNKA

Iiamuui enocol
Mockonexy
£BL,C = £BL,C
(puc. 3), To Touku B,C, L,, L, npuHan-
nexar onHo# okpyxHoctd. Ho
ZL,CB=/L,BC=

=/£L,L,B=ZL,LC.
Orciona IL, = IL,. Torna BI =CI, 3ua-
aut, BL, =CL,.

HTecmuoii cnocol
[ockonsky
UBL,L, =UL,L,C
(puc. 3), 1o BL, =CL,.

Cedumoit cnocod

Tlocxonsxy

ZBI4A= 90°+-§ (puc. 4),

aZClA =90°+g ;
10 (LB = £C)
ZBIA= ZCIA;
a 3HAYHT,

AAIB = AAIC (11 npu3Hak)
u Bl =ClI,a snaumr, BL, =CL,.

Bocsmoi enocol
OnHiieM OKOJIO TpeyronbHHKa ABC

OKDYXHOCTE (pHC. 5) H MPOTHM TPH
6uccexTpucel yios A, B u C no nepe-
CEYeHMsl C OKPYKHOCTBIO B ToUKax W,
W, ,W, . IlockonsKy

UBW, = CW,,

T0 ABIW, = ACIW, u BI =CI.
Mockonsky ACW, L, = ABW, L,,10
W,L, =W, L,,3naunr, BL, =CL,.




Inasa I1. B pasHobeppeHHom TPEYronbHuKe

Iesamviii cnocob
Bocroms3yeMcs TeopeMoii 0 cBolcTBe DHCCEKTPHCHI BHYTPEHHETO
yIJIa TPeYTONBHHKA:
BC:AB=CL,:L,A n BC:AC=BL,:L,A.
Tockonsky AB = AC,70CL, : L,A=BL, : L, A,3naum, [, =1..

Jlecambiii cnocol
Bokpyr TpeyronsHuka ABC orm-
1ieM OKpYXHOCTE (pHc. 6). IIpambie
BL, n CL, nepecexyt ee B Toukax W,
u W, . [lockonsKy
UW,W, B =UW,W,C,To

BW, =CW,.

MockombKy
VAW, =uAW,, 0

AW, = AW,
u TpeyromsHuku AW, L, w AW, L,
PAaBHBL, 3HAYMUT,

A szz =L,Wy,
CNEeaoBaTEILHO,
BW, -W,L, =CW, -W,L,
ul, =1..
1§ Odunnaduamsiii cnocol

TMponomkum npsmyio AL, 1o ne-
peceueHMs ¢ OMHCAHHOH OKPYXHO-
C L, ctbio BTouke W, (puc. 7). [Tockonbky

ABW, I =ACW, 1,10 BI =CI,
asmavunt, [, =1,

W
Puc.7

3adawa (obpatnas): Ecml, =1 ,t0b=c.
Jameuanue. Ira sanaua Ulteitnepa-Jlemyca.

JiBeHaIUATEI CTIocoB mpejuiaraeTes HaHTH CAMOCTOATENBHO.
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6. lee meguaHbl

paBHOGeApeHHOro TPeyronbHUKa

3agaua AHATOTMYHA IBYM IpPENBLLY-

A

wuM. Yurarenb 3HAKOM € TEOPEMOit 0 TOY-
Ke TiepeceteH s MeIUaH TPEYTOMbHHKA.

3adava. B papHOGeIpEHHOM TPEYTOb-
Huke ABC (b=c) Meauana m, pasHa Me- M,
nauane m, . Jlokasars.

Iepeuai cnocol
B

TpeyronsHuk BCM , paBeH Tpeyronk- C

HHKY CM, B (puc. 1). 3uauut, m, =m,. Puc. 1
A
Bmapoii cnocod
Tpeyronsuuku AM ,C u ABM, paBHBEL.
Orcionam, =m,.
Tpemuii cnocodi o
Tockonsky ZMM B =90° (M — Tou-
Ka lepecedeHHMH Meauad) (puc. 2) M
M B=M C,t0 c 7 B
MB=MC [%m, =%m,} Pic. 2

SHAYHT, M, =M, .

Hemeepmuiii crocolb
IposeneM cpenHiolo muHMI0 M, M,
(puc. 3). ITockonsKy

ZM,M B =/CM,M,,T0
ABM, M, = ACM, M,

um, =m,.




[nasa I1. B pasHoGepeHHOM TPeYroNbHIKe

Iamoiii cnocol

Mockonsky £MM,M, = ZMM;M, (puc. 3), 10 M, M =MM,

a 3HAYMT, m, =m,.

HTecmoit cnocod

Tockonbky AAM, M = AAM , M, 10 MM, = MM ;, a 35ia49ut, m, =m, .

A
M, M,
1
C i ' B
Puc. 4
A
C M M, B,
C B
Puc. 5
A
M, M;
H, H,
C B
Puc. 6

22

Cedsmoii cnocob
Mockonsky M, M, || BC, 10
M,T, = M,T,
(M,T, n M,T, — neprieHAMKY/IAPHI, OMy-
weHHse U3 Touek M; u M, Ha cTopoHy
BC) (puc. 4), a spaunt, BT, =CT,, orkyna
CT, =BT, nm,=m,.

Bocsmoii cnocod

TMposenem mpsamylo M, M, u omnyc-
THM Ha Hee TieprnieHANKyaps BB, u CC,
(puc. 5). [TockonbKy

BB, =CC, u BM, =CM, (puc. 5),
10 ABBM,=ACC,M, u M,B, =M,
a snauut, ABM,B, =ACM,C,, cneposa-
TensHo, BM, =CM ;.

Jlesamuiii cnocol
Tlposenem peicotst BH , uCH , (puc. 6).
TNockomexy
BH,=CH,,To H,M, =H,M;
u ACH,M, = ABH, M, , 31a4ut, m, =m,.
Mecammii cnocob

Coenuanm Touku M, M,, M, (puc. 7).
TMockonexy

MM, =2 ac, MM, =L as,
2 2

T0 B AM, M, M, mennannt M, E u M, K
PaBHBI, & SHAYHT, M, =M, .



6. [lse mefnansl pasHobenpeHHOro TpeyronbHuKa

Qdurnaduamotii cnocod A
TMockonbky napauenorpamMm M, M, M, B
pase napa/uienorpammy M, CM, M, , To ima-
ronans BM, pasHa muarosami CM, (pue. 7).

M,
Jleenaduamuii cnocol
Vopoum Meauanst BM, uCM, (puc. 8).
Mockonbky napamienorpammbl CAC, B u
BCB, A paBHRE, TO MX JAMATOHAIH PaBHE, C M, B
aHa4uT, BM, =CM ;. Puc. 7
B A C,

Tpunaduamutic cnocos
MNockomsky C,T, = B,T,, 70 NpAMOYTO/LHBIE TPEYTONLHHKH CC\T n
BB,T, (puc. 9) pasusl, 3HaunT, BB, =CC,, CleNOBATENLHO, M, =M, .

By A C,

Puc. 9
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Fnaea I1. B paeHoBegpenHoM TPeyTONBHUKE

A Yemuwipraduamuti
cnocod
Tposenem
M,E||M,B,
M,K||M,C
(puc. 10).
IMockonsky
B E AEM.C=AKM,B,
Puc. 10 TO My =Mm,.

Hamuaduamuii cnocol
TMockonbKy TpeyrombHUKH BM, M u
CMM , paBHOBeTHKH (1oKaxHTe!), 4
ZMM ,B= /MM ,C=a,10
lm Lsina =lm1l ‘Esi.na.
%= 2 2

Hoc = b, 3naumt, m, =m_ (puc. 11).

Hlecmnaduamubii cnocol
TMockoneKy
ZBM,C=2ZBM,C,

1o Touku B, M,, M,,C npuHamiexar o-
Ho#t okpyxHocTH (puc. 12). TTockoabKy
BM, =CM,,10
UBM, = CM, n
UBM .M, = CM . M,,

3HauMT, Xopasl BM, uCM,; — paBHBL

Cemuaduamsiii cnocol
OnumeM OKpyKHOCTb OKOJIO TPEYTO/b-
Huka ABC (puc. 13) u npomHM MeIHaHY
AM| po nepecedeHHs C OKPYXKHOCTBIO
B Touke W, . TTocko/bKy
AMBW, = AMCW,,

MB=MC,
a 3HAYMT, m, =m,.
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6. lze MeguaHbl pasHobespeHHoro TPeyroabHuKa

Bocemnadyamutii cnocod
Ynsoum otpesok MM, (puc. 14). ITo-
nyuuM pomM6 MBEC, sHauut, MB = MC,
CNENOBATENbLHO, M, =m, .

Jeaamnaduamusii cnocod

M3 cepenuunt M, cropons BC npose-
nieM otpesku M\ N||M,C u M,K||M,B
(puc. 15). Iockoneky M\ N u M K —
cpeHHE THHHH TpeyroabHukos BM.Cu
BCM,, 10

M,C=2M NuM,B=2M K.

Ho M, N = M K (u3 paBeHCTSa TPEYyTOIb-
HuKoB M| NBu M| KC), assasur,m, =m,_.

Isaonamws crocol
[lpoBeaem sepes sepuiHHy A NPAMYIO
I, napannenssEyo SC H NPOIOIKHM Me-
amanui BM, u CM, 1o nepecedenna ¢ [
s Touxkax E ® D (puc. 15). TpeyroibHHK
MED — passioBeapeHHBIN, TaK Kak
AD=BC=EAu AM 1L BC,
IHSTHT,
MD = ME,

CIICIOBATRIILHO, M, =M, .

| E A

A

Puc. 14

M,

=

M, B
Puc. 15

c M,
Puc. 16

B

[Banuars nepsbiit crioco NpeLiaraeTcs HaTH CaMOCTOATENLHO.
O6pamuan 3adava: ecnum, =m_,10 b =e. JlokasplBaeTcs aHAIOTHYHO

npAMOi.



Fnaea III. MonynapHbie yrabl
B TpeyroibHUKe

PaccMaTpuBasl [OKA3aTeIbCTBO DABEHCTBA HEKOTODLIX YIVIOB B Tpe-
YIOJIBHHKE, TIPEC/IeyeTCs Lie/b BhIIENEHHS ITHX YIJIOB, MOCKOIBKY OHM
BAXHBI B pElIEHHH MHOTHX 3a1a4. «MHorocmocoObe» CriocoGCTBYeT 3TOMY.

7. ¥ron mexpay BbICOTaMW paBeH

yray TpeyronsHuka (ZAHH, = ZABC)

3adava. Noxasars, uro ZAHH, = ZABC.

Ilepestit cnocol
Vet AHH , u ABH| B3auMHO paBHBbI
KaK yrjisl ¢ B3aHMHO MEpPMeHAMKYIAp-
HuiMu croponamu (AH, L BC,.CH, L AB)
(puc. 1).

Obo3naumm ZAHH; xak o, ZABC —
Kak p.

Bmapoit cnocod
U3 tpeyroneunka AHH ,: o + ZHAH , =90°, u3 Tpeyronsnuka ABH, :
B+ £H, AB=90°, 3nauut, a =p.

Tpemuit cnocod

U3 uetnipexyronbhuka H; HH B:p+ £H, HH, =180°, 3HauuT, o =p.
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7. ¥ron memay BeICOTaMK paseH yrny TpeyronbHuka (LAHH, = £ABC)

Hemaepmuuii cnocofi M A N

Yepes sepuinHy A NpoBeaeM Nps-
myio MN || BC (puc. 2). ITocKonsKy
ZH, AN =90°,a ZBAN =B,
10 £ZH AB =90°f,a ZHAB =90°—q,
3HAYMT, o = .

Hnmoui cnocod
IIposenem npsamyio BK, nepnex-
mukynsapryio BC (puc. 3). ITockonsky
ZH AB=/ABK w £H AB=90°"—,
10 ZABC + ZABK =90°, 3Ha4HT, g

B+90°—0 =90°,a =B. a

Hecmoit cnocod
Paccmorpum Tpeyronsauk AHC
(puc. 4). Kak pHemH#E#

o =~LAHH, = ZHAC + £HCA,
a =90°-C+90°-A4=
=180°— A4 +C) =180°-180°+B;
T.e. =8B wma =p.

Cedsmoi cnocob
Ipogenem otpesok H, H, (puc. 4).
Torna

ZH,H,B= /A /H H,B=/C.
PaccMotpum Tpeyronbank HH, H, . B nem
ZHH, H, =90°-A, LZHH, H, =90°C,
a ZAHH , — pHemHuit. Utak,
o =90°—A4 +90°~C = 180°~(A +C) = B.

3nauut, o =P

Bocvmon enocoli
Paccmotpum Tpeyromsauk H, AH, :
ZH AH, =90°-B, ZAH H, =90°-A,
a yron H H,B=/C — puewHuii. Umeem C=90°-B+90°-A4, win
180°~(B + 4) =180°~o + A),oTkynaa = B,wmu o =.
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nasa I11. MonynApHsIe yrabl B TPEYronbHuKe

Jesamotit cnocof
Boxpyr uerhipexyroistuka H, BH, H
OnHIEM OKpYXHOCTh (puc. 5). Ha myry
H,BH, onupaeTcs yron
£ZH,HH, =180°—0. (1)
B cBoio o4epenb,
ZH,HH, =180°-f. (2)
Cpasnum pripaxkenus (1) u (2):
180°-a =180°-B,
orciogac =p.

Hecamuuii cnocod

OnumeM OKPYXHOCTb OKOJIO Tpe-
yroasHuka ABC (puc. 6). ITpoium Bbi-
coty CH, 1o nepecedeHHs C 3TOH OK-
pyxHocThio B Touke D (puc. 6). Torza
HH, = H,D (noxa3ats!) n

ZAHH , = ZADH , = ZABC,

T.e.a=p.

Odurriaduamnii cnocol
[ockonbKy (puc. 6)

ZAHD =2 (UAD+CE),
& =3 (180°-24+180°-2C) =180°-(4+0) =180°-180°+ . = B,
wiMa =p.

JipeHanuaTsil crioco mpearaeTcs HAHTH CAMOCTOATENBHO.
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8. [lsa yrna npAMoOyroibHOro Tpeyro/ibHuka

B npsaMOyTonsHOM TpeyronbHuke ABC
(£C =90° nposenem suicoty CH (puc. 1).
Vsl ACH (wmu £ BCH) paBHBI OMHOMY H3
OCTPBIX YIJIOB MPAMOYTOMIBHOTO TPEYIOiE-
HuKa: ZACH = Z/CBA (£LBCH = £CAB).
IlokaxeM 3710.

Mepewaii cnocob

Vrau ACH wCBH passsl Kax yIUTbl ¢ B3AHMHO NEPNeHIUKYIAPHBIMH

cropoHaM# (puc. 1).

Bmopou cnocot

OGomaawim ZACH =a; ZCBH =P, u ZCAH = ¢ (puc. 1). H3 Tpe-
yroassuxz ACH o +¢=90° W3 tpeyronsunka ABC:B+¢@=90°, 3auur,

a=p

Ipemuii enocoli

Mposenem 6Guccextpucy CL mpsamMoro
yrna (puc. 2). O6o3naunm £ HCA = «. Torna

ZHCL =45°-q; /CLH =45%+.
TMockonsky ZCLH = ZCBL + ZLCB, 10
ZCBL =45°+0 —45°=q.
3uaumt, ZCBH = £HCA.

Yemaepmvuil cnocoli
Mposemem Meguany CM, (puc. 3).
O603uaunm <CBA =P. Torna £BCM, =p
H ZCM ,H =2p.Ilockonsky

M,A=M,B=MC,

LH A
Puc. 2
C
o
M, H A
Puc. 3

T0 LM ,CA = ZCAM , =90°-p. Torma £M ,CH =(90°-B) —p =90°~2;
LACH = ZACM, + ZM,CH =90°—B +2B-90°=.

29



nasa IT1. MonynapHsie yribl 8 TPRYTronbHUKe

30

Hamuii enocol
OnuIeM OKPYKHOCTb OKOJIO TPEYTOMIb-
uuka CAB (£C =90° (puc. 4). Tposium
pricoTy CH 10 nepecedeHns ¢ 3ToH OKpyx-
HocTsio B Touke C, . Torma ZCBA = ZCC A
(ouu ommpaiotes Ha myry AC). Ho
£CC, A= £ACC, .3naunt, LACC, = ZCBA.

IHecmoii cnocol
B npsMoyroasHOM TpeyronbHuke ABC
(£C =90° O — LeHTp ONHCAHHOM OKPYX-
HoetH (puc. 5). Iockoneky npameie OC 1
HC wsoroHaibHEL, T0 £ZHCA = Z0CB. Ho
0A =08, a 3pa9uT,

Z0BC = £BCO = ZHCA,
YTO ¥ TpebOBANOCH HOKA3ATh.

Cedumoit cnocob
Onunrem BOKpYr TpeyronpHuka ACH
(pHc. 6) oxpyxHocTs. Torna £ HCB MoxHO
PACCMATPHBATE KaK YTOJl MEK/LY KacaTellb-
Holi BC w xopnoit CH, a oH paBeH yruy
CAH.

Bocumoii cnocod
Yepes gepiunHy C npoBeaeM MpsaMyio
MN, napannensuyio AB (puc. 7). Ilo-
ckoneky ZMCB pasen yrny HCA (yrmst
¢ B3aUMHO NepreHIHKyIApHBIMHE CTOPO-
Hami) U ZMCB pasen yriy CBA, To yT-
BEPXKACHHE I0Ka3aHO.

Megamubiit enocofi

Mycts ZACH =a, ZCBA =p. Onumem
OKPYKHOCTh OKOJO TpeyronsHuka ABC
(puc. 8). TMockonkky yron COA — ueH-
TpansHbii, To ZCOA=2p (B — BnMcaH-
HEilt). B paBHODeApEHHOM TPEYTONBHHKE
COA (CO =04): ZOAC =90°-p. U3 AHCA:
o +90°—f =90°, umH o =.



8. [lsa yrna npAMOYroALHOro TPEYrofbHUKA

Hecameouni cnocofi
Tposenem uepes sepumny C
KacaresHy0 MN (puc. 9), 3HauwmT,
ZNCA=p,
£LMCB = £CAB =90°—q.
Hueem:
90°—a +90°+3 =180°,
cJiedoBaTentHoO, o =f.

OnMHHATIIATEI ciocod NpeLlaraeTcs HAATH CaMOCTOATENBHO,
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9. Bupg 13 uHueHTpa

B tpeyronsHike ABC touka J nepecedeHHsA OHCCEKTPHC BHYTPEHHHX
YIJIOB TPEYTONBHHKA HashkiBaeTcs WHUEHTpoM. OOpaianoch HEOMHO-

A
KpaTHO BHHMaHHe Ha To, 4To £BIC = 90°+ . 3apaua, onyGIHKOBAHHAS
B 3aaUHMKe TeOMeTpHH PRIGKHHA, MMeNa MHUTHOHHBIE THPAXKH W KaK
OfIHA W3 NEPBLIX «[IOCHIBHBIX 3a0a4 MOBILICHHOMN CIOKHOCTH» B Kypce

IUIAHHMETPHH M0Jk30BaNACk DobLIMM yeriexoM. Boaspaiiaem ee 9uTa-
TEMO, NOKA3aHHYI0 MHOTHMH criocobaMH.

Hepeuiii cnocod
Kak sHemrHuii yron tpeyronsHuka CIL,

A (puc. 1)
£BIC = ZACL, + ZIL,C =

=£+[180°—[£+CD=

: 2 2

’ ‘ A B+C
SN ] S

Zal [N
c B
Puc. | =180°-[%J=90°+-2-

Bmapoii cnocol
Vron BIC premHuii B Tpeyronbuke BIL, . JlokasbiBaeTcs aHAIOTHY -
HO TIEPBOMY CrIOCoBY.

Tpemuii cnocod

W3 ABIC (pwc. 1):
ZBIC =180°~(LIBC + ZICB) = laon{zl 3+2lc] -

1 1 A
=180°-— =180°-— (180°-A4) =90°+—.
2 (B+C) ) a ) 2
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9. Bup U3 MHUeHTPa

Hemeepmuiii cnocol
£BIC = £L,IL,. W3 9etnipexyronbiuka AL, [L, (puc. 1) umeem:

ZBIC = ZL,IL, =360°«(A+ ZAL,I + LAL,T)=
=360°—(A+C+%B+B+%C)=

B+C B+C 180°-4 =
2

=360°—(A+B+C+TJ=!BB°——2—=180°— A

90°+ =,
2

Iamytii cnocoi A
IMockonsky
ZBIC = /L IB+ ZL, IC,
a 9TH YIJIbl BHEIIHHE B TPEYTOJLHHKAX
ABI w ACI (puc. 2), To
ABIC=%B+%A+%A+%C= .
o B+24+C r 180°-A+24 k
2 2

Puc. 2
90°+£
i

Iecmoii cnocod
Yepes HHUEHTP [/ TpoBeneM MPAMYIO
MN napamnensHyio BC (puc. 3). IMoc- Ty
KONBKY £MIC = %C,a ZNIB = %B, HMeeM

ax=1so=—[1s+lc)s90°+£. c B
2 2 2 Puc. 3

Cedomoit cnocob
Mockoneky 2 MIB — BHemHuit B TpeyronsHuKe NIB, a
ZINB =180°-B,

TO, YYUTRIBas, 9T0 £ MIC = %C, uMeeM (puc. 3);

Loy sBic=180-8+2,
2 2

oTKyna

£BIC=180°—¥=90°+§-‘

361744 33



I'nasa II1. MonynApHbie yrisl B TPEYrONBHWKE

A Bocumoii cnocol
Yepes unuentp I nposeneM npaMbie /K

n IN, napawrensHbie cropoHaM AC u AB

coorsercrerHO (puc. 4). Torna ZCIK =§ :

. B
) == -
)‘&é £BIN 5 .3ameTnm, uto £ NIK paseH yr

c K B ny BAC (yriml ¢ napa/uie/IbHbIMH CTOpPOHA-
MM), SHAYHT,

S el B+C+24 =180°~A +24

ABIC=E+5+A= =90°+£.

2 2 2

Jleaamuiii cnocoi
Mposenem uepes pepumey A npamylo MN, mapannensiyio BC
(puc. 5). Tpommm Guccekrpuckl BL, u CL, f0 mepeceyeHHs ¢ ITOH
nipamoit B Toukax £ u D. W3 ATED:

zsm=zs:c=130°—%(3+a=90°+§.

M _E A DN

(34 B
Puc. 5

ecamsiii cnocod
Tposenem L, D|| Bl u L E|| IC (puc. 6).
Toraa getsipexyronsHuk L, DIE — napai-
NIeNOTpaMM, & IIOCKOMBKY
.{EL,B:%C,a éDL,C:%B,m

ZDLE=ZBIC =
=1aou{ls+lc]=90°+£.
272

2



9. Bug 13 nHuexTpa

Odunnaduamsii cnocod
Yepes Touxy B npope-
HeM NpAMYIO, NapauIe/ib-
HyK cTopoHe AC M npo-
JIoyKHM 6rccekTprcy CL,
0 TepecedeHHs ¢ SToi
npAMOi B Touke D:
BD|| AC (puc. 7).

‘Vron BIC Gyner BHeLITHUM
B TpeyronsHuKe BID:

B C 180°-4 A
LBIC=—+A+—=A+———=9"+—_—.
2 2 2 2

3aMeTHM, UTO MOXHO MPOBECTH AHANOIHYHOE I0KA3ATEILCTBO, ECIH
MPOBECTH NPAMYIO, MAPAJUIENbHYIO CTOpOHe AR,

Meenaduamoni cnocod
IIpoBenem mpamylo f, napawneasHyto 6uccexTpuce CL, (puc. 8):
£ZBIC = /L, BM = A

=%3+zc1.,3=

L
=£+{180°~(£+BD= ;
2 2

=180°-2*C _gge, 4.
2 2

Tpunaduamusii cnocol
OnuieM OKpYKHOCTb OKOJIO TPEYTOJIb-
HHKA ABC ¥ npomiHM GHCCEKTPHCY yInia
BAC no mepecedeHHS ¢ OKDYXHOCTHIO
B Touke W (puc. 9). TTo Teopeme TpUIHCT-
Huka CW =WI=WB n ZWCI = £CIW,
xaku ZWBI = ZBIW.

2icw =S+ 2Bew =S4,
2 272
zmw=244
272

3HauMT, LBIC=—+—+—+—=A+

Gl Az A B+C=A+180°-A A
SRR 2 2 2



[nasa III. NonynapHsie Yrasl 8 TPeYroibHNUKe

A

Hemsipuaduamnii cnocoi
Paccmotpim yron BIC Kax yron ¢ Bep-
wHHON BHYTpH kpyra (puc. 10). Touxku
W w, W, W, — rouxn nepeceuerns Guc-
CEKTPHC C OMMCAHHON OKONO TPeyrojib-

HuKa ABC okpyxHocThio. MMeem

dfc:%(uBW]C+uW,AW,)=

W =%(2A+C+B)=90° g.

A
Hamuaduameii cnoco
IlycTs BIIHCAHHAA OKPYKHOCTh KacaeT-
cs croponsl BC BTouke K (puc. 11). Torma
2B1C =90°~2 +90°-€ _g9pe+ 4,
2 2 2
K B

Lllecmuaduamuii cnocod
PaccmotpuM yron BIC kak yron me-
Ky BHICOTAMM TpeyronsHuKa W W, W,
(nokaxure!): £ZBIC =180°-LW,W W,
(puc. 12). 3naumnr,

43m=1so°—21(3+r:)=90°+

G

Puc. 11

2
>

Cemuaduamuii cnocol
IMpoBeseM CHMMETPHIO TOYKH [ OT-
HocuTensHo cToporsl BC (puc. 13). IMo-

JyauM getsipexyromsuuk (81 C. Iyets
£BIC = x. Umeem

£BI C+.£1,CA+ ZCAB+ ZABI, =
:x+éC+A+EB=360°.
2 2

x=360°—§(B+C)—A=

=360°—%(180°—A)-A=90°+1;;= ZBIC.

Bocemuanuarsiii criocob rpeiaraeM
Puc. 13 HalTH CaMOCTOATENBHO.
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10. Yron mexpay BbICOTOW U GUCCEKTPUCON,

NPOBeAEHHbIMM U3 OHOW BEPLUMHBI

PaccMOTPHM YToJl @ MEXKIY BHICOTOM /i, ¥ OHCCEKTpHCOl /, Tpeyromb-
18-
2

CTH, 4TO £ B > ZC, 3HauuT, ¢=¥.

TlomynsApHOCTE 9TOTO YIVIA B FTEOMETPHH TPEYTONBHUKA BENHKA, YH=
TaTe/b B 3TOM yOeIHTCH, @ TIOKA TepeiiieM K paCCMOTPEeHHI0 criocoboB
JIOKA3aTeNbCTB 3TOR opMyL.

HHKa ABC., [lokaxeM, 9T0 (= . JoroBopHMcs WIA onpeaeiaeHHo-

Iepesiii cnocof
Mycre AH, — BeICOTA TPEYTOJBLHHKA A
ABC, AL, — GHCCeKTpHCA TPEYroIbHHKA
BAC. O6o3naunm LAL H, xak o (puc. 1).

SAcHo, uto
¢=90°-a (1 =
(u3 Tpeyronpuuxa AH, L,). U3 Tpeyronb- - L H B
Huka AL C Puc. 1
e =C+%A. @

IloncrapumM Bripaxenue (2) B (1):

100 A B T & N AABECAP-4 BiE
=90~ C — e A Emd e —M——— ——— —wm——
i "3 ] 2 [ 2 ] 2 2

Bmopoii cnocol

Ha tpeyronsuukos AL B u AH,B:q;:%A—B (B = ZH, AB). 3nauut,

=1A—A+B+C+B

_A-A-B-C+2B_B-C
2 2 2 20

=1 4 0
¢—2A (90°-B)
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[naga III. MonynApHsie yribl B TPEYrofibHAKE

M A N Tpemuii cnocod
Tposenem npsamyio MN, nepneHauKy-
asipHyio Beicote AH, (puc. 2). ITockonbky

@ ZBCA = ZMAC, 10
A A+B+C A
=90°- C+— |= -C-==
. -[ 2) 2 2
_A+B+C-2C-4 B-C
2 F

Yemaepmuiit cnocol
OnunieM OKPYXHOCTb OKOJO Tpe-
yronsHuKa ABC (puc. 3) ¥ NpOAoLKUM
npsmyio AL, , a Taioke BeicoTy AH| 110 e~
peceueHus ¢ 3ToH OKpyxHocThio. [Tomy-
gum Touku W' u N. HMeem

¢=~;-uww=zl(uWB-uam=

~Lca-qsoe-2my)=2-C
=5 (4-080-28) ===,

ITumuoui cnocob
Tpononxum GuccexTpucy AL, 10 nepe-
CeueHH ¢ OIMHCAHHOM OKPYXHOCTBIO B TO4-
ke W, (puc. 4). Tlyers ZAL, H, paseH a.
Torga @=90°-a. H3 tpeyromsuuka WL C
o =180°~(LL,CW + ZCWL)) =

= 180“-(% A+ B} 3HAYHT,

A+B+C A, , A-A-B-C+2B_B-C
&= v g 2

m=90°—180°+2lA+B=-

Iecmoii cnocod
Paccmorpum Tpeyronsiuk CIW (puc. 4): £WCI = ZCIL, (teopema
TpuHcTHUKA), M3 Tpeyronsruka CIL, (cM. mpeasaymmit criocob):

o =ZICL, + £CIL, =%C+[§+;], 3HAYMT:

A+B+C C C A_B-C
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10. Yron Memay BeCOTON W BUCCEKTPUCOR, NPOBEAEHHBIMM W3 OAHON BEPLIMHE!

D 4

1
L

\

Cedbmoii cnocob
Tposenem anamerp WD (puc. 5). Yron @
paseH yry DWA, a
1

ZDWA =~2-UAD=

=L —(WB+u4B) =

2
=%(n—(A +2C))=£2?£.

Bocsmaoi cnocol
Tockonsky (puc. 6)

=%(UCW'+UAE)= %(A+2C),

A+B+C
(P.—..—_

1 B-C
—(A =—
T e

JleBsTriit ciocob npeanaragTcs HaTH
CAMOCTOSTENBHO.
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11. ¥rabl € nepcnexkTusoim

PaccMorpuM paBeHcTBO yrios: LOAC = £BAH | (0 — ueHTp onmucaH-
HOIi 0KoJio TpeyronbHuKa ABC okpyxHocTH, H, — 0CHOBAHME BLICOTH,
TpoBefeHHOIM U3 BEPIIMHBL A).

Bruibop 2T0ii Mapsl YI7I0OB OLIEHAT MIOOHUTENH M 3HATOKH TEOMETPHH
TPEYro/ibHHKA: TPH pEeLIeHHH 3a0a4 M [0Ka3aTelbCTBe TEOPEM BHI
B JanbHel{leM HeOMHOKPATHO BOCTIONb3YETECh ITOMH Mapoi.

Hoxasats, yt0 LOAC = £BAH |, rae O — LEHTP OKPYXKHOCTH, OMH-
caHHOM oKo/Io TpeyronbHuKa ABC, H, — ocHoBalue BBICOTHI, NPOBe-
JIeHHOM W3 BepINHHEL A TpeyronbHHKa ABC.

Ilepeuiii cnocob
W3 tpeyronshuka ABH| (puc. 1):
ZH, AB=90°-B.
Paccmorpum TpeyronsHuk AOC. ITockonsky £AOC =2B, 1o
ZOAC =90°~Bw LOAC = 2H, AB.
Bmopuoii cnoco6
Mposenem nuametp AD (puc. 2). Mockonsky £LABC = ZADC, 10
ZCAD = /BAH, .
VrBepkieHHE 3aa4M J0KA3AHO.

A




11. ¥rasl ¢ nepcnekTHBon

Tpemuii cnocod
Ipopenem GuccexTpucy yria BAC (puc. 3) u npomwmmm ee 1o nepece-
YeHHA C OKPYXHOCTbIO B Touke W. Torna LOAW = ZAWO = Z/WAH, .
Mockonbky £BAW = ZCAW 10 Z0AC = ZH, AB.

HYemeepmuui cnocob
Iycrs H, u H, — ocHopanu BeicOT h, U h, (puc. 4). Tlockonsky
ZAH H, = /B (noxaxwure!), a0A L H, H, (noxkaxure!), T0
£LH,A0=90°-B=2H AB.

Hamubui cnocod
B Touke 4 npoBenemM KacatensHyio MN K OIMCAHHOM OKPYXHOCTH
(pc. 5). Torna ZOAM papen 90°,a ZMAC = £B,3naunt, ZOAC =90°-B.

Puc. 5

Ilecroit criocob npepiaraeTcs HARTH CAMOCTOATENBHO.
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12. OkpyxxHocTs, MepBbie 3apauu

PaccMOTpHM HECKOJIBKO 32124, MHTePeC K KOTOPEIM «IIOIOTPEBAETCH»
BO3MOXHOCTRIO PELIMTh HX AByMA M Gonee cnocobamu. JInuHo y MeHA
BBI3bIBAET 0COOBII MHTEPEC TIEPBad 3a1ava.

TIpuBLIKHYB K Heif Kak K ONHON U3 MpeLTaraeMeIX B Havale HIyde-
HM3l KYpca IUIAHMMETPHH, A HE MOI03PeBa 0 CYLIECTBOBAHHH BTOPOro
crniocoBa, MoKa ero He NMPEUIOKHI YISHHK, MOYEMY-TO HE CYMERUIH
PeINTH 3anayy NepBbiM, Gonee erkuM ciocoboM. beiBaer...

3anana 1. [loka3ats, uto ofliaa Xopoa ABYX MepeceKarolIMxca OK-
PYAHOCTel MeprneHIUKYIPHA THHUM LIEHTPOB.

epanstii cnocol
M, Iycts O, u 0, — ueH-
TPEI ABYX MepeceKalommx-
cH OKpYXHoOCTeil ¢ obueit
A\l xopnoit MN (puc. 1). [lo-
CKONIBKY  TPeYTONbHUKH
0, MO, n 0, NO, pasHsi, TO
£MO,0, = £NO,0,,
Puc. | a sHauut, MN 10,0, xax
buccekTpuca pasHobGen-
PEHHOTO  TPEYTONbHHKA
MO N.

Bmapoi cnocol

INpoBenem aMaMeTphHl
MA n MB (puc. 2). Ilo-
CKONBKY

ZMNA=ZMNB =90°,

10 AB — mnpsamas. B tpe-
yronbHuke MAB 0,0, —
cpenHsAs THHMS, MapaUlenbHas cropone AB. [lockonmsky AB L MN, 1o
0,0, L MN.
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12. OxpymHocTs. Mepewie 3apayn

Tpemuit cnocob
Tpopnaum panuycs O, A
10, B (puc. 3). Tak xaK
Z£0,AB= £0,DC,
Z0,BA = 20,CD,
Z0,AB = ZABO,,
10 £0,DC = £0,CD,
CNIEOBATENBHO,
AB||CD u AC = BD.
M3 cBoicTB CHMMETPHH Puc. 3
CIIeNIyerT, 4To
0,0, L AB.

3amaua 2. [ipa paBHEIX OTpE€3Ka MEpeceKaloTcs Moa MPAMBIM YTJIOM
B Touxe 0. Ha HMX KaKk Ha IMaMeTpax MOCTPOeHB! MepeceKaloluecs
B Touke C okpykHocT. Jokasars, y1o OC NpHHALIEXHT OHCCEKTPHCE
TPSMOTO YT/14.

Ilepsviii crocob
Mycrs AO u BO — paBHBIC OTPE3KH
(puc. 4). [lockoneky WACO = UBCO, To
wOmC =w0nC, snauut, VAC=uUBC u
ZAOC = £BOC.

Brmapoii cnocob

Mockonabky A0 u BO — nuaMeTpel no-
CTPOEHHEIX OKPYXHOCTEH, 10 ZACO=
= ZBCO =90°, 31auuTt, orpe3ku AC u CB
npuHamaexar mnpamoil AB (puc. 35). P 4
B paBHOOeapeHHOM TpeyronsHuke AOB
0Tpe3ok OC ABNsETCA BEICOTOM, ClefoBa-
TENLHO, B OHCCEKTPHCOH.

Tpemuit cnocofi
Mockoneky OB kacatenbHas, TO C

éCDB:%uCnO (puc. 5). Ananornuso,

ZCOA= % uCm0. Ho OmC=u0nC,
(]
3HaumTt, OC — 6uccekTpHca yrna A0B. Puc. 5



Fnasa II1. MonynApHble yrabl & TpeyronbHuke

A Yemeepmuiii cnocol
Mycrs O, n O, — LEHTPHI OKPYXKHO-
creit (puc. 6). Toraa 00,CO, — KBanpar,
a OC — ero mHaroHamb.

0
ITamutii cnocol
INpoBeneM KacaTesibHbIE B TOYKax A
u B (puc. 7). Nomyaum xeanpat ADBO,
(7] 0, B B xoropoMm Todka C NMpHHAIIEXKHT THA-
Puc. 6 roHanu 0D, 3uaunt, ZA0D = ZBOD.
A D
B
A /
(o] B
Puc. 7 Puc. 8

Janaua 3. Yepes obuiyio TOUKY IBYX BHELIHE KACAIOUIMXCH OKPYXHO-
CTeii IPOBE/IEHA CEKYINAs, TEPECEKAIOILIAA ITH OKPYXHOCTH B TOUKAX AU B
(puc. 8). Touku O, u 0, — LEHTPH 3THX OKpyXHocTeil. [lokasaTs, ¥T0
orpesku O, A u 0, B napasuie/IbHEL

Iepenit cnocoi

TposegeM JAHHHIO
uenrpos 0,0,, koro-
poii TpHHALTEXUT 06-
was Touka § 9THX OK-
pyxHocreit (puc. 9).

ToCKONbKY TPeyromib-
Hukn 0, A4S n 0,BS

paBHODEIpEHHBI, &

£0,5A=£0,5B,
10 £0, AS = L0, BS
u, 3Hauwnt, O, A||0, B.




12. OxpymHocre. lepsbie 3agaym

Bmopou cnocob M B
Yepes Touky § npo-
BefieM oOLIyIO  Kaca-
TensHyio MN (puc. 10).
O6oanauum £SBO, kax

¢. [poseneM mHaMeTp
BB, . Torma

Z£BSB, =90°,
aZB SN =q.
IMockonesky
ZASB, =90°,
10 LASN =90°~-g,
H ZAO, S =180°-2¢,
aLOAS =g,
C/IeNOBATE/ILHO,
0, A||0,B.

Tpemuii cnocol
IMycte AM u BN —
adaMerpel (puc. 11).
IMockonasky
ZMSA = ZBSN =90°,
T0 MSN — npsamas,
a 3HAYMT,
ZMSO, = ZNSO,,
CIIEOBATENBHO,
£ZMO,S = £NO,S
u AM || BN
(0, 4]0, B).

Hemesepmuiii cnocob
W3 nentpo O, u 0,
ONYCTHM IEPNEHINKY-
JNApbl Ha CceKkyuyoo AB
(puc. 12). ITockoneKy
Z0,SE = ZKS80,,10 £EO, S = £50,K,
a 3HauMT, ZA0, S = £50, Bu AQ, || BO,.

Puc. 12
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[nasa III. MonynsapHeie yrakl B TPEYroAbHUKe

Hamuaii cnocol
[Mporenem muHIKL HeHTpoB MN (puc. 13). ITocKoasky
ZMAS = ZNBS =90°,
To AM|| BN u ZAMO, = BNO,,
IHAYMT,
£MO, A= £NO, B,
cnenopatensHo, A0, || BO,.

0,

0,

Puc. 13

Janaua 4. [Ipe OKPYKHOCTH KacaloTcsi BHelnHe B Touke S. Yepea oty
TOYKY NpoBeneHa obmas KacarenbHas. [IpaMas KacaeTcs BHELIHE 3THX
OKpYXHOCTeH B TouKax A M B ¥ repecekaeT BHYTPEHHIOW KacaTeNEHYI0
B 1ouke E. [lokasats, uto AE = EB = ES.

Iepaniii cnocol
E IMycts AB Kacatens-
B Has K JaHHBIM OKPYX-
HocTaM (puc. 14). Tyets
E — nipou3BonbHas TO9-
Ka KacarensHoOl, § —
TOYKA KACAHWSA OKpYX-
Hocreit. Torna

ES = AE,ES = EB,
3nauut, AE = ES = EB.

A

Puc. 14

Bmopoii cnocol
ZEAS = ZASE Kax yrjisl MeXIOy KacaTelbHOH M XOpMoii, cnenosa-
TenbHo, AE = ES. AHATOTHYHO Joka3siBaetcd, yTo ES = EB.
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12. OupyuocTs. Mepasie 3agaun

Ipemuit cnocod
O6osHaunM M — cepeauHy orpeska AB (puc. 15), £S4AB=a,
£8SBA=p. Torma £A0,S=2a, £B0,S =2 u o +B=90° (43 ueTH-
pexyronbHuka A0,0,B). Ho torma ZASB=90°. HeiicTBuTensHO,

ZASB =180°~a +P) =90°u SM = % AB kax MeHaHa NpIMOYToJIbHOTO

TpeyronsHuka ASB. TMockonsky MS — kxacatenwHas (moxasats!),
TO YTREpPKIEHHE 3a/a4H I0KA3aHO.

Puc. 15

Janaua 5. Iuamerp AB 1 xopaa AC OKPYXHOCTH C LIEHTPOM B Touke O
obpasyer yroa, pasrsiii 30°, KacatensHas, nposefieHHas depes Touky C,

niepecekaet nponomkenue AB B touke D. [lokasats, yto OC = %OD.

Hepeniii cnocol
Iockoneky CD — gacarenk-
Hasa (puc. 16), To LOCD =90°,

Hs pasHoGenpenHoro Tpe- 30
yronbHuKa AOC: ZAOC =120°, A [] B D
IHAYMT,
£0DC =30°,
1 0C=10D. Pic. 16
2
Bmopoii cnocofi

IMockonsky £COB =60°, To AOCB paBHOCTOPOHHMIA, TOTAA
ZBCD =30°u £CDB =30°,

3nayut, OC = %OD.

47



Tnasa I1L. MNonynapHeie yribl B TPEYTOibHHKE

Tpemuii cnocoti
Mockoneky CB — MeauaHa
TpeyroneHuka OCD (puc. 16):
CB=0B=BD,
A 0 D 1
T00C =—0D.
2
K Yemeepmuviii cnocol

Puc. 17
N
A B
(0]
E
Puc. 18
N
A M
U
E
Puc. 19

48

Bocnons3ayemces puc. 17:
ZCBA= ZCKA,
sHauuT, ZACK =60°

3anaua 6. B OKpYXHOCTH 4epe3 CepeHHY
panuyca MpoBeleHa NepreHIHKYIAPHasA eMy
xoppa. Jlokasarh, YTO 3Ta XOpia BHAHA M3
LeHTpa OKPYXHOCTH mog yriom 120°,

Hepebui cnocof
B oxpyxHOCTH ¢ LieHTpoM O npoBeneHa
xopna AB uepe3 cepeauny M pamuyca NO
(pwc. 18). TockoneKy MO YCIOBHIO

LOMB =9%0°,0M = %08.10
ZMBO=30°, ZMOB =60°, ZAOB =120°.

Bmopoii cnocof
Mockonsky NM =MO n AM = MB, 10
napauenorpamm ANBO — pom6 (puc. 19),
u NO=0B = NB, 3na1ur,

£NOB=60°,a ZAOB =120°.

Tpemuii cnocofi
Mockonsky MO = % NO, u MO — cpennss
nuHug B AABC (BC — nuamerp), To
AC=2MO0=0N

1 AAOC — paBHOCTOpPOHHHIA, T. €. ZAOC =60°
(puc. 20), snaunt, ZAOB =120°,



12. OkpymHocte. Mepesie 3agayu

Yemeaepmuwii cnocol N
TMockonsky (pHc. 21)

ZNBM = ZMBO,
ZNBM = ZNEBu
ZOBE = ZOEB, 10
£NBM = £MBO = £0BE =90°:3=30°,
3HauuT, ZAOB =120°.

LS

IpemwnaraeTcd HaifiTH HOBBlE CIOCOGH Pue. 21
JIOKA3ATEBCTRA.
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13, ABTOpCKas 3ajaya... ieTen

TlponaraHna pelleHns 3a1a4y MHOTMMH criocobaMy He mpouuia fa-
poM. YaeHHKH ¢ CHAIOMIMMM [1a3aMu W Boarnacamu: «Mbl npraymamm
3afauyly — TOPXKECTBEHHO MPOWIH €€ TeKCT (OTKPOBEHHO TOBOPH, He
yBEpeH, UTO OH OPHTHHAJIEH,, PAB[Ia, JEJI0 He TOMBKO B 3TOM):

JBe OKPYXHOCTH pa3HBIX PaIMycOB MepeceKalotes B ToukaX A U B.
Pamuycer O, A u O, B MeHbIIel OKPYKHOCTH MPOLTHIH [0 MEPECEHCHUs
¢ Goneiueit okpyxHocTrI0 B Toukax C i D cooTBeTCTBEHHO. [lOKa3aTh,
uro AC = BD.

Okasanock, 4T0 LEHHOCTE 3aa4H, KaK CIpaBe/UTHRO 3aMETHIIH y4e-
HHKHM-aBTODHI, B nATH (!) criocobax 10Ka3aTeNscTBa.

Ilepswiii cnocof

M3 nenrpa O, (puc. 1)
OIMYCTHM TEPIIEHANKY/IAPE
0,T n 0, L na xopst AC 1
BD. [lockonbKy npamo-
YTONMbHBIE — TPEYTOMBHUKH
0,70, u 0, LO, pasHzt (110
rumnoteryse 0,0, u 0CTPBIM
yonam £70,0, = £ZL0,0,), '
To 0,7 =0,L, a 3HA4HT,
AC=BD,

Bmaopoit cnocof
IMockonmsky
Z0,AB = £0,DC
u £0,BA=£0,CD
(puc. 2), To £C = 2D (tak
kak0,A=0 Bu
£0,AB = 20, BA),

cnemoparensHo, O,C=0,D
u AC = BD.




13. ABTOpPCHER 3afa4a... AETER

Tpemuii cnocol
Mo Teopeme 06 OTpe3Kax CEKYIIHX:
0,4-0C=0,B-0,D,
Ho 0, A =0, B, 3uaumt, O,C =0, D, otciona AC = BD.

Yemeepmbiti cnocol

IMockoneky Tpeyroib-
uukn 0, 40, u 0, BO, pas-
HBI TIO TPEM CTOPOHAM
(puc. 3), T0

Z0, A0, = £0, BO,.
O6o3HaYMM
ZCAO, = £DBO, = o.
Torna

LAO,C =180°-2¢=
= ZBO,D.

CrneoBaTebHoO,
BO, = A0,,DO, =C0, u LAO,C = £B0O,D,
3naumt, AACO, = ABDO, u AC = BD.

Iamuii cnocol
Bocnonbayemcs CBOH-
CTBOM <«paBHBIE XOpPIAbl —
paBHBIe OyrH» (pHC. 4).
TMockonbKy
Z0,AB= 20, BA,
IHAYMT,
ZCAB = ZDBA,
3HAYMT,
JCD+UBD =
=uCD+UAC,

CJIEIOBATENBHO,

UBD =UACHu BD = AC.

IllecToii cioco6 npeanaraeM HallTH CAMOCTOATEBHO.



lmaea IV. TeopeMmb! WKONbHbIX
y4e6HUKOB reomMeTpum

3aro/ioBOK TOBOPHT caM 3a cebs1. PaccMaTpuBaioTes pasiinyHble CIIo-

cobbl I0KA3aTENbCTS [OIMY/ISPHBIX TeOpeM H QOPMYII, ¢ KOTOPBIMH 3Ha-
KOM KAXKIHI MIKOMBHUK (10 KpaliHell Mepe — JODKeH GbIThH 3HAKOM).

14, Teopema o meauaxe m_npAMOYroibHOTO

TpeyronsHuka ACB (£C =90°)

B npamoyronsHoM TpeyroabHuKe CAB (£C =90°) mennana CM,
paBHa MOJIOBHHE TMIOTEHY3bI1. JJOKA3aTh,

C

Hepaniii cnocol
Vmsonm mexuany CM, (puc. 1). Tomy-
yuM Touky D. YetsipexyronbHuk ADBC —
MPAMOYTOIbHUK, 3HAYHT,
m, = lc
2

D €M, =m,, AB=c).

Bmuopou cnocod
OnuIIEM OKPYXHOCTb OKOJIO TPEYTONb-
uuka ABC (£C =90°) (puc. 2). TMockoneky
B M, — ueHTp 3710 OKPYXKHOCTH, TO
% CM, = AM, = BM,,

Wi m, =lc.
2

Puc. 2
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14. Teopema o Meanane m, npamoyronbHoro TpeyronsHuka ACB (£C =90)

Tpemuii cnocot
M3 Touxku M, mpoBeneM NpsAMBbIe, ma-
paienbHble KareraM (puc. 3). Tlomyaum
npamoyronsHuk CKM ; E. TTockonbKy

EK:CM,:%AB

(EK — cpenusis muuua), ToCM =%AB.

Hemeepmbitl cnocol
Tlposesem M,E 1 BC. [IlockombKy
M,E||AC, w ME — cpemuas JMHUA B
Tpeyronsuuke CAB (puc. 4), To BE = EC 1
TpeyroisHUK CM , B — paBHOGEIPEHHBIH,

saunt, CM, =M’,B=%AB.

ITamuiii cnocol
‘Vaponm Karter AC. Ilomyuum Tpeyroib-
Huk ADB (puc. 5). Iockoneky BC L AD, 10
TpeyronsHuK ADB — paBHOGeIpeHHLINH M
BC — Ouccextpuca yrnia DBA. Ho
CM,||BD, 3uaunr, £DBC=/BCM, u

CM, = BM, =%AB.

Hlecmoil cnocofi

C

Puc. 3

Puc. 4

B M, A
Puc. 5

W3 sepmmnel A (puc. 6) nposegeM npamylo AK, napamienbHYIO

CM,.Torna £M,CA= ZCAK.
Ho AC — OuccekTpHca yria
BAK (oHa — BHICOTA M ME/IHAHA)
B TpeyroibHuke ABK , 3Ha4HT,
ZCAK = ZCAB,
a CNeJoBaTEeNBHO, TPEYTONBHUK
CAM, — paBHODenpeHHBIH, H

K

M,A=M.C, B

cnenosarenbio, CM, = .;. AB.
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Fnaga IV, Teopems! WKONLHbIX Y4e6HUKOB TEOMETPHA

c Cedumoil cnocol
Iposesem M, E||BC (puc. 7). To-

E CKOJIBKY

ce=Luc,
P

g M, A :
Puc. 7 aM,E=-2—BC,u£CEM3 =90°,

To TpeyronsHuk CEM, momoGen tpeyronbHuKY ACH, ciefopaTenbHo,
CM,=-AB.

B | =

Bocumoii enocold
W3 ACM, B:
2
m? =a* +EI—2 v%-awsW—A) =

2 2 2
c ; c (¢
=gt 4+ _—gcsin A=a® +2——a-c-= =—,
4 4 c 4

¢
CIIe[IOBATENBHO, M, = 5

JesaTsiit cnocod npepiaraeTed HAlTH CAMOCTOATENBHO.



15. [loKa3aTk, YTO TPEYroNibHUK NPAMOYToNbHbIN:

OﬁpaTHaﬂ Teopema 0 MeguaHe

Ecim B TpeyroJIbHHKe MeIHaHa PaBHa MOI0BHHE CTOPOHEI, K KOTO-
POJi OHA TIPOBEJIEHA, TO 3TOT TPEYTOJIBHMK NPAMOYroibHbi. Jokasats.

Hepevii cnocot
Vipoum menuany CM, (puc. 1). B na-
pamnenorpamMmme CADB nuaroHand pag-
HBI, 3HAYMT, 3TOT TAPAIIeTOTPaMM Tps-
MOYTONbHHE,

£BCA=90°.

Bmopoi cnocod
O6o3HaYUM

LZACM, =0, ZM,CB =P

(puc. 2). TTocKoNBKY M0 YCIOBHID

CM,=M,A,10 ZCAB=q.
AHaIOIHMYHO,

ZCBA =.
Hmeem (3 A4BC):
o +o +B+p=180°, unna +f =90°.

3uaumt, LACB =90°.

Tpemuii cnocob
INockomsKy
CM, =AM, = BM, (puc. 3),
T0 AB — muaMeTp OKpYXHOCTH, OTHCAH-
HOM OKomo TpeyrombHuKa ACB, 3HauuT,
ZLACB =90°.

%C\
D\VA
D
Puc. 1




lnaga IV. TeopeMsl WKONbHBIX Y4EGHHUKOB reOMETpUY

Yemaepmuiit cnocod
TMposegem B papHOGENPEHHKIX TpeyronsHuKax M, AC u M, BC me-
muansl M D u M, E (puc. 4). YeTHIPeXyrofbHuK M ,DCE — npsmo-

YIWTB![HK(DE=%AB= M,C).
[

Mambii cnocob
TMockoneky 13 ACM ; A (puc. 5)
£CM,A=180°20,a ZCM , B =180°-2f
(m3 TpeyronsHuka CM ; B) u ZCM A+ ZCM, B =180°, 10
180°-2¢c +180°-2p =180°,
orkyna o +P =90°, anaunrt, ZBCA=90°.

Hlecmoii cnocol
O603HauMM BHELIHMH yron TpeyronsHuka CAB kak y (puc. 6), Torga
¥ =0 +p. W3 Tpeyromsunka CM, B: £NCM, = ZCBM ; + ZCM, B,

y+a =p+180°-2p, mma y =180°-B-a.
Taxum obpasom, a +p =180°-P-a,otkynac +p =90°.

Cedumoit cnocold
TIpoeenem npamyio MN, napamnenshyio AB (puc. 7). IlocKombsKy
£BAC = ZACN,a £BCM = £CBA,
TO pa3pepHyTHiit yron MN pasex
180°=o +a +P+p, otkyaac +p =90°.
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15. lokasats, 4TO TPEYIONbHUK NPAMOYTOMbHbIA

Bocamoit cnocoli
PaccMoTpHM KOHQMrypauMio mpeasiayiieit sagauu (puc. 7). Ilo-
ckonbky CA — Guccekrpuca yrna M,CN, a CB — GuccexTpHca yra
MCM 10 AC | CB, 3nauur, ZACB =90°.

Hesamuvtit cnocob
Omnoxum Ha npaMo# BC orpesok CD, pasustit BC (puc. 8). B tpe-
yronsHuKe BAD £ DBA paseH yriny BDA, a AC — buccektpuca yria DAB,
CIIeIOBATENIBHO, £ BCA pasen 90°.
D D

¥ % llffl p A B
Puc. 8

Aecamubui enoco
B 1peyronsnuke ABD (cM. npeasinymmii crioco6) nposenem CE || AB
(pue. 9), Torna ZACE =o., ZDCE =p,a
£BCC, + ZC,CA+ LACE + ZECD =180°,
unk B+a +a +B=180°, orkyga p+a =90°.
: A T D
Odunnaduambii cnocol
JononHuM TpeyronsHuK ABC
[0 napauieiorpaMMa TaK, Kak
310 mokasaHo Ha puc. 10, TMo-
ckonbky CM ; =CT ', To yeTsIpex-
yronbHUK ABA, D — pomb, a 3Ha-
yuT, £ BCA =90° (puc. 10).
B M A
Puc. 10

JpeHanuaTeiil crocof MOKA3aTeILCTBA NpelaraeTca HalTH camo-
CTOATENIBHO.
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16. MpeBpaTHOCTY 3HAMEHUTON TEOPEMbI

C TeopeMoii 0 cpemHelt THHHM TPEYTONBHWKA 3HAKOM KAXIbIH, KTO
TAK WIM HHAYe COMpHKacaucs ¢ reoMerpreil. B kuure «Tpuymd mkoms-
HOH TeoOMeTPHH» A PACCKAIBIBAJI, [TOYEMY ABTOP CAMOTO MOMYIAPHOTO
yuebHumka reoMeTprn A. I1. Kucenes BrIGpan ee 10KA3ATCABCTEOM «METOL
OT npoTHBHOro». [0BOPA O paziuyNbIX NOKA3ATENBCTBAX 3TOH TEOpEMBI,
3aMETHM EIIE OHO €€ «CTPaHHOE» CBOHCTBO: 110 CPABHEHMIO C MpAMOH
TeopeMoil ofpamuan umeem Hamuozo Goavute criocobOB NOKA3ATELCTBA.
Y6emutecs. HauneM ¢ noka3aTeLbeTs MPAMOiL TEOPEMBL.

Ilepewui cnocol
(unTHpyerca no yueGuuky A. I1. Kucenepa «[eoMeTpus»)
«Ilpamas DE (puc. 1), mposeneHHas
B qepe3 CepelHHE! JIBYX CTOPOH TPEyrolib-
HHKa, apajiebHa TpeThell ero CTOpoHe;
OTPE30K 3TOM NMPAMOM, JEKAWHH BHYTPH
D, E TPeyTONBHHKA, PABCH MOJOBHHE TPETbei
croponsl. [aa moKa3aTenhcTBAa BoOOpa-
3UM, 9TO Yepe3 cepenuny D croponsl AB
A 7 ¢ MBI TIDOBENM NPAMYIO, MAPAIETBLHYIO
Puc. | cropore AC. Torma, mo [QOKasaHHOMY
B NpeIbIIymeM maparpade’, sTa npaMas
pa3nenuT cTopory AC mononam, M, CIe10BaTelbHO, CONLETCA C PAMOi
DE, coenunsiomeit cepemuHsl cTopoH ABu BC.

Mposeas ewe EF || AD, Haitnem, uto cTopoHa AC Takke pasfenuTes
nononaM B Touke F, sHauut, AF = FC, u, kpome Toro, AF =DE (xkax
MPOTHBOTIOJIOKHEIE CTOPOHEI MapawienorpamMma ADEF), oTkyua cieny-
€T, 4To

DE=L1 4C».
2

! B npemsuyinenm naparpade HOKAILIBAIACH TEOPEMa O PARHEIX OTPEIKAX, OT/IOKEH-
HEIX HA OHOI CTOPOHE YI7ia, M MPOBENEHHH Mepes3 HX KOHII! NAPALICALHEIX NPAMBIX.
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16. [pespaTtHOCTH IHAMEHHTON TEOpEMEI

Bmapoi cnocofi

Bropoit criocob «I0GONEITeH» TeM, YTO aBTOPH yuebHuKa «[tomer-
pusi» (JI. C. AraHacsiH ¥ Ip.) TOMECTHIN ero KaK OCHOBHOH B TeMe «Ilo-
nobuer, TEM CAMBIM JTHIIHB CEMMKIACCHHKOB O0/BIIONO Kiacca 3anay
¢ MpUMeHeHHeM CpeIHel JIMHWH TpeyrofbHUKa. JlokasatenbeTBo npu-
BOIMTCH TOYHO 110 y4eOHHKY.

«Ilycte MN — cpenss JuHuA TpeyronbHuka ABC (puc. 2). Joka-
XKeM, 9TO

MN[|AC‘HMN=%AC. B
Tpeyromsunku BMN u BAC nonoGHb
1O BTOPOMY TIPH3HAKY ;;);wﬁ;?v mfrm— M N
HHMKOB (AB_OGM’E:E =-), no /
3TO]
Pl At g PE—T ek
AC 2

W3 pasenctBa £l = 22 cnepyer, uto MN || AC (06bscHUTE nOYEMY),

4 M3 BTOPOro paBeHcTBa, 910 MN =-;~ AC. Teopema fnoka3saHar,

Tpemuii cnocob

Tperuii cnocob Gonee ecrecTeeHHb. OH NMPHBOOMTCA B NEPBOM
ToMe yuebHMKa JK. Ajamapa «DieMeHTapHas 'eOMETPHsA», M3TAHHOM
B XIX cTomeruu.

«ITycrs B TpeyronsHuke ABC A
(puc. 3) D — cepenwHa AB, E —
cepenuHa AC. OTIOXHM Ha Mpo-
nommkeaun DE orpesok EF, pas- D, F
HEii  DE. YeThlpexyrojibHUK
ADCF Gyner napajiienorpaMMoM.
H, cnegosarensio, CF Oyner pas-
Ha M mapannensHa DA wim, 4To TO
Ke camoe, BD.

B caniom nene vetnipexyronbHuK DBCF Gynet B CBO0 0Mepelh mapaie-
JiorpaMMoM, a notomy DE — napanensta BC u, kak nonosuta DF, pasHa
nonosuse BC».

(XK. Adamap. «Fnemenmapnan zeomempun». — Yacms I. — Mockeaa,

1987).

c
Puc. 3

59



nasa IV. Teopems! WHONBHEIX y4eGHUKOB rEOMETPUM

Bonbiee KOMHYECTBO CNocoboB JOKa3aTeNkCTB PACCMOTPHM TNPH JI0-
KA3ATENLCTBE 00pamHoil meopemsi.

Ecm 0Tpe30K, KOHIIbl KOTOPOTO JIEXAT Ha IIBYX CTOPOHAX TPeYTOIbHH -
Ka, MapajUie/ieH TpeThell CTOpoHe TpeyroiibHMKA H paBeH ee MOMOBHHE,
TO 3TOT OTPE30K AB/SETCA CpeliHeil MuHMelf TpeyronbHuka. Jlokasars.

Hepanii cnocol

Tyers E — cepennna croponsl BC tpeyromstuka ABC (puc. 4), a o1-
pesok MN || BC u MN =% BC.

Tpebyerca HOKa3aTh, 4TO
AN = NBu AM = MC.
Mockonsky ECMN u BEMN — napannenorpammst, 1o MN = BE
u TpeyronsHuK BEN paBeH TpeyronbHUKY AMN, 3Ha4MT,
AN = NBu AM = MC = NE.

Puc. 4

Bmopoii cnocob
Iposenem orpesok EN, napawtenshbiit AC (puc. 4). [lokaxem, 4o
Touka E — cepemuna BC. [leCTBUTENBHO, YeTBIPEXYToNbHAK CMNE —

napamienorpamm, CE = MN =%BC, aHauuT, Touka E — cepenuna BC,

a nockonsky EN || AC, To rio Teopeme @aneca rouka N — cepenuHa AB,
w nio yenosuio MN || BC,3xauuT, Touka M — cepennna AC, cienosateib-
HO, MN — cpenHss THHUS TpeyronsHuKa ABC.

Tpemuii cnocofi
Iycts Touka E — cepenuna BC (puc. 4). Coemunnm Touku E u N.
He TpyaHo 10Ka3aTh, 4TO YeThipexyroabHuk CMNE — napaiienorpamm,
a cnenosarenbHo, N — cepenuna AB.




16. MpeBpaTHOCTH IHAMEHHTON TEOPEME!

Yemeepmuii cnocod A D
Iycts Touka E — cepeauna BC.
Tposenem ED|| AC u AD|| BC (puc. 5).

YerwipexyronsHuk ADEC — naparie- M
norpamm. Tpeyronsnuku ADN u NEB
PaBHBL:
ZDAN = Z£NBE u ZADN = ZNEB, c 7 '8
a AD=CE = EB, 3nauut, AN = NB, Phe. 5

1. e. Touka N — cepeauHa AB. Ana-
noruaHo, AM = MC.

Iamoti cnocol
Coenunum Touks E (cepennny BC) u
M (puc. 6). TToCKONBKY YeThIPEXYTOMBHH-
¥k MNEC u MNBE — napasienorpammel,
10 EN|| AC, a nockoneky E — cepenuHa
BC, 10 N — cepenuHa AB. Ananorniso,
M — cepemnna AC.

Llecmoii cnocofi
Vasoum otpesok MN (puc. 7):

MD=2MN = BC.
YerripexyronsHHK MDBC — na-
pajTenorpaMM |

ZAMN = ZNDB, ¢ B

Puc. 7

cnemosatensHo, AN = NB.

Cedumoi cnocof

MponomkuM otpesok MN,
yaeous ero: MN = ND (puc. B).
Coenunum Touku A, D, B, Tlo-
ckoneky MD = BC w MD|| BC, 0
4eThpexyronsHuk MDBC — na-
pannenorpamm u MC|| BD,a3Ha- (C B
qut, AM||BD W TpeyroibHHK Puc. 8
AMN paseH TpeyronbHUKY BND,
T.e. N — cepenuna AB.

BoceMoii criocof npeUiaraeTca HanTH CaMOCTOATELHO,
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17. Teopema o cpeaHei NUHUK Tpaneyun

Teopema. CpeHas NWHHS Tpaneuny [apaUle/ibHA OCHOBAHHAM H
paBHa HX MOTycyMMe.

ITepsuiii cnocod
Hoxa3aTensCTBO MEPBEIM CcrocoboM (puc. |) obuienssecTHO Mo
MIKOALHBIM Y4eOHHUKAM €OMETPHH, XOTA 30eCh BMECTO PaccMOTpe-
Hua MN Kak cpefHeil nuHUH TpeyrojibHHKa ABK MoxHo Guuto mpH-
MEHHTE TeopeMy, obpatHyio Teopeme Paneca:

Ecau AM = MB,a DN =CN u BC|| AD, To MN || BC|| AD.

B B C

Bmopuoit cnoced
Mycrs MN — cpennsas muus tparneu ABCD (puc. 2). O6o3HauMM
BC=a,AD=b.
TMposenem CE|| AB. F — Touka nepeceuenus CE u MN. Tlockonbky
CF = FE, 10 FN — cpenHsas JuHus Tpeyronesuka ECD u FN|| ED, 3na-
aur, MN || AD.

Hoxaxewm, uto MN = zﬁ.ﬂeﬁmmno,
ED:b—a,FN:-b-;—‘I,
a MN = MF + FN =a+? =f;—b.
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17. Teopema 0 CpepHei NMHMK TpaneLnu

Tpemuii cnocod
Yepes Touku A u D nposenemM nep- 5 c
TNeHIHKYIAps K mpsiMoit BC (puc. 3). Dy
Monyunm mpaMoyronsHuk A4, D, D.
OB603HAYHM E M N IF
A B=mCD =n.
OueBHJIHO, YTO A D

m+n=b-a. Puc:3
Iyers Toukn E u F — cepenunt otpeskos A4, u DD, . Torna

MN || AD u b=b—;£+MN,

orciona
MN = 2b-b+a . b+a’
2 2
Yemeaepmoiii ¢cnocob
Jononuum Tpanenuio ABCD 5 % "
no mapauenorpamma ABKD
(KD 4B) (puc. 4). Torm NE— / \N /
CENHAA JIAINA TPEYTONBHIKA f
DCK n NE||CK. TlocKoibKy / \/
KC =b-a, y Y
b-a Puc. 4

TO NE:EZE H MN+—=b,
2 2

mynaMN:%é(asﬂam, MN|| BC).

Hamvu cnocol
Tlposenem sricorst BB, uCC, (puc. 5). Cpearue munnn ME u FN 1pe-
yronsHuKoB ABB, n DCC, napaiemsubt AD. OG03HaTHM MX 1 H 1.

TocKomEKy
B C

mm+nzb_a,n it \

MN=a+m+n=a+b—;f:a;—b. A B, C D

Puc. 5
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Inasa IV. Teopemsl WKONLHBIX y4eGHUKOB reOMETPUM

ITeemoit cnocod
B C [lposenem muaroHans AC (puc. 6).
Mycrs Touka E — cepenuna AC. Toraa
ME|| BC,EN || AD,3nauur, MN || BC|| AD.

! 1 1
E ME = BC,EN = AD,
4 D MN = ME+EN =240,
Puc. 6 2

Cedvmoit cnocol

Mposenem CK || BD (puc. 7). B mapannenorpamme BDKC nepeceue-
Hue npsmoit MN u auaronamy CD obpa3yeT LEHTP CHMMETPHH TOUKY V.
B

Vs AABD: ML = % AD,

%BCHLEIIM.

t~
&
it

Bocwemoii enocod
Mycts O — cepenuna AD (puc. 8). E u
K — cepemnnl otpeskos BO u CO;
ME =%A0,EKm%BC,KN a%on
AT 0y e, D u ME|| A0, EK|| BC, KN || OD.
Puc. 8
1 1 1 1

my=L40+:1pc:lop=1ap+) Bo+ L ap - BE+AD
T T e o 2

. Heaamuiti cnocoé

B W3 rouek B,C, M, N onycTuM neprieH-
IOHKYIAPE! HAa ocHoBaHKe AD (puc. 9). Mep-
M N neHouKynsap MK Gymer cpenneit TuHuel B
Tpeyronbanke ABL (BL L AD). Ananormy-

9 B L Ho, NF — B tpeyronsuuke CED. O6osHa-
A K L EFD gumAK=KL=mFD=FE=n.
Puc.9 Hmeem (BC =a; AD = b):

m+m+a+n+n=>b, Im+2n=b-am+n =¥.

MN=AD—(AK+FD)=b—(m+n)nb—3;—‘fnﬁi2'ﬁ.
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17, Teopema 0 CPRAHEH NWHWM TPaneyuy

Hecamoiii cnocob B F.C
Mycte T — cepexnmHa oTpe3ka BC
(puc. 10), MN nepecexaet otpe3ku AT u M N
DT sroukax Eu K:

a a b
=— m— EK =—,
ME 4.KN 4,E 5

Puc. 10

2a+2b =ﬂg

Hmeem MN =2 + 3 5

2
4 4

+—b-—_'
2

Odunnaduamoti cnocod
Mycrs T — cepennna BC (puc. 11). [Tpo-
seieM TE|| AB v TF||DC, L w K — T04k#
nepecedeHHs ITHX OTPE3KOB ¢ npsamMoit MN.
Hmeem

MN =ML+LK+KN =
=g+1[,,_2£)+£=,,+ﬂ=m_

2 2) 2 2 2
Heenadyamuoni cnocol B c
Mo npasuiy MHOroyroibHHKa (puc. 12)
MN = MB+BC+CN M -

u MN = MA+AD+DN.
CIIOKHB 3TH paBeHCTBA, TIOIYYHM
2MN =(MB +MA)+(BC + AD)+
+(AN +DN).
Ho M u N — cepenunsi cropon AB u CD, noaromy
MB+MA=0uCN +DN =0.
CrnenoBaTe/kHO, 2MN =E+TIC, OTKYyIa

Puc. 12

W=%(§E+EE).
Taxmxnexmpuﬁufconmpmy_rm_,_r_ommpuﬁnﬁm
COHANpaBleHkl, a WnHa BekTopa (AD+ BC) pasHa AD+BC. Orciona

cnenyet, uro MN || ADu MN = AD;BC . Teopema oka3aHa.

(JI. C. Amanacan u dp. «Teomempus 7—9%. — Mockea: [Tpoceewenue,
1990.)
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18. PagHobGeapenHan Tpaneuus.

CpepHan nuHuA

n KmE n D
Puc. 2
B

M
B
K D
Puc. 3

B paeHoGeapeHHO# Tpaneuun ABCD
(pwc. 1) u3 BepuniHbL B onyiieH nepreHIm-
kynap BK (K e AD). lokazath, 4To OTpe30K
KD paBeH cpefHe# THHHH TPAIIELHH.

Hepeuiil cnocob
Tiposenem CE (E € AD) napauiensHO
BK (puc. 2). Ilycts
BC=KE=m,
AK =ED=n.
Iockomeky cpennss mMHuA MN paBHa

S(BC-+4D),

MN=-2£(m+m+n+n)=

2(m+n)=KD.

e
2
Bmopou cnocob
CoemyanmM Touku M u K (puc. 3). B npa-
MOYTOJEHOM TPEYTONEHUKE ABK menuana

Mx=21AB=ND.

3naunT, YeThipexyronbHuk MNDK —
MAPANIE/IOTPaMM, CICH0BATENBHO,

KD =MN.



18. PasnobeapenHan Tpaneynn. CpeaHan nuHua

Tpemuii cnocoti
TMpoeeaem DP||BK (puc. 4).
IMockoneky AABK = ACPD, To KD
paBeH TONyCYMMe OCHOBAHHIH.

Yemeepmuui cnocol
Ilycre BC =a;, AD=0b (puc. 5).

Mockonsky AK = ?,m

kp=p-_2-a_atb
2 2
3nauuT, otpesok KD paseH cpenHei
JIMHHH TpanelMy, 4To B TpeboBa-
JIOCh JIOKA3aTh,

Hamsui cnocod
Ipoeenem npsmyio BN, koro-
pas nepeceder npamyio AD B Touke
E (puc. 6). Torna cpenuas JHHHA
TpeyroisHHKa ABE paBHa NoioBH-
He oTpe3ka AE. Hmeem

a+b=ﬂ+x+a
2
(x = KD), oTkyna x w%.

Hecmoit cnocob
Mposenem BE||CD (puc. 7). Ilo-
CKONMBKY AB = BE, 10

Agsppab
2

b-a _a+b

KD=q+22=972
a+ 2 2

Cedvmuit cnocob
IlpousseneM mapawleTbHBLI
nepeHoc auaroHand BD B Touky C
(puc. 8): CL||BD. B tpaneuun
KBCL cpenusas nunus PN pasna

Puc. 6
BK\
oy
A K E D
Puc. 7
B
M,
-
K D L
Puc. 8



Inasa IV. Teopemsl wWKoAbHBIX y4eBHUHOB rEOMETPHM

i;—b-up‘ Ho MP=21(%] (13 AABK). Tlycts KD = x. Tlockomsky

2PN =KL,aDL=BC=a,10

a+b b-a
A ——-— |=x+a,
2 4

OTCIoOa

a+b—--g'21-—a=x,mm

=g Za+2b—b+a—20=a+b
2 Qe

a+b
3nayut, KD = =3 YTO ¥ TPeHOBAIOCH TOKA3ATh.

BT C Bocamoii cnocod
Tposenem KT || AB (puc. 9). Dra nps-
Masi mepecedeT cpeaHioe mmuHio MN B Tod-
M, f— N ke E, a npsmyio TD — 8 Touke P. Umeem
KD=2EP=2-(MN —(ME +PN))=
S X _2.[ﬂ_ﬂ_l[a_ﬂ]]_
Puc. 9 . s » 2
=4 a+b—b+a_1[2a—b+a] _atb
2 2\ 8 2
Hrak, KD = MN.
[esamuviii cnocod
1 Tycte T — cepeauna AD (puc. 10).
A X T p  PaccyxieHus aHanorMyHel npeabiayie-
Puc. 10 MY crocoby.

Iecarsiit cioco0 npeaiaraeTcs HARTH CAMOCTOATENBHO.
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19. 3ppascTByNTE, roCNOANH PbIGKUH!

B atom pasaene GyayT paccMOTPeHbl Pa3THYHEIE J0KA3aTEIBCTRA M0~
My/SipHOM TeopeMEI IPOLLTIOTo CTONETHA:

B npsAMOyroiibHOM TpeYroJIbHHKE NMPOTHB YIIa B 30° MeXMT Katert,
paBHBIH MONOBHHE THIIOTEHY3HI.

B mKOABHEIX yueOHHKAX FeOMETPHH TaKO TeMBI HET, a MOMY/IApH-
supopan ee Huxonait Anexcanaposuy Puibkuu (1861—1919), pyc-
CKMil MaTeMaTHK, I1eJaror, aBTop MHOTHX PACTIPOCTPAHEHHBIX y4eh-
HMKOB M 33JaYHHKOR 110 reOMETPHH M TPHroHOMeTpHH. OH 0c060 BHI-
nenun ee (4 obpatHyio) B «COOpPHMKe 3ajady Mo reoMerpuus, 4. I,
KOTOpLIt Beimepxan 28 W3maHMif. YBepeH, YTO W CETrofHA aBTODH
yueBHHKOB H 3a/[a4HHKOB M0JIb3YI0TCA 3TOH 3aMedaTeIbHOM KHHTOM,
a M YYUTeJs HAXOOAT B HeH MHOTO HYXHBIX W MHTEDPECHBIX 3amad4.
Kaxk onwiTHBIH, TANTAHTIMBLIN aBTOp M neparor, Hukonait Anexcaun-
POBHMY <«NPONATAHAMPOBAI» TeopeMy, KoTopas crocobcTBoBana Ha
MEPBEIX 3TANAX M3YUeHHA TEOMETPHH HAXOAHTh CBS3b MEXIY CTOPO-
HAMHM M YIJIaMH [IPAMOYTOIBHOIO TPEYroNbHHKA 10 BBEIEHHSA TPUTO-
HoMeTpHueckux (yskumi. Kanb TONBKO, YTO M KAaK CETONHALIHHE
asTophl, H. A. PHIOKUH He Hanucal K Hell napy cios: «Jokasarh pas-
HBIMH criocofamMu». MBI 32 HETO 3TO CleNaeM.

ITepebiit cnucob
Mycts ABC — npaAMOYTONbHBIA Tpe- A
yroasHHK (£C =907, B KOTOpOM
ZCAB =30°.
HocTpouM ero mo TpeyronbHuka ABD
(puc. 1), Tak, 4ro Touku B u D cumMMmer-
PHYHE OTHOCHTeNbHO Kateta AC. Tpe-

yronsHHUK ABD pasuoGenpeHHBIH ¢ yT-
JIOM npH BepuiuHe 60°, 3HAYHT, D £ B

AB=BDHCB=%A£
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Inasa IV. Teopembi WKONbHLIX Y4eGHUKOB reomeTpum

A

M

B
Puc. 2

A D
(2]

& B
Puc. 3

A
N M
C B
Puc. 5

70

Bmaopoiu cnocod
Mposenem memmany CM (puc. 2). Io-
CKONBKY
CM = MB,a ZMBC =60°,

JHAYHT,

cs:m:%,w.

Tpemuii cnocod
JonmoTHUM NPAMOYTONBHEIH TPEYTONBHHK
ACB o npamoyronsHuka ACBD (puc. 3). Tlo-
cKoNbKY muaroHanw DC u AB paBHH,
TO TpeyronsHMK BOC — paBHOCTOPOHHMI
(£ABC =60°), 3naymr,
1

BC=OB=:—,AB.

Hemeaepmoui cnocold
OnHIeM OKPYKHOCTh OKOJIO TIPAMOYTO/b-
Horo TpeyroiibHuka ABC (£C =90°) (puc. 4).
INockoneky
ZBAC =30°,
TO HeHTpanbHEI yron BOC paseH 60° u KateT
BC pasen pamuycy OB, 3uauur,

1
BC =— AB.
2

Hamsii cnocod
TIposenem cpeaHow muHuio MN. Tlo-
CKONBKY
MN 1L ACu AN = NC

(puc. 5), To TpeyronsHHK AMC — parHoben-
PeHHBIH H

ZACM =30°,
3HAYMT,

ZMCB =60°

ﬁﬂl‘:.’ffC:-;-AB.



19, 3gpascrayiTe, rocnofuH Peibrus!

Llecmoii cnocoli
IMposeaem suicoty CH (puc. 6) u myu CE, Tako#,
uro £ ECH 6ein 611 pasen 30°. Torza
ZACE =30°uCE = AE =t = BC.
Mockonsky BE = BC = AE, 10

2 =c,r=5.
2

Cedomoii cnocod
Ornoxum karet BC, papHblif @, Ha rHNIOTeHY3€ AB,
paBHoif ¢ (puc. 7). Mockonsky £ABC pases 60°, To
Tpeyronsuuk CDB — paBHoctopoHHuit u ZACD pa-
peH 30°,T. e. AD =CD =a.3Hauurt,

AB=29,2a=c,a=%,mm BC=%AB.

Rocomaoii cnocob
W3 pepumsbl C KaK M3 1IEHTPa OKPYXHOCTH Cle-
naem 3aceuxy paguycoM CB. ITonyinM paBHOCTOPOH-
HWit TpeyronbHUK CDB v KakK B NpeIsuIylieM caydae

¢
2a=c,a=—.
2

Togharma3supyem...

Jesamuiii cnocob

(npednoxcen I'. Puaunnoscrum)

OnuiueM 0KoJOo NPAMOYTOJABHOIO Tpe-

yronsHuka ABC (£C =90°) OKpyXHOCTH

W npomiuM Beicoty CH 1o mepecedeHus

¢ okpyxHoctsio B Touke C, (puc. 8). [lo-

CKONBKY IHaMeTp AB neprneHIHKyIApeH
xopue CC,, 1o BC = BC| ,a

ZCBH = £C BH =30°,

3HAYMT, TpeyrombHUK CBC, — paBHOCTO-
ponunit ¥ CC, =g. [IpHMEHHM TeOpeMy
[ronemes:

a-b+b-a=c-a,wm2ab=ca;2b=c.
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Fnaga IV. Teopems! WKONbHBIX y4eGHWKOB FEOMETPHH

Hecamubui cnocofi
IMposenem Guccexktpucy yrna CBA, pas-
Horo 60° (puc. 9).
BL? =1* =ca-CL-LA.
Mockoneky BL = AL =1, 1o CL=b-I.
Hmeem
I* =ac—(b—Dl,mmal* =ac—bl+1*,

oTciona
ac = bl. (1)
W3 ACBL:
P =a +(b=1)?,
I?=a® +b’ =26l +1%,
orciona (yauTeisas, wroa® +b* =¢?), umeeme’ =25l Ho us (1):

¢’ =2ac,wuc =2a.

Odunnaduamoiii cnocod
(npedaoxcen A. Tymanan)

IMycTh B NpAMOYTOIBHOM TPEYTONBHM-
ke ABC (£C =90° yron CAB pasen 60°
(puc. 10). OmuiuemM OKPYXHOCTb BOKDYT
TpeyroneHuka ABC W mpoBefieM Guccex-
TpHcy yrna CAB no nepecedeHHs ¢ OKPYx-
HocThio B ToUKe W, [Tockombky

ZOWA = LWAO= LCAW,
TO

OW || ACuOW || BC,
A 3HAYMT, KacaTe/IbHas, POBeAeHHAs K OK-
PYXHOCTH B Touke W Gyaer neprneHanKy-
nspHa npsmoit AC (WT L AC). Obosnagnm otpe3ok 7T kak x. [Tockonbky
AOWC — napainnenorpamm, To

WM =x=2wo=2.
3 il

o

[IpumennM dhopmyny Apxumerna.
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19, 3ppaecTeyiTe, rocnoguH PeibruH!

ar=%_ .0,
2
cmcionax=?.
3Hauut,
c;=5b,mxynac=26,

YTO K TPEBOBANOCH J0KA3ATh.

NpeHanuarsiii cnioco® JoKa3aTeNnkCcTBa NpeinaraeTcs HaWTH caMo-
CTOATENBHO.
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20. O6parHan Teopema

0 npaMoyronbHUKe u pombe

Ecau B napajuieiorpaMMe AMArOHAIHM PaBHBI, TO 3TOT Mapamieno-
rpaMM — NPAMOYTOBHUK. Jlokasars.

Toka3wiBaTe He 6ynem. Muoro ciocobos yxe ects. [ne? Ipu nokasa-
TenbCcTBE 0OPATHOM TeopeMEl 0 MeIHaHe MMPAMOYTONILHOTO TPEYTO/IbHM -

Ka:ecnum, = %c,m £C =90°! Kak roBopAT, OIMH K OXHOMY.

A 0 pombe — HoKaxeM.

Hraxk,

Ecnu B ueTnipexyronsHuke ABCD nuaroHanyu sBisiorcs OHCCeKTPH-
CaMH BCEX Er0 YIVIOB, TO TAKOH YeTHPeXyroNbHHK — poM6.

Hepeawiit cnocod

PaccMOTpHM deTHIpexyronsHHK ABCD
(puc. 1), B KOTOPOM OHATOHAH MepeceKa-
jores B Touke 0. O003HAIHMM YTIIBL, KaK MMO-
Ka3aHo Ha pucyHke |. Kak sHemnmi yron
TpeyronsHEka OBC: x =a +p. Kak BHemi-
HMH yroa TpeyroisHHka ODA: x =@+Y.
3naynrt, 2x =a +B+@+y.Ho

20 +2B+2y +2¢=360°,

3HAYMT, o +P+7 +@=180°u x =90°. Takum 06pa3oM, B TPEYTONLHHKAX
ABC u ADC 6GHcCeKTpHCHl ABNSIOTCA BHCOTaMM, 3Hauut, AB=BC u
AD = DC. AHanoruuHo nokaseiBaercs, uto BC =CD, AB = AD. Wrak,
AB = BC =CD = AD, yetnipexyronsHuk ABCD — poM6.

Bmopoii cnocof
Tlo BTOpoMY TpH3HaKy TpeyroabHuki ABC u ADC pasiui (puc. 1),
anaumt, AB = AD, BC =CD, o =¥, cnenoparensio, AB||CD n BC|| AD,
3HauuT, ABCD — pom6.
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20. OGpaTHan Teopema 0 NPAMOYroNbHUKE W pombe

Tpemuii enocofi B c
Ha npsmbie BC u CD u3 1ouku A E
onycrum nmeprnenaukynapsl AE u AH
(puc. 2). Tak kak £ECA= £HCA, 10

EA=AH. A
CnenoBaTenbHo,
ACEA = ACHA, n ZCAE = ZCAH. H
MockonsKy £BAC = ZCAD, 10 Puc.2
ZBAE = /DAH, c

cenopatensto, AB = ADw BO=0D,
atakxe A0 L BD, suaynrt, BC =CD.
Temeepmuiii cnocol A 5 D

M3 Toukn B onycTMM NepneHInKY- Puc. 3
nap BE ua puaroHanb AC M POXOIDKMM
1o nepecedenrns ¢ AD B touke B, (puc. 3). Ilockonbky AC — Buccex-
tpuca, 10 BE = EB, u ACLBB,, a 3HaumT, £BCE = ZECB, , 40 HeBO3-
MOXHO, 3Ha4MT, To4ka B, copnazer c Toukod D u AB = AD, AD = BC,
BC =CD,T. e. ABCD — pomb.

Mamuii cnocod
Yepes pepmmnny A nposeseM npamyio EM L AC (puc. 4). (ITo-
ckonbKy AC — Guccexrpucayrna ECM, 1o EA = MAn ZCEM = ZCME,
T. e. AEBA = AMDA, 3uaumt, AB = AD, / BAC = 2 DAC, ciiefopaTenbHO,
BC =CD, ananorn4no, AB = BC, AD = DC. 3naunut, ABCD — pomb.

E B c

M
Puc. 4

LlecToit crmocob AOKa3aTelbCcTBA TpeJUIaraeTcss HalTH camo-
CTOATENIBHO.
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21. ilnameTtp nepneHAUKYAAPHbLINA Xopae

JlokaxkeM MHOTHMH cnoco6aMK HECKOJIBKO TeopeM 06 OKpyXHO-
cTi. UX 04eBHOHOCTL «IMOATATKMBAET» HA MOMCKH HOBHIX criocobos
JOKA3aTeNbeTs, YT0 00bYHO He menanock (A sayem? U Tak Bce sc-
Ho...). Hanpacro. Ceiiuac camu B 3ToM ybeautech. Mrak, ycnosue:

JuameTp, meprieHAMKY/APHEIH XOpZe, IETUT ee MOMoJAM.

Ilepsuiii cnocob
Mycte AB — nuaMeTp OKpYKHOCTH ¢ eHTpoM O, CD xopna: AB L CD
(puc. 1). IMockonsky OD =0C, 10 CE = ED.

A

4

C E D ¢ E D
() 0

B B

Puc. | Puc. 2

Bmopoii cnocob
Iockoneky LCOE = ZDOE (puc. 2), 10 VAC =UAD u AC = AD,
3HauyuT, AE — BBICOTa B paBHOOempeHHOM TpeyronbHuke ADC u
AE 1 DC,t1.e.CE = ED.

Tpemuit cnocofi
Mockonbky JAC =UAD (cM. BTOpO# criocod), To LABC = ZABD,
WUBC =UBD, BC = BD u B pasHobBenpeHHOM TpeyroibsHuke CBD Boico-
Ta BE nenut octosanue DC mononam.
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21. luamMerp nepneHguKyNAPHLIA Xopae

Yemasepmuiii cnocod
Tlocrpoum Tpeyronsiuk CDK (DK — nnamerp) (puc. 3). [Tockonbky
ZKCD =90°, 0 OF || KC. Ho OD = 0K, 3nauut, OF — cpennas IMHUS
Tpeyronsiuka KCDuCE = ED.

A A
C
€ E D
M T
K
B 1
Pue. 3 Puc. 4

Hameui cnocod
Tposenem nuamerp MN, mapannensHsii xopae CD (puc. 4). M3 Todex
D u C onyerum neprnesaukyasp DD, u CC, na muametp MN . [lockonsky
tpeyronsivku DD, N u CC, M papumi, o D, N =C, M u 0D, =0C, , 3Ha-
uurt, ED =CE.

Illecmoii enocofi
Tposenem auamerp MN, mapannensHeii xopae CD (puc. 5) W Kaca-
TesbHbie B Toukax M u N.Onu nepecexyt npamyio CDBToukax M, u N, .
MNockomeky EN, = EM,,a DN, =CM, 10 ED = EC.

A

M__C D _N
E
3

M 5 N
4
Puc. 5

Cedomaii cnocol
Mposenem mmamerp MN, napamiensHsiit xopae CD (puc. 6). Tlo-
ckoneky DN =CM, EN = ME u £END = ZEMC, 10 AEDN = AEMC,
a 3nauut, ED = EC.
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Inasa IV, Teopemsi WKONbHBIX Y4eBHUKOB reOMeTpHM

Bocsmoii cnocob
Mposenem muamerp MN, napannensHbiif xopre CD (pHc. 7). B Tpe-
yronsanke AMN ZANM = ZAMN ,3naunr,
ZDLN = ZCKM, £DNL = ZKMC.
Cnenosarensto, ADNL = ACKM n DL =CK. HeckonmpkuMu criocoba-
MH MOXHO f0Ka3aTh, 910 EL = EK (OL =0K win NE = ME). 3nauwur,
ED=EC.

P

Puc. 8

Jeenmoiti cnocol
Tposenem muamerp MN, napamnensHeii xopae CD (puc. 8). Ilycts
npsimbie MC u ND nepecexytes B Touke P. TTockonbKy ZNPO = ZMPO,
To B paBHOGEApeHHOM TpeyronbHike PCD Bricota PE Gyner MeIHAHOM:
ED=EC.

Jecambiii cnocol
TMo KoHGurypaumu mpemsyiero crnocoba u3 aensronaa PDOC
cnenyer, uto ED = EC (puc. 8).

OnuHHAILATEI crocob NOKa3aTe/lbCTBa MpeLiarasTes HaTH caMo-
CTOATENBHO.
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22. BnucaHHbl yron,

onupammnﬁcs Ha guaMmeTp

OniHa M3 caMBIX YACTO BCTPEYAIOIIHXCA 3aBHCHMOCTEH:
BIUCAHHBIA YTOJI, ONMpalounifcs Ha TMaMeTp, paseH 90°.

Hepawii cnocod
TlepBbrit cMOCOG MOKA3ATENLCTBA OYEBMACH — AMAMETP CTATHBAET
myry B 180°, a BIMCAHHLIN YTOJI PABCH MOIOBMHE AYTH, HA KOTOPYIO OH
onUdpaeTes.

Bmopoii cnocob
B okpyxHoCTH ¢ 1ieHTpoM O 0TpesoK
MN — nuametp, X — npou3BoibHas
TOYKa OKpyxHOcTH (puc. 1). Pacemor-
pPHM TpeyroisHHk XMN:

MN:%\JM,A&VM:%UIM, s e
3HAYHT,

MN+MM=2ium=90° —
H ZNXM =90°.

Tpemuii cnocol
Ilycte A — cepenwnHa ayru MN
(puc. 2). Torna AM = AN, a moCKONBKY
A0 = MO, 10

ZMAO = 45°u £NAO = 45°,
T. &. ZMAN =90°. Ilockonbky
ZMXN = £ MAN

(oHHM omHpAlOTCSt HA ONHY Ayry), TO
ZMXN =90°,
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Fnaga IV. Teopems! WKONbHBIX Y4EGHUKOB rEOMETPHM

80

Hemeepmuiii cnocob
Iycts LXMN =o (puc. 3). [Tockons-
Ky MO=0X,10
£MOX =180°-2¢.,
UMX =180°-2a
H ZXNM =90°~, a MOCKONBKY

ZMXN + ZXMN + ZXNM =180°,
10 ZMXN +0. +90°—0 =180°,

orkyna £ MXN =907

Iamuai cnocoli
IMycts ZXON =a.Torna

ZMXO = £XMO = ‘;_‘
.-_’XNO=9D*’—% = ZOXN

(puc. 4). Hanee,
ZMXN = ZMXO+ £OXN =

=2 490°-Z =90°.
2 2

Illecmou cnocof
TMycThb LIEHTPANbHBIE VTR
ZXON =20, ZMOX =2p
(puc. 5). Mockonsky
2o +2p =180°
(CMEXHEIE YIJIEL), H
ZXMN =o, ZXNM =p,
T0 LMXN =90°,

Cedumoii cnocolb
ITpoeenem nuametp XE (puc. 6). [lo-
CKOMNBKY
XO=0EuMO=0N,n XE = MN,
T0 ANEM — NpaMOYTONEHHK M
ZMXN =90°,



22. BnucanHblil yron, onupaouMincs Ha AMamMeTp

Bocumoil cnocob
Iycts £ZXNM =a, £ZXMN =p. Io-
ckonsky XO=0N =0M (puc. 7), T0
ZOXN =a, Z0XM =p
H o +B+a +p=180°, 3nauut, a +p=90°
u ZMXN =90°.

Meaamuviii cnocod
Brouke X nposenem KacatensHyio LT
(puc. 8). [yete ZNXT =a, ZLXM =§.
Torna ZXON =20, £XOM =2 u
20 +23 =180°, ua +f=90°,
T. . ZMXN =180°—(a +B) =90°.

Hecamuiil crocob
IMpoBeneM KacaTeIbHYIO B Touke N H
npopomxkuM XM 1mo mepecedeHus ¢ Hell
B Touke E (puc. 9). Torma
LXNE = LXMN
(yron mexay KacaTeJIbHOW M Xopaoif),
asZMEN = ZXNM:

LMEN = % (UMTN —UXN) =

(UMXN - XN).

B | -

Mycts ZXMN =o, ZXNM =p. Ume-
eMa +P+a +P =180°, 3HauuT,
o +p=90°u LMXN =90°.

Odunnadyamesii cnocol

HaTouxn X npoeenem xopay XK, nep-
neHauKyaspHylo MN, koropas nepece-
ger MN BTouke H (puc. 10). [Tockonsky

XH-HK = MH -HN n XH = HK,
T0 XH? = MH-HN, a 3T0 3Ha4uT, 4TO
ZMXN =90°,

JseHanuaTeiifl cnocod mpemnaraeTca
HaWTH CAMOCTOATENBHO.
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23. PagHble xopabl — paBHbie AYTY

3BY4MT KaK TO3YHT HA IEMOHCTPAIHH, HO TEM He MEHee 3T0 Tak: paB-
HBIE XOP/Ibi CTATHBAIOT PABHBIE TYTH.

[epavui cnocod
Tycrs xopna AB paeHa xopae DC (puc. 1), O — UEHTP OKPYXHOCTH.
Torna AAOB = ACOD u LAOB = ZCOD, 3naunT, UAB = UCD.

Bmopoit cnocob
Tockoneky £BAD = £ BCD, ZABC = ZADC (puc. 2), 3HauHT,

BE =ED,w £EBD = £BDE,
cnenoBarensHo, UDC = UAB.

Tpemuit cnocob
TIposenem paguycsl OF u OF , nepreH-
OUKYNAPHEIE paBHEIM xopnam AB u CD
(puc. 3), K u L — TOUKH TepeceueHus.
TMockonsky OK =0L, 10
EK = LF w AEKB = ACFL,
a 3HauMT, £EBA = ZDCF . Torna

uEA=uFDwm%uAB=%uCD.

T.e. UAB =w0D.
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23. PaBHbie x0pAbl — DABHLIE QYTH

Yemeepmbti cnocod B C
IMockonsky ABOK = AOCL (cM. TpeTuit
croco®, puc. 4), T0 E F

ZBOK = ZCOL, torna \WBE =\ CF,
a 3HauuT, UAB = CD,

Hsampyiit cnocoi
Iycts npopomxeHus xopn AB u CD ne- Puc. 4
pecekalotca B TouKe S (puc. 5). O603Ha9HMM
AB =CD = m. WmeeM S

SA-SB=SD-SC,
SB(m +SB) = SC(m+ 5C),
win SB? +SB-m=5C* +5C-m,
win SB? —SC? +(SB-SC)m=0,
(SB—-SC)(SB+SC)+(SB-5C)m =0,

orciona SB = SC u SA = SD, cnenopatenbHo, %
BC|| AD, a anaunr (tpaneumns ABCD — pap-
HobGenpeHHasn):

£BAD = £CDAw \JAB =\ .CD.

Ilecmoii cnocod
Mockonbky ABCD — Tpaneuns, To BC|| AD: nyrn Mexay napan-
JIETBHBIMU XOPAAMH PaBHEL: UAB = UCD.

CeabMBIM CITOCOBOM TIPEUIAracTes J0Ka34Th CAMOCTOATEIBHO.



24. PaBHble XOpAbl paBHO YAaneHbl OT LeHTpa

Cama TeopeMa BEIHECEHA B 3aT0JIOBOK.

Hepaniii cnocol
Ilyets OK 1 OL — neprneHIMKYSPEL, ONYILEHHEIE W3 TOUKH () Ha paB-
Hele xopusl AB u CD (puc. 1). Iockonsky KB = LC, 10 AKBO=ALOC 1
OK =0L.

Bmapoit cnocob
Onycrim nepnerzukynsapst OK 1 OL (puc. 2) Ha pasHble Xopabl AB u
CD, xotopsie crareaioT pasusie ayru. Torna AOKB =AODL w OK =OL.

Tpemuil cnocofi
IMpoeeaem pamuycsl OF w OF , nepneHAMKYIAPHBIC PABHRIM XOpIaM
ABuCD (puc. 3). ITockonexy KB =CL,a\UAE = UDF ;10 AEBK = AFCL
u EK = LF,a snaunt, KO=0L.




24, PagHble XOPAB! PABHO YAANEHB! OT LIEHTPA

Yemeepmuoiit cnocod
ycts E w F — cepenynel pasHeix nyr AB u CD (pue. 4). Torma
FEOL ABuOF LCD,a AEKB = AFDL.3nauvt, EK = LF n KO = LO.

Hamwi enocod
TIpomwmm pasHsie xopast AB 1 CD 1o niepeceuerus B Touke § (puc. 5).
Mockonsky SA = SC, 8B = 5D, 10 £ASO = £CS0 u npsaMoyrofibHEIE Tpe-
yromesuku SKO n SEO GynyT paBHbl, a 3Hauut, OK =0F.

Illecmoii enocod
Yepes cepemunsi xopa AB 1 CD (touxu K u E) nposenem xopay MN
(puc. 6). Mockoneky AK = KBu CE = ED, o BD|| AC|| MN u MB = ND.
Kpome Toro, BK =DE n ZMBK = ZNDE, snaunt, AMBK = ANDE u
MK =EN,KH = EH nOK =0OE.

CenbsMBIM criocoboM IpeaiaraeTcs A0Ka3aTh CAMOCTOATENBHO.
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25. A Tenepb x0pAbl NapannenbHbl

Ecnu xopIbl MapaieNbHel, TO IYTH, 3aK/II0UEHHBIE MEXIY HHMH,
paBHBL. [lokaxem 3To.

Hepeniii cnocoh
Iycts xopasl AB u CD napanieibHb
(puc. 1). IlockombKy
£ZABC = ZDCB,
T0 WAC = UBD.

Bmopoii cnocol

Tycts AB||CD (puc. 2). JokaxeM, 4to

AC = BD.
W3 Touex A M B onycTHM MepHeHIHKYIsA-
pui AK u BL ua xopay CD. TTockoneky

ZACD = £BDC,

1o TpeyronsHuk AKC paBeH TpeyroJbHN1-

Ky BLD u AC = BD, a 310 3Ha4uT (paBHbIe
XOp/ibl — PaBHbIE AYTH), ITO

UAC =uUBD.

Tpemuit cnocol
ITporenem guameTp MN , nepneHIHKy-
nsapHbiit xopaam AB u CD B Toukax K u E
A (puc. 3). IMockoneky
c r.']‘.‘ D AM = MB,
() 10 ZAMK = £ZBMK , a 3Ha4MT,
UAN =uUBN.

AHaJIOTHIHO,
WCN =uND,

Puc. 3 10 UAC =UBD.




25. A Tenepb X0pAbl NapannensHboi

Yemeepmsiii cnocol
Yepes cepenunbl E u K xopn ABuCD
(AB||CD) mposemem awamerp (pHc. 4).
TMponomkenns xopa AC u BD 6ynyT umMeTh
oy Touky P Ha NPONO/DKEHHHM IHa-
MeTpa, 3HAMHT,
PC=PDuAP=PB.

INockonbky
ZPCK = ZPDK,

T0 UAC = UBD.

Iamsiii cnocoli
TMporenem auametp MN , IeprieHIHKY-
napHeii xopaam AB v CD (puc. 5). Torna
AACN = ABDN u ZANC = ZBND,

a 3HaumT, UAC = UBD.

IIlecmoii cnocod

INposenem auamerp MN, napaiensb-
Hutit xopaam AB u CD (puc. 6). Obosna-
Y¥M o ¥ [} paBHEIe YIJIE IPH OCHOBAHMAX
paBHOGeIpeHHBIX TPEYroNbLHHKOB AOB 1
COD.Torpa

ZAOM =, ZCOM =B.

Amnanorwuso, ZBON =a u ZNOD =p,

3HAYMT,
ZAOC = +P; £ZBOD =0. +J,

cnenoBarensHo, WAC = UBD.

Cedomoil cnocod
B pasHoGenpenHo# Tpaneunu ABCD
(puc. 7) yrast 1, 2, 3, 4 paBHbl KaK yriibl
NpH OCHOBAHHAX paBHOOEAPEHHBIX Tpe-
yroneuukos (AE = EB, DE = EC). Torna
UAC =UCD.

BocembIM criocoBOM Mpeuiaraercs 1o~
KA3aTh CAMOCTOATENBHO.

P
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26. Korga gBe xopabl napannensHbi?

Teopema. B kpyre nposegensl xopasl AB u CD. Xopnet AC u BD na-
patensHEl, ecii AB =CD.

Hepsnii cnocof
JleitcTBUTENBEHO, MOCKOABKY £ ACB = ZCBD (puc. 1), To AC|| BD.

Bmapuoi cnocoi
Kax yroin ¢ BepITHHOH BHYTPH Kpyra:

ZABD = %(UACH.CD) =%(UAC+UAB) = ZBDC

(puc. 1). ITockoneky
ZABC = ZADC, 10 ZCBD = ZADB.
Ho ZACB = ZADB, noatomy ZACB = ZCBD n AC|| BD.
N

A C A
1%~
B D B
Puc. 1

Tpemuii cnocob
ScHo, yto LAOB = £COD (puc. 2). TTposenem Guccexrpucy MN yrna
BOD; o6o3nauns ZAON =a; £CON =P, LAOB = £COD = ¢,
ZBOM = £DOM = A1
HmeeMmo. + ¢+ Z1 =180°uP + @+ £1=180°,3HaunT, a0 + @+ Ll =P +0+ £,
orciona a = p u 6uccexrpuca MN Gyner Guccextpucoit yrma AOC, a nio-
ckonmbky BO=0D= A0=0C, To MN L AC w MN L BD, 1. e. AC||BD.
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26. Horpa pee xopasl napannensHsl?

Yemeepmuoiti cnocol M A C
[Nockonsky (puc. 3)
ZMAB =%(uAB +UAO),
aéB=%uACDuuAB=L.,CD, 3 i
3HAYHT,
Puc. 3

ZMAB = ZABD, AC|| BD.

Hameoui cnocoll
IlpoBemeM KacaTesbHEIE B TOUKaX
AuC (puc. 4): KE u KP. [Tockoneky

ZKAC = ZKCA,
a LEAB=ZPCD,
T0 £BAC = ZACD.Ho
ZBAC =180°-£BDC,

Torga
ZACD =180°-2BDC
3xaumt, AC|| BD.
Hlecmon cnocol
IMockoneky

BP=DP,a AB=CD,
T0 AP =CP (puc. 5), 3nauut, AC|| BD.

P
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27. Ocoban Teopema:

Yron C BepwuHO# BHYTPU Kpyra

Cpasy xe chopMyHpyeM ee:
Yo ¢ BEpIMHON BHYTPH KPYra H3MepSeTCA MoycyMMOi IBYX IYT,
Ha KOTOPBIE OMUPAIOTCA JAHHBIH M BEPTHKATBHBIH K HEMY YIIBI.

TeopeMa 310 0cobasi, He TOJILKO TIOTOMY UTO Cpa3y M He NOAMENIb,
KAK H3MepsAeTcs 3T0T yront. He mpoiue jiu: yroJi ¢ BepUIHHON BHYTPH Kpy-
Ta paBeH TOIYCYMME [YT, 3aKII0UeHHBIX MEXLY €10 CTOPOHAMM H MEXIY
nponomkenuem ero cropoH. ITo kpaiinel Mepe, Tak G510 B y4eOHuKe
Kucenepa, MMeHHO B 3ToM yyeOGHHMKE TeopeMa 3aHHMaia HOCTOHHOE
MECTO Hapsily ¢ APYTHMH TeopeMaMH o kpyre. B nocieyiommx yae6Hu-
Kax o Hell muBo HUYero He cooblanoch, TM60 OHA Mpelaralach B BHIE
saypsigHo# 3amauu. Tak uto ocobenHocTs ee nevansHas. Ho ectb KoM-
MeHcalMs: TEOPEMa HMEET 3aMeuaTeNbHBIN 6mopoii crioco IoKa3aTe/b-
cra. Ho mo nopaaxky.

Hepewiii cnocold
INycts Tpe6yeTcs moKa3aTh, 4To yron X, obpasosaHHbiii xopaamu AB
#CD (puc. 1)pmnx=“2ﬁ.oamuaw LCAE = ¢, , LACE = ¢,.

TToCKONBLKY YroA X — BHEIUHHH B Tpe-
yronsHuke ACE, TO

x=¢, +0,.
Ho

1 1
L =5°~;[P2 =5B-

3FHAYMT,

x=la+lﬁ;x=a+ﬂ.
7. 2



27. Ocoban Teopema: yron ¢ seplunHoi BHYTPW Kpyra

Bmopoii cnocof (1)
Yepes Touky C nposenem xopay CK, na-
pamnenshyio AB (puc. 2). Torna
£LKCD = LAED = x, UAK = UBC =a.
3HayuT,

AKCDw%uKD=

-;—(UA.K +udD) = %(u +B),

YTO M TpeBOBANOCH IOKA3ATh.

Ipemuii cnocof
ObozHaunm
ZECB=q,,£EBC = ¢,
(puc. 3). Toroa
LEAD =@, , ZEDA = g,.

Ha AEBC:
x =180°~(o, +¢,).
W3 AEDA:
x=180"~(g, +9,).
3nauwurt,
2x =360°~2¢, +20,) =360°~(360°~(a +f)) =a +p;
pooif

2

OcobeHHOCTh 3TN TEOPEMBI COCTOMT EILE H B TOM, 4TO YeTBEPThIH
crmoco6 HailTH Henerko. M MBIl mpefjiaraeM CaeaaTh 3T0 CAMOCTOATENb-
HO, KaK H YOESIHTECA B TOM, 4TO YTOJI ¢ BEPIUHHOM BHE KpYyra H3MepsaeTcs
MOXO0XE — MONYPa3sHOCTBIO IyT.
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28. Yron mexay KacatenbHoi U XOpAoi

Tlonroe BpeMs CYMTANCS CTONB 3K30THYHBIM, 4TO TIPHMEHSICA TOJb-
KO B PeIlIeHHH 32124 MOBBILICHHON CIOXHOCTH, & TAKKE MpearaeMbix
Ha onuMmuanax. [TomynapH3anms 3T0r0 yIia, KaK 4 MHOTHE CToco0b!
JIOKA3aTe/LCTBa, BECEMa YMEeCTHA.

Teopema. Yron, oBpa3oBaHHEIH KacaTeJqbHON M XODIOH, KOTOpaA
TNPOXOIHUT Yepe3 TOUKY KACAHMS, H3MEPAETCs MOTOBHHOM IYTH, JIekKa-
Lieit BHYTPH yria.

[Tepeuiit cnocoi

Tyers npsiMad MN KacaeTcsi OKPYXHOCTH € LIEHTPOM B Touke O
BTOuKe A (puc. 1). O6osHasum £NAB =a. (AB — xopaa 910l OKPYXKHO-
cri). Tockomsky ZOAN =90°, 10 Z0AB =90°~c.. M3 paBHOGEIPEHHOTO
Tpeyronbhuka AOB: ZAOB =180°-2(90°—) = 2a.. 3Ha4MT,

/NAB = % U AB, ockomsky UAB = 2.

Bmopoii cnocol
B TouKe B poBe/ieM KacaTesIbHyI0 K OKpY#diocTH (pHc. 2). B paBHoGea-
peHHOM TpeyronbHHKe ABC (C — ToUKa NepeceyeHHs KacaTe/TbHBIX)
ZACB=180°-2a.
M3 yernipexyronsHuka ACBO nMeem
x =180°~(180°-2a.) = 2a, 3HA4MT, UAB =20..
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28. Yron mewpy KacatensHoi W Xopaon

Tpemuii cnocold
Iposenem muameTp AD (puc. 3). K — Touka niepecedyeHus npamMex MN
u BD. Tlockomsky AB.L KD, To ZADB =, ciefoparensHo, AB =2a.

Puc. 4

Yemaepmuouit cnocod
Uepes Touky B nposelieM Xopay, mapannensHyio MN (puc. 4). Mmeem
BC|| MN,a UAC = UAB =2a. (WAC =2B).

Hampbdi cnocod
H3 Touku O onycTHM NepreHAHKYAap Ha xopny AB (puc. 5). Ipo-
umaM OK no nepeceuenus ¢ MN B Touke C. B npaMOyroabHOM TpeyTomb-
Huke AOC: ZAOC = £KAC =a, 3Ha4nT, UAB =20,

Hlecmoi cnocotfl
IposeneM depes uentp O npamyto EK, nmapannenshyio xopiae AB
(puc. 6). Torna £CEK = ZCKE =a,a

ZAOB =180°-2 ZAOE =180°-2(90°—) =2a..
3uaunt, JAB =2a.
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Tnasa IV, Teopems! WKOALHLIX Y4eGHUKOB reoMeTpUl

Cedumoii cnocod
Brminem JaHHYIO OKPYXHOCTH ¢ Xopmoi AB B TpeyroneHuk NML
(puc. 7). O6o3naunm £ NML =p,a ZNLM =y.TlycTh OKpYXHOCTb Kaca-
erca croponsl ML B Touke K. Torna
ZAKB =180°~(LAKM + ZBKL) =180°<[90°—§+9{}°-%)= ﬁ%

Ho
B+y =180°~2MNL =180°-180°+20. =2a,

oTkyga LAKB=a,a UAB=2a.

Bocemoii cnocol
O6o3naunM LAKB = @ JAB=2¢,UBK =2x, AK =2y. U3 AAMK:

x+o =p+90°- ﬁ 90°+E,x 90°+§-a,

AHAJTIOTHYHO, J =90°+%—u. (ABKL).
x+y =180° Eﬁluza) 130°+‘8°2 Wi

180°-180°+20c

=180+ —2a =180°—a

UAB =360°-2(x +y) = 360°-360°+2a,
Wi UAB =2a.

Hegamoiii cnocod
(¢ manenvkoll ucmopuei)
Tpeanoxui JOKa3aTh 3TY TeOpeMy BOCBMHKIacCHHKaM. OHM KaK
pa3 uayuand Temy «[Tomobue» u TeopeMy 0 ceKylleH H KacaTeIbHOI.
Kak Hi cTpaHHO, «30MOHpOBaHHE» TIONLTO HA NONL3Y.
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28. ¥ron memay KacarensHoi u xopaoi

Mycts AB — xacarensHast, BC — B
cexymas (puc. 9). Hmeem
AB* = BC-BD,wu A

48 _ BC 0

BD AP
NOCKOJIBKY Y TpeyroibHHKOB ABC H
DBA yron B obumii, © MMEET MeCTO
paBeHcTBO (1), TO OHM MOKOGHBI H
Z£CAB = ZADC, unu

ACAB=%uAnC. Puc.9

D

IHecarsiit cniocob npeaiaraeTcs HAWTH CAMOCTOATENBHO.
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29, TeopeMma 0 CeKyliei U KacaTenbHOW

Ec/M 13 TOYKH, B3ATO# BHE Kpyra, MPOBEIeHS! K HEMY CeKyILasd i Ka-
caTeNTbHASA, TO MPOM3BE/ICHHE CEKYIEH Ha BHELIHIOK YaCTh PABHO KBajl-

pary KacaTeqbHOMH.
A
N
Puc. |
A

Puc. 2

Iepsuiii cnocol

Ilycth SA — KacarensHas,
SN — cexymas (puc. 1).
TMockoneky £SAM = ZANM,
TO TpeyronsHHKH SNA u SMA

nofoGHEI, @ MOTOMY

54 _SM

SN s4'’

win SA® = SN -SM.

Bmaopoii cnocofi
W3 upentpa O nposenem
nepneHaukynsp OK k ceky-
el SN (puc. 2). O6o3HaYUM

SK =a,
MK = KN =g,
0K =t,

panMyc okpyxkHocTH R, A —
TouKa KacaHua. Mmeem

SM.SN =(a—g)a+q)=a’ —¢°.
Hoa® = SK*? = 50" -0K? (u3 ASOK), q* = MO® —-0K*.AMeem
SM -SN =(so= —r’)—(MO‘ -1")=50" -MO* = 50" -R’.

Ho 50* —R* = 54 (ASAO). 3naunr,
SM SN = SA?,

YTO ¥ TpeGOBANOCH 10KA3ATh.
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29, Teopema o CeKyLWeNn W KacaTeNLHomn

Ipemuii cnocofi
O6o3nayuM (puc. 3)

£LNOE =0, 2MOS =
(puc. 3). Hmeem
ZNOM =180°—(at +);

ZOMN = ZONM = “T"a -

[OSM=U._B‘ Pac. 3
2
U3 tpeyronsHukor OMS n OSN:
SM _ R s S SN
sinp i E.;BJ sin a+B) sina
2 2

(R — pammyc okpyxHoctH). Otciona
SN-SM =R*. sina -sin :
()
2

a TaKxe

e ]

w
5
i
? T
[ =]
|4
=
[
w

in’[a—;ﬁ)= sina sinf.
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nasa IV. Teopems: WKONLHBIX Y4eOHHKOE reOMeTpUN

98

Je#icTBHTELHO,
(e8] {232,
_ 1-cos( +P)—1+cos(a —B)
Fa 2

=sine sinp.

YeTpepThiii crIocob MpeUiaraeTcs HANTH CAMOCTOATE/EHO.



30. Teopema 0 NPOM3BEAEHMM OTPE3KOB XOPA

Ecnu uepes Touky E, B3ATy0 BHYTDH KpYTa, MPOBeIeHH Xopasl AB
HCD, 0
AE-EB=CE-ED.
Jloka3aTensCTBO 3TOH TeopeMbl TPAIu-
LUHOHHO mpocTo (pHc. 1):
AAEC ~ ADEB;
AE _CE
ED BE’
otkyna AE-BE =CE-ED.
Ho y2Ke I0Ka3aTeIbCTBO BTOPHIM CIOCO- B
6OM JOCTATOYHO HHTEPECHO. Pic, |

Bmaopoii cnocob
(marwoii unmepechniit nodxod)

Ilycts xopast AB n CD nepecexarorcs
B Touke X (puc. 2). JlokaxeM, 4To NpOH3-
seneHue AX - XB 3aBHCHT TONBKO OT panHy-
¢a OKPYXKHOCTH R ¥ paccTosiHus f TOYKH X
OT LIEHTPa OKpYKHOCTH O.

MocTpoum Ha xopae AB Kak Ha IHaMeT-
pe OKPYXHOCTh ¥ (Q — UEHTP OKPYXHO-
ct). [1ycTs r — pamuyc 3Tl OKPYXHOCTH.
M3 touxu X BoCCTaBHM MEPNEHANKYIAD
XH = hjo nepeceveHHs ¢ OKPYXHOCTBIO Y.

W3 AXHQ: XQ° =r —h’.

Ha AQBO: Q0* =R* —r*.

H3 AXOQ:
1* = XQ? +Q0" =r* —H +R* =r* =R* -},
Ho nockonsky HX® = AX-XB, 1o AX-XB=R" —t*. AHalIOTHIHO,
CX-XD =h* =R*? —1*,uT0 IOKA3KIBACT YTBEPKUCHHE TEOPEMEL.



[nasa IV. Teopems: mxoneHbiX y4eGHUKOB rEOMETPUN

Puc. 3

Tpemuii cnocofi
Iycte AE =a; BE =b; CE =c, ED =d,
ZCAB = ; ZACD =p.TTo TeopeMe CHHYCOB

YerpepThiil crocof I0OKA3ATENbCTBA TPELIArACTCH HAWTH CaMo-

CTOATENBHO.



31. [iBe KacatesbHbie

OnHa U3 caMbiX, CAMBIX... TIPOCTBIX H HEOOXOMMMBIX TEOPEM TLaa-
HumMetpun. Kacarennusie SK, u SK, papnst (puc. 1).

ITepaviit cnocod
epsriit cnocob oveBMIeH: IPIMOYTOIbHEE TpeyronsHukn SOK,
u SOK, paBHBIL.

Bmaopoiu cnoco6
O6o3naunm £O0K K, = Z0K,K, =a (puc. 1). Torna

ZK,K,S = ZK K, S =90°-a

usSK, =35K,.

Tpemuii cnocob
Yepes ueHTp okpyxkHocTH O nposeeM cexyiylo SN (puc. 2). Toraa

SN -SM =SK!u SN -SM =SK;,
cnenosarentHo, SK, = SK,.
Yemsepmuviii cnocob
ZSK,K, = 25K K, =%uK. K.

KAK YToJl MEX1y KacaTe/bHoil u xopao#. Torna SK, = SK,.
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Fnasa IV. Teopems: wHonbHbIX y4EBHHKOB reOMETDHM

Hamsui cnocol
W3 touxwu § (puc. 3) KaK H3 LEHTpa cAenaeM 3acedKy panuycoM,
passum kacarensHoil SK, . TTomydum TouKy K, , a TPEYronbHUK SOK,
Gvaer pasen TpeyronbHuky SOK, , ciemosarensto, ZOK, S — npamoi
# SK, — KacarenbHas, papHas KacatensHoit SK, .

K, ? 5
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32. NonynapHbie A0Ka3aTenbCTBa

teopemsl lNudaropa

Teopema: KBafipaT rMIOTEHY3kl MPAMOYTOTBHOTO TPEYTOABHHKE pa-
BEH CyMMe KBAIPaToB ero Kateros (reopema Indaropa).

Hepasui cnocof
(doxasamenscmeo Eaxauda)

TMepsonayansas popmymiporka reopemsl [udaropa:

Cymma [uiomaneii KBagpaToB, MOCTPOCHHBIX HAa KATETaX MpAMO-
YTO/ILHOTO TPEYTObHHKA, PABHA IUIOLIATH KBAPATa, MOCTPOEHHOTO Ha
THIOTEHY3€ STOTO TPEYTONbHHKA.

Tycrs ABC — npsAMOYronbHEIH TpeyronbHuK (£BAC =90°) (puc. 1).
Moctpoum keanpatsi BCDE, AMNC, ABPT . Ilposenem

AL L BC.

Jokaxem, 4TO Mps- T
MoyronbHHK BKLE
paBHOBENHK KBaapa-
Ty BPTA, a npsamo-
yronsiuk KCDL —
kpagpaty AMNC.
IMpoBenem oTpes-
¥ku PC u AE. Tlno- N
ATk TPEYToNbHHKA
PCB pasHa nooBuHe B ramm (4
TUIOIIANH  KBajpara
BPTA (noxaxmre!).
Inowans PE-
yroneHuka ABE pas-
Ha MONOBHHE IUTOIA-
¥ NIPAMOYTOMBHHKA
BKLE (noxaxwure!).

103



Tnasa IV. Teopesmsl WHOALHBIX Y4eBHUKOB FEOMETRMK

Tpeyromsanxu ABE u PBC paBHH (DOKaXuTe!).

Orcioza creaver, 910 npAMoyronbHUK BKLE papHOBENMK KBaupary
BPTA Coeannus N ¢ B n A ¢ D, aH&IOTHYMHO JOKAKEM, 4TO TIPAMOYTONb=
ik KCDL pasHoBennK Keanpaty AMNC. OTciona cieyer, UTo Kpaapar
BCDE papHoBeMK cymMe rutomnanest keanparos PTAB u AMNC.

Bmopoit cnocob
(enocof unduiickeeo mamemamuxa Bxackapw (1114—1165)
& KHuze « Berney cucmemmy (ox. 1150))

JokazarenscTBo TeopeMsl [Iucaropa
JaeT B BHIE YepTexa ¢ Hammucnio «CMmor-
puls (puc. 2).

PaccMOTPUM  NIPAMOYTONBHBIN  Tpe-
yromsauk ABC (£C =907), [Lnowams ksan-
para, IOCTPOEHHOID HA runoteHyse AB
¢ b TIPAMOYTOJIBHOTO TPEYToNsHIKA A BC paBHa
CyMMe IUTolaneit YeThIpex MpAMOYTOMEHEIX
TPEYIOJILHHKOB M KBaipara, UIMHA CTOPO-
HBI KOTOpOTO pagHa a— b. Toraa

e? =4“"?b+(a—b)2 =2ab+a* ~2ab+b* =a® + b,

Puc. 2

3uHaumt, ¢’ =a’ +5°.

Tpemuit cnocob
B npsMoyronsHOM TpeyronbHuKe ABC

c (£C =90°) npoeneM BricoTy CH (puc. 3),
TMockonsky -
AACH ~ ABCH ~ AABC,
B H g er"T0
Puc. 3 E_S5 283,

TS s
rae l, ,1,,! — cooTBeTCTBEHHEIE MHHEHHEIE AMEMEHTHl ITHX TPEYTOIBHY-
KoB,a s, ,8,,5 — mx momany. CloXHB 9TH [Ba PABEHCTEE, HOMY4HM
L+ 8+,
A

B uactHocTH, a* + b* =c?.

Jam i+ =10,
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32. MNonynapHele gokalarenscrea Teopems! Mudaropa

Yemeepmbsiii cnocod

B okpyxHocTH ¢ HeHTpoM C TIpoBeieM KacaTeabHYI0 AB 1 CeKyIyio
AE, xotopoit npuHamnexut ueHTp O (puc. 4). ITo Teopeme o cexyumeit
H KacaTeabHOMH

AB* = AD-AE. (1 E
TMockoneky
AC=CD+AD, D
AE = AC +CE = AC+CB,
10 AD = AC-CD = AC-CB. - )
TMoacrasum 3T BeipaxeHus B (1): Puc. 4
AB? =(AC-CB)(AC +CB),
i AB* = AC? —~CB?, AB* +CB* = AC?,

4TO M TPeGOBANOCE NOKA3aTh. A
Hamoai cnocod
Bocnonsayemcest dopMyinodi Guccexrt-
pHChl (pHc. 5) & by L= B
I} =bc—be,. Puc. 5

Hmeem Tpeyroapimk ABC (£C =90°).
TIpou3sBe/ieM OCEBYK) CHMMETPHIO OTHOCH-
TensHo Kateta AC (puc. 6). TTony4um pas-
HobGenpeHHBIH TpeyTonbHUK ABB, ¢ Ouc-
cexrpucoit AC =a. Umeem

AC* = AB-AB, - BC-CB,,
g iy o B

Puc. 6

win b* =¢-c-a-g,otkynac’ =a’ +b’.
Hlecmoii cnocofi

B npAMOYrofsHOM TPEYTOJNBHHKE C KaTeTaMu @ M b ¥ ruIoTeHysoi ¢

PAIHYC F BITHCAHHON OKPYKHOCTH PaBeH 1 = m.

TMockobKY wiomans S pasHa az_b u 5 =rp, umeeM

% b=£(a+b+c){a+b—c),

_l T _al i Ryt P 2
ab_-z—((a+b) ¢ ),nnqmac =a’ +b%.
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[nasa IV. Teopemsl WKOABHBIX y4eGHUKOB rEOMETPUM

D Cedomoii cnocod
JlononHUM NPAMOYNOJIbHBIH TPEYroib-
b £ HHK 10 IPAMOYTOBHHKA H BOCTIOTB3YEMCH
TeopeMoii 0 CyMMe KBapaToB QUaroHanei
(puc. 7).
c a B 2(a"'+b‘)=2c’,mma’ +b? =¢?,
Puc. 7
Bocomoi cnocol
Bocnonsayemcs Teopemoii Tlronemes
(puc. 8):
| ¢ a-a+b-b=c-c,a® +b* =c’.
- Heaamesiii cnocod
a Bocnonbayemes GopMynoH MeaMaHb
d4m? =2(a* +b*) -’
Puc. 8

TMockonbKy m, =525,m

Hecamuui cnocob

MEHHM aBTOpCKY0 hopmyny

Pic. 9 S=—;~AWL<HN.

JList IPAMOYTONBHOTO TPEYTONBHHKA (LA =90°)
L =% cosasea 03,
b b+c

Tlyers st onpeneneHHoctd £B> £C. Torna = ¥ ,a
B-C
AW, =2Rcos rp=acosT (13 AW, AD).

Yuureisan dopmyny (1), uMeeM:

2
be _1 be be) _(, o0 B=C
?-5“"“‘”3::“'5""“‘(_) (“"“_z'
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2c? =2(¢32 +l."‘),m|1'1|¢:1 +b? =¢?.

Ilycts B Tpeyronsuuke ABC £A4 =90°,
OGo3HaYMM ¢ — Yron Mexny Guccek-
Tpucoit/, u BricoTol AH| (puc. 9). [pu-
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32. NonynapHbie AOKa3laTensCiBa Teopemsl Mudaropa

IIpeobpasyeM 310 BHIpaXEHHE:

(b+¢)? =2a’ cos? % =a’(l+cos(B-C)) =

=a’(1+cos BcosC +sin BsinC) =a’ (1+2 sin BsinC) =

=a’[|+2-9-ﬁ)=a= +2b.
aa

3naynT, b? +¢? +2bc =a® +2bc, a orciona a® = b* +¢?, 410 M TpeGoBa-
JI0Ch IOKA3ATS.

Odunnaduametii cnocod
IpuMmennum hopmyny Apxumena:

AR =21
2

(K — npoexuus Touku B Ha cropony AC)
(puc. 10). JlokasarenbCrBo CBOAHTCA K
npesnymeMy crnocody: AAW, K — nps-
MOYTO/IbHbBIH, paBHOGEAPEHHEIH.

AW, =acos£.
TMockonsky
b+c b+e 2_ B-CY
A.K-—m —T,m[“‘ﬁ-] —[GCOS 2 )-

JlaneHeiinee TOXIECTREHHO NPEALLLYLUEMY CIIOCODY.

JMeenaduamuii cnocod
Ha cropoHax npsmoyrosibHoro Tpeyronsiuka ABC (£C =90°) no-
ctpoum sektopst CB, AC, AB. Torna AB =CB+ AC. Bospenem 210 pa-
BEHCTBO B KBAJIPaT:

AB’ =(CB+AC).
Hmeem
AB" =CB" +2CB-AC+AC .
TMockonskyCB L AC,10CB- AC =0,0tkyna BC? + AC* = AB? ,uto upe-
Gopanock NOKa3aTh,

TpennaraeTcs caMOCTOSTENBHO JOKa3aTh TPHHANLIATEIM COcoboM.
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33. Teopema MNudaropa. O6parHan

Teopema, oGparHas Teopeme [Iudaropa: Ecnn kpanpar CTOPOHBI TPpe-
VTOMEHHKA PABEH CYMME KBAIPATOB ABYX APYTHX CTOPOH, TO TPEYTO/b-
HUK MPAMOYTOIBHEIHA.

KoHe4Ho, 3Ta TeopeMa He CTOME NOMyIspHa, Kak npsaMas. Ho omxo-
06pa3HOCTh e¢ JoKazaTe/beTs (0T 0GpaTHOTO!) BO Beex yuebHMKaX Helle-
necooBpasia. PaccMOTPHM HECKOIbKO CIIOCO0OB €e JOKAa3aTe/beTha.

ITepeauui cnocob
TMycrs B TpeyronsHuke ABC
c?=a" +b". (1)
JlokaxeM, uto ZC =90°. PaccMOTPHM TIPAMOYTOILHBI TPEYTONBHHUK
A B,C, (£C, =90°), y xoToporo: a, =a, b, =b, ri¢ a ¥ b — CTOPOHEI Tpe-
yroneHuka ABC. Mo Teopeme [Tudaropa:
a’ +b* =cl. @2
Cpasxum Beipakennd (1) 1 (2): ¢ =c¢, , CICH0BATEIBHO,
AABC = AA B C,
no Tpem cropoHam. [lotomy C =C, , 3HAYHUT, TPEYTONLHNK ABC — npsi-
MOYTOJIBHELH, YTO ¥ TpeGOBANOCH TOKA3ATD. y

Bmapoit cnocol
TpumeHIM TeopeMy Kocuuycos. B TpeyroibsHike ABC:

¢’ =a® +b* —2abcosC.
2 2 2
TMockonbKy 1o yenopioa™ +b° =¢”, 10

2abcosC =0,
orkynacosC =0; £ZC =90°.

Tpemuit cnocod
BroT cnocod CBA3aH ¢ TEOPCMOI 0 MEIHAHE: eCTH

¢, 10 £C =90° (cM. pasnen 15).

m. =

L
"
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33. Teopema Nudaropa. 06paTnas

Bocnionbayemes hopmynoit MemaHbl:
, 20 +26% -¢?
B
4
YuuTelgas yelnosHe, HMeeM
3. 2et-e
mi=

g 4

SHAYMT, M, = % ,otkyaa £C =90°

Yemaepmuiii cnocod c

[MycTs B TPeyroibHIKe ABC npoBeieHa <]\
Bbicota i, =CH (puc. 1). OGo3maunM oT-
pesku AH, =m; BH, = n. JlokaxeM, 910 A 7\

ecin h=+mn, 10 £C =90°. [IeiicTBHTEND- B n Hom A
HO, TIOCKONLKY h® = mn, T0

a 3T0 3HAYNT, YTO NpAMOYronbHie Tpeyronsuuku CH, A u CH, B mo-
IOOHBI, MO3TOMY
ZACH, = ZCBH, =0, ZBCH, = ZCAH,, =P,

3HAYHT, 2(c +) = 180°, wim o +f =90°.
TlepeiineM HEMOCPEACTREHHO K IOKA3ATENBCTRY TEOPEMBI.
Vimeem (AH, =m; BH, =n) no yesosuoe® =a* +b°, wiu

(m+n)? =k +n" +1} +m?,
Wi m® +n® +2mn=n® +m® +2h?,
SHAYMT, i = hf ,@ 3TO 3HAYHT, ITO TPEYTONbHIUK A BC — NPAMOYTONLHEIH.
Iamuui enocod
TMycrs S — womans TpeyroibHika ABC OuepnaHo, UTo eciy

S =%ab,'ro ZC =90°.

ITo hopmyne [epona
1 2 pt a'h?
s==_(4a’b=— 2t +b} —c? )=__=_,_,
16 {aipt=ct) | =4

Te S ={12é ,aHauuT, £ZC =90°.
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[nasa IV. Teopems! wKONsHLIX y4eGHNKOB reOMETPUM

Hlecmou cnocob
Hueem:c® =a’ +b*,unn
4R?sin* C=4R*sin® A+4R*sin* B
(R — panuyc ONMCaHHOM OKPYXHOCTH). JHAYHT,
1-c082C =1-cos2A4+1—-cos2B,
cos2A+cos2 B =1+cos2C,
2cos(A+ B)cos(4A— B)=2cos’ C
WM cosC(cosC+cos{A—E)) =0.
3HauwuT,
1)cosC =0, ZC =90° wmn
2) —cos(A— B) =cosC. Torna

Zm{cm-s]m{c—ms]:&
2 2
cm[ﬂ)ﬁo,

2
m{w]zu,
i 2

[ (180°-2B) _
m[ 2 )'&

180°-24 ) _
cm{ 3 )-0,

IHAYHT,

3HAYMT, sin B =0 wn sin A =0, uT0 HeBo3MOXHO. 3Hauut, ZC =90°.

Cedvmoii cnocol
NocTpoum TpeyrosibHHK ABC no ma-
pannenorpamMmMa ADBC (puc. 2). Torna

AB? +CD? =2(AC’ +Bc’).

re.c? +CD? =2(a’ +b’).

Tak kak 110 yenosuio a® + 6% =¢*, 1o
CcDh? =¢?,
D T. e. ADBC — mapannenorpaMMm ¢ pasHbl-

Puc. 2 MM JHaroHaisaMH, 3HaunT, ADBC — nps-
MoyTonbHHUK U £C =90°.
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33, Teopema Mudparopa. O6patHas

Bocsmoi cnocof
TMpumennM TeopeMy JleiiGuua. [ycte M — ToUKa NepecedcHUA Me-
nauaH TpeyronsHuka ABC. To teopeme JleiGunua wis moboi Toukn X
HMeeM

XA + XB? + XC* = AM* + BM* +CM* +3XM*.
Iycts X cosnanaet ¢ BepmnHoil C tpeyronsHuka ABC. Hmeem
CA* +CB* +0=AM? + BM* +4CM*,

) R R e T
win b* +a* =[Em“] -{Em’] +{§mc) i
4 4o
wmicl =—(m’ +m} +m?)+3-—m’.
9( e b r) 9

VYaureiBad, 9T0

3
2 2 - e 2 2 2
m} +m} +m? -z(a +b +c?),
MOMyuHM:
g Xpiw ey ane o4
¢ —i(a +b? +c )+§mc. (1
Mockonbky a* +b* =¢?, To Bepaxenue (1) mpumer BrL: m] =%c1,m‘~

Kymam, = %c, 3HaumT, £C =90°.

Jeaambiit cnocod
Gopmyna GucceKTPUCH /, HMEET BUI:

I? =ab-ba, (b =BL,,c=AL).

be ac
Mockoneky b, = —,c, =——,T0
o R ath
2 2.2\ ab(a® +b® +2ab-c? 1p2
P map 0o @40 < _ay i ) _ 2%
(a+b)? (a+b)’ (a+b) (a+b)?
(BOCTIOJIB30BABILNCE yClIOBHEM ¢* =a® +b*). UTak,
232
4 o SRS )
(a+b)?
HM3sectHa cnenyiomas GopMyna GUCCEKTPHCHI:
2ab C
|, =——cos—. 2
s S (2)
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[nasa IV, Teopems: WKOALHEIX Y4eOHHKOE reoMeTpun

Cpassns ssipaxernd (1)  (2), moayaum

wsgzﬂ.
AL

3uaumT, g =45°, 3aunT, £C =90°.

Hecamuviii cnocod
Tyets B Tpeyronsauke ABC
¢! =a® +b2.
OnumeM BOKPYT TpeyronsHuKa ABC OKpYXKHOCTBH M MpoBefeM JHa-
merp CD (puc. 3). [To Teopeme Iltonemes

AC-BD+AD-BC = AB-CD,
win b-BD+a-AD=c¢-2R (1)

(R — pammyc OITMCAHHOM OKPYXKHOCTH).
B A Mockonsky ACAD — npsMOYTONBHEIH,
T0 no Teopeme [Tudaropa

AD=+4R? — b7, @)
D BD=+4R? -a’. 3)

DS MoncrasuM BhipaxeHus (2) u (3) B (1).

b4R* —a® +aV4R? —b" =c2R.
BosseneM B KBAOpaT:
b2(4R* ~a” ) +a* (4R ~b") +2ab/4R® ~a* 4R® —b =c*-4R".

3HaumT, )
2ab,f(4ﬂ’ —-a")(4R" -b7) =24*b* +4R? (c* ~a’ ~b7)

W 2ab,’(4:z‘ -af)(am‘ —b’) =24°h?,

(432 _az)(4Rz _bk) =albl,

wi 16R* —4R’(a’ +1Ea’)+a’;.‘;2 =a’h?,

IMomyunm

OTKYIa

CIIEIOBATENBHO,
4R? =a* +b* ,umuc =2R,

T. €, TPEYTONEHUK ABC — IpAMOYTONbHBIH.
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33. Teopema Nudaropa. O6patHas

Odunnaduyamsii cnocol
(nposoKayuonKbI)
Tycrs H — oproueHtp Tpeyronbinka ABC. Umeer Mecto dopmyna:

OH* =9R* -(a* +b* +c?) )

IMockonsky
CH =2RcosC (19
u CH? =4R* -c?,

H
9= ZO0CH =|A- B,
To W3 AOCH (pwc. 4) TI0 TeopeMe KOCHHYCOB B 0 Y
OH? =0C* +CH* -20C-CHcoso. (1) Puc. 4

CpaBHHM JIeBbIe YacTH BhIpakeHuH (*) u (1):
9R* ~(a* +b* +¢?) =0C* +CH’ -20C-CH -cos ¢.
Yuutsisas, uro OC = Rua’ +b° =c’, umeem
8R? ~2¢* =CH? -2R-CHcos .
TMockonsky CH? = 4R* —¢? , mocneHee BHIPaXeHHe TPHMET BHIT:
2CH? =CH?* -2R-CH cos ¢, )
wm CH =-2Rcos .
CpaBHMB ¢ BEIpakeHHeM (1°), mony4um
—2Rcos p=2RcosC.
Torna —cosC =cos g, o1croaa
sinA4=0,
Lm3=q
3HAYMT, TPEYIOJIbHUKA, Y Kotoporoe’ =a® +b* He cymectnyer?!
IpennaraeM YHTATENIO HARTH OIIHOKY.

OTBeT: 3710 He TOJIBKO 01KDOKa, HO ¥ pellieHHe BOIpoca:
TipH coxpamieHuy Ha CH B chopmyne (**) obe yacT paBeHCTBa
IeTWMCE HA HYNMb: JUTHHA oTpe3ka CH MOXeT paBHATHCH
HYJIIO, YTO BO3MOXHO (!) ... B PAMOYTONEHOM TPEYTOILHH-
Keé — KOHLIA CBETA He MPOM30ILIO.

MMpeanaraem YuTaTeNsM HaiiTH IBEHATUATEIH criocob.

B nanucanuu 2nags npunuman ysacmue Jl. Bacos.
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34. isapguars asa. Kro 6onbwe?

PaccMoTpHM 3ajia4y, KOTOpas 10 [paBy MOXeT 3aHHMATh MOYETHOS
MECTO B PAMY 3aMeUaTENBHEIX TEOPEM TPEYTOIBHHKA.

B tpeyronsuuke ABC npopenena MeauaHa AM, . Yepes epmnny C 1
cepeauny E 310l MeMaHk! NpoBeleHa MpAMas. B xakoM oTHOMIEHHH
OHA JIeNIUT CTOpoHY AB?

A r Hlepssiii cnocod

I Yepes BepluHHY A MpoBeneM 1ps-
Myl0 [, IapaieNnsHy0 cropoHe BC

(puc. 1). Iycts npamas CE nepece-

KaeT cTopoHy AB B Touke X, a npa-

Myto | — B Touke T. TpeyroisHHKH

3 < ATX u BCX nonoGHEI, MO3TOMY:
A M, B AX AT '

Puc. 1 33 (0]

Tpeyronsuuku AET u M EC pashbl, otkyna AT =CM,, a cne-
AT 1 AX 1
IOBAaTeNbHO, —— = —, YUUTHIBasA paBeHCTBO (1), MMeeM — =—.
BC 2 XB 2
Bmopou cnocoli
Yepea touxy M, mposenem otpesok M, D (D e AB), napasnenbHbii
otpesky CX (puc. 2). TTockoneky
A BM, =CM 10 BD =DX.
TMockoneky
AE = EM |, 10 AX = XD.
D CrenoBaTensHoO,

AX = XD=DB,
C : M, ; B OTKYMix-zl
Puc. 2 XB 2
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34. leaguars aea. Kro Gonswe?

Tpemuii cnocol
Mycts M, — cepemiHa cTopoHsl AB
(pue. 3). Mockonsky EM , — cpeaHss -
HMs B TpeyronkHuke AM, B, 10

EM, =13C.
4

Tpeyronsuuku EXM , uCXB nopobue, €
MO3TOMY Puc. 3
AM E EM;, 1

XB BCL. 4
caegoBarentHo, XM, =§XBAHomAM, =M, B,otkyza

AX + XM, =XB-XM,,WAX+%XB=X8—%XB,AX :% XB.

Hemaepmbiii cnocol
Mycts M, — cepenusa cTopoHst AC,
F — Touka nepeceyeHus otpeskos M, M,
uCE (puc. 4). Umeem:

Hameui cnocol
JokaxeM BHAaYaNe COOTHOLIEHHE
XE 1
CE 3
W3 tpeyronsuuka CXB (puc. 5):
XC BC _4EM 4EM, _

®

OTKyna
CE _CX- XE_Q{_1=3|
AE XE XE Puc. 5
4T ¥ TpeGOBANTOCE NOKA3aTh.
TMposenem Teneps otpe3ok XP|| BC (P e AM,). Toraa

AX  XP D, ey ) dhene AX
2= L o L = =_ CleNoBaTeNbHo, T

ABMBMCCE3
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Mnasa IV. Teopems: WKONLHEIX Y4eGHMKOB reOMETPHN

Ilecmoii cnocol
N IlpoBesem uepes TOUKy B nps-
MYI0, IAPANIEABLHYIO OTPe3KYAM | .
Tlyers N — TOuKa MepeceyeHHs ee
¢ npsimoit CA (puc. 6). Mockoasky

CM, =M B,10CA=AN.
A IMycte K — Touka nepeceyeHHA
npameix CX ¥ NB. [Tockonsky
AE = EM,, 10 NK = KB.
CnenopatensHo, CK u BA — me-
JTHAHEL TPeyronsHuKa BNC. Kak u3-

BECTHO, OHH IEPeCceKaroTCs B OTHO-

¢ L iMiog b B memm2:l,m—m1a%=%,

A Cedomoit cnocold
Tponenem otpesok XL|| AM, (L e BC)
(puc. 7). Torga

AB_AM, 2EM; ,CE
BXT XL XL cx’

Wicnonb3ys paBeHCTBoO (*), HMeeM

c M L 5 o cpemx_ EX ;1
Puc. 7 = sk st =

CE CE CE 3 3

CIe0BATE/IBHO,

&

Bocomon cnocod

Tyets EX =/. Toraa u3 paBeHCTBa (*)
cnenyer, uro CE =3I, PaanenuM oTpesok
CE ua Tpu paBHBie yacTH (puc. §) u npo-
BeleM 4epe3 TOUKM NeNneHHs MpsMbie,
napateNstbie AM | , 10 mepecedeHnsA o CTOPOHOH BC.Ouwu pasnensar
orpesok CM, Ha Tpu paBHEIE YACTH, JUTHHBI KOTOPHIX 0003HaYUM m.
IMporenem eume orpesok XL||AM,. Torma M, L=m, a NOCKONBKY
3m=CM, =M, B,to BL =2m.CnejoBareibHo,
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34, llsapuars aga. Kro Gonswe?

Jeassmuui cnocob
Vigoum otpesok CE (puc. 9). YerslpexyronbHuk M ,CAT — napauresno-
rpamm: CE = ET, AE = EM . [lanee, YeThIPEXyTO/IBHHK M ATB — Takxe
napaenorpamm: AT =CM, =M, B, AT || M, B. Tlycrs F — To'Ka niepe-
ceqeHMA  QMAroHaned mnapannejorpaMma A T
M, ATB.Torjia orpeskn TE u AF — menna-
HBl B TpeyroneHiike TM | A, ClleIoBaTeIbHO,

AX:%AF.Cnpyroﬁcmpotm.

AF:FB=%—AB‘

[oatomy AX = %21 AB =%AB, oTKyNa

BX =EAB,aunenonamuo, i"t— =l.
3 BX 2
Jlecamutii cnocof
Iycts A, — Touka Ha npaMoit M, A n
A A=AE=EM, (puc. 10). CoemguHuM
TO4KH A, ¥ B 1 TIPOLTHM OTPE30K CX no
nepeceeHns ¢ A, B B HexoTopoif rouke 0.
EM; 1
TlocKoMBKY, TIO MOCTPOEHHIO, —— =_—H
AE 2
A M, — Me1uaHa TPEYTONBHIKA 4, BC,10
Touka E — LEHTPOMI TOTO TPEYTOJIbHH-
Ka, cienosatensHo, CQ — TakKe ero Me-
nuana. Orciona £Q — MeauaHa Tpeyrofb-
Huka EA B,a torna X — LEHTPOMA 3T0r0

TpeyronbHuKa. ClenoBaTeabHo,

Odunnaduamsii cnocod
Vapoum Meguany AM, : AM, =M, A,
(puc. 11), nomyyuM TApAIIETOIPAMM
ABA,C . Tpeyronsruku EA,Cu EAX monob-
HBl, OTKYZa

AX _AX _AE 1
AB AC E4, 3
AX 1
H CJIedOBaTeNBHO, — =—.
XB 2 Puc. 11
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naza IV, Teopems: WKONEHBIX Y4eBHUKOE reoMeTpun

A /i Meenaduamoiit cnocof
Yepes Touky B npoBejieM NpAMYIO
m, napautensuyio AM, (puc. 12) u
m npommum npamylo CX mo mepecede-
uuag ¢ m B touke T. TTockoneky
EM|, — cpennss TMHHSA B TPEYroMb-
c . 5 '8 Huke CTB, to TB=2EM, . Tpeyrons-
1 Huku AEX u BTX nono6Hbl, cneno-
BATEJIBHO,

Tpunaduamoiii cnocod
YnBoum menuany AM, (puc. 13):
AM, =M A,
nonyyuM mapatenorpamMm ABA,C.
Yepes Touky M, nposeneM nNpamyio,
napaiensHywo CX. Ilycts oHa nepe-
ceuer oTpe3kn CA, u AB B Toukax F
u D, coorercrseHHO. [ToCKOMBKY
EX — cpenHas NMHHA B TPEYIOdb-
uuke AM|D, a YeTHPEXYTONBHUK
4 CXDF — napajuienorpaMm, TO
i AX = XD =CF.

Ho pems Tpeyronsuuku CM, F u BM, D pasust, otkygaCF = BD.Cre-
JOBATENbHO, ,

Ax=xp=pp, X _1
XB 2
Yemuipraduamsiii cnocol
IMycts TOuka M, — cepennHa
cropoust AC TtpeyronsHuka ABC
(puc. 14), F — Touka nepeceyeHus
orpeskos M, M, uCX.IlockonbKy

MM, || ABu AE = EM,,
to Tpeyronsuuku AXE u M| FE pas-
Hbl, a noatomy FM, = AX. C npyroii
CTOpOHBI, 0Tpe30oK FM| — cpefuss IMHUA TPEYroAbHHKa BCX, oTkyna
XB =2FM,.CnenoBatentHo, XB=2AX.

B

Puc. 14

118



34. leaguate gea. Kro bonswe?

Hamuaduamoi cnocod A
CpapHHM TUIOINANM TPEYIOJbHHUKOB
AEC wu BEC (puc. 15). Iockonsxy CE — {z

MeauaHa TpeyroabHuka ACM |, a EM, —
MenuaHa TpeyronbHuka BEC, To
S,u.r - Scsu, = Sza#, .
CnenosatelibHO, C M B
S 508 . Puc. 15

Mockoneky CE — o6uias cropoHa TpeyronsHuKoB AEC u BEC, T0 BhICO-
Ta BF, tpeyronsHuka BEC eusoe Gonbiue BuCOTH AF, TpeyTONBHHKA
AEC. Torna 13 nonobus NpAMOYTOAkHEIX TpeyronbHuKos AF, X u BF, X

cleayer, miX— = l
XB 2
A
Hlecmuaduamuiii cnocod
IMpumenum Teopemy MeHenas K Tpe- X
yroneHuKy AM B u cexymeit CEX
(puc. 16):
AE M,C BX
EM, CB XA~ c W B
TocKomsky Puc. 16
AE _ (MC 1 B _AX ]
EM, PR AR 2T

Cemuaduamniii cnocof

TMoMecTHM B BepIuMHEL A, B,C HEKOTOpHIE MACCHI TaK, 4T00bl TOUKa £
cTana UeHTpoHIoM cucteMsl (puc, 16). Hanpumep, B Touku B u C nome-
cTuM eauHHyHbe Maccs: B(1),C(1). Toraa HeHTPOMIOM CHCTEMBI M3 3THX
1Byx Touex 6ynet M| (2). Ilockonmsky AE = EM |, TO TOMECTHB B TOYKE A
maccy 2, Mbl [IOJIy4HM, 9T0 E(4) ABNAeTCA LEHTPOMIOM TAKOH CHCTEMBI:
A(2) B)C(1). 3amernm Teneps cuctemy A(2) B(l) na ee uentpoun X, (3),
KOTODBIH JIEXHT Ha cTopoHe AB, npuyem & = l :

XB 2

Vuursisas, yro CE: EX =3:1, uentpoun cucremer C(l) X, (3) cosna-
naer ¢ ueHrponnoM cucremsl A(2) B(1)C(l), To ects ¢ £(4). Cnenopa-
TenBHO, Touka F nexut Ha otpeske CX| ,a noatomy

AX
XuX
I,
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nasa IV. Teopems! WKONsHLIX Y4eOHUKOB FrEOMETPHH

A Bocemnuaduamuiii cnocofi
Myets o, p O<a<1, p>1) — HekoTO-
X pRIE YHCA, TAKHE YTO

E:aE,C_X =BEE (puc. 17).
Tormac AB = AC +BCE.Ho

¢ \ B CE = AE - AC = AM; ~AC=
__(_C+_-) Esl_ E—

Puc. 17
Orciona, aﬁ:f«kﬁ{‘—iﬂ-zﬁf‘}[ E'}d ([——B}i_

A nocKonEKy BeKTOpH AB 1 AC He KOJUTHHEeapHEI, TO PABEHCTRO BO3-
MOXHO TOJIBKO TOTa, KOra

B

u——_ o=
—

1-35=0 p=

Rt )

ot | fomry— AX 1
CrnenopatensHo, AX = - AB, oTky1a—=—.
% 3 XB < 2

Jlesamuadwamsiii cnocol
Monoxwum AX = x, BX =y (puc. 17). Toraa

er i D Fy=2-pp (1)
xX+y x+y

(sekTopHas GOpMyna MeneHHs OTPE3Ka B JAHHOM OTHOIIEHHH). Tlyers
(cM. BoceMHARUATH crioco6) CX =BCE (B> 1). Torna CE = %(Eﬁ +CM,),

E' (CA+CH ), C/IENOBATENBHO,
cx -Pca+Bes. @
2 4

Cpasnmpas dopmyst (1) 1 (2), momyaum:
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34. Aeanuats asa. Kvo Bonbwe?

Headuamsui crnoco6
CrpoeKTHpYeM HaHHbI TPeyroMbHHK
B paBHOCTOpOHHMIT (puc. |8). Torna me-
mmana AM| B HeM Gyner u BeicoTol. [To-
noxuM AX =x, BX =y. [lycte ctopoHa
3TOro PpaBHOCTOPOHHEID TREYIOJAbBHHKA
paBHag,a ZXCM, =c. M3 npaMoyronsHo-
ro TpeyroiabHuKa EM, C momydmum:
EM, a\"— a Jg C + M, + B

T Sl A Fal
i Al e .

M3 tpeyronsHuka CXB:
XB BC y a
= T B e,
sin ZXCB sin ZBXC sina  sin(120°-a)

I = = =
OCKOJBKY tg 0. , TO SIn QL ?,COS(}. ﬁ,mﬂﬂ

J3 1 134_

sm(l20°—a) ——cosc.+ sinQ =———

2 2 V7
Torna:
asino a3 33 2a a x
—— == X =d-)y ==, —=—
sin(120°0) 47 247 3 3

Jlsaduamn nepaniii cnocod
Henonsayem dopmyily pagnyc-BekTopa i
JUIA TIPOM3BONBEHOM TOUKH ) TIocKoCTH:
7B pYC +qYA+YB ‘ X
p+g+l

rae (puc. 19)

p=BM :MC=],q=BX:XA
Mycts ¥ = E, rorna
EC +qa +EB

g+2

- Puc. 19
0 =

otkyna 0 = EC +q EA+ EB.Ho EC + EB =2 EM , clieloBaTENbHO,

b | =

0=qEA+2EM, =qEA-2M, E =(¢—2)EA, a otciona: ¢ =2,%=
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Tnasa IV. Teopems: WKONLHLIX Y4EGHUKOB reOMETPHK

Jlsaduams emopoii cnocob
TMposeaem npamyio BE. [Tycts oHa nepeceyer cropony AC B rouke ¥
(pic. 20). OGosHaumm oTpesks AX, XB, BM,, M C,CY YA uepe3 x,y,m,
n, p.g, cootBetcTBeHHo. TTo Teopeme Yensr:

Xy,

ynq
IlocKonbKyY m = n, TO

B )

i S )

Tlo Teopeme Ban-OGesns:
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35. Tpu meguaHsl

Teopemoit o TouKe nepeceueHHs] MeIHaH HHTepecyioTCs Gosee OBYX
ThicAd JeT. OHa Bcerda BXOMMIA M BXOOMT (MHOIZA B BHIE 3aNayum)
B WIKONIbHbIE Y4eGHUKH, TAK YTO NOYIAPHOCTb e¢ 0rpoMHa. B npensimy-
1IIeM ClOXeTe S IPeUIOXWI IBANLIATh ABa Criocoba pelleHrA 3a1aqu’

B mpeyeonvnuxe ABC nposedena meduana AM . Yepes eepuuny C u ce-
peduny E smoi meduans nposedena npama. B xaxom omuowenuu oxa de-
aum cmopory AB?

W Bapyr... Ax, s1a ananorua! Benomumnocs: «MaremaTHk — 3710
TOT...», H MEJIGKHY/IA MBIC/Tb: «He MogoiayT M 3TH IBAIUATE ABA CIIOCO-
0a /11 I0KA3ATENLCTBA TEOPEMBL 0 MelHaHe»? BOT 4TO M3 3TOIO MonyyH-
JoCck: ¢cnocob U3 KHUrK «IToBepHeHHA BTpadeHoi reoMeTpii» — Ml Gy-
zeM 0003HaYarh A, cnocod noKasareseTa TeopeMbl 0 MeaHaHe — M.

B kaxnoM u3 crioco6oB GyneM 10Ka3kIBaTh, YTO JBE MEIHAHHI, Me-
peceKasch, JeJATCA B OTHOWIEHHH 2:1, CYMTAsA OT BEPIIMHEI, YTO PaB-
HOCHJIBHO JOKA3aTENbCTBY CAHHCTBCHHOCTH TOYKH MEPECCYCHHA TPEX
meanaH. Jlokasap 310, JOKAKEM U CAMY TEOPEMY.

Ilepauiii cnocob A A T
Yepes sepumny A nposeem nps- l
Myl [, mapainensHyo cropoHe BC X

(puc. 1). Iycts npsamas CE nepecekaer
cTopoHy AB B Touke X, a npamyio [ —
B Touke T TpeyroneHukH ATX u BCX

Hono6HEL, OITOMY: ¢ I MeRy
AX _ AT ) e
XB BC’

Tpeyronvhuku AET u M, EC pasHbi; oTCiona
AT =CM  , 3HauMT, £=1‘

BC 2
Yuureisas papeHcTBO (1), HMeeM 4 =l‘
AB 2
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Inasa IV. Teopems: wxonEHBIX Y4eGHUKOE FEOMETPHM

Iepenii cnocob M

A T Yepes sepumHy A
(puc. 2) nposegeM npsi-
MYVI0/, MapauIeILHYIo CTO-
porie BC. Ilycte mpsmas
CM , nepecekaer npsamyio |
B Touke T'. IlocKONneKy

ZAM T = £BM ,C,

ZATM , = ZBCM,,

a AM, =M ,B, 10 AT = BC =2CM . Tpeyronsuk ATM mogobeH Tpe-

AM AT 2

yronsHuky M, CM, oTxyna el o
‘ Y, oM, 1

Bmopoii cnocofi A

Yepes Touky M, mposenem otpesox M, D (D € AB), napaineiabHbiii
otpe3ky CX (puc. 3). ITockoneky BM, =CM  , 10 BD = DX. [1oCKONBKY
AE =EM , 10 AX = XD. 3nauur, AX = XD =DB, otkyna AX:XB=12.

PZ2]

Puc. 4

Bmopoii cnocofi M
Yepes Touky M, (puc. 4) nporenem orpesok M, D (D € AB), napai-
JenbHbIi oTpesky CM,. Tak kak BM, =CM,, To BD =DM ,, a 3Ha"uT,

M,D :%BM’, :71‘ AB.Ho AM, =-;-AB. orciona AM, : M,D=2:, cie-
noBatenbHo, no Teopeme Paneca: AM: MM, =2:1
Tpenuii cnocob A
Tycrs M, — cepenuna ctoponst AB (puc. 5). Ilockonexy EM, —
cpe/iHss TUHUA B TpeyronsHuke AM, B, 10 EM | = %BC TpeyroneHUKH
EXM , u CXB nonoGHb1, Toa10MY

Mgy OW, 1
XB ~ BC 4
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35. Tpu MepuaHsl

Te. XM, = % XB.Ho AM, = M, B,otkyma

AX + XM, = XB~-XM,,
HIH

ax+Lixp=xp-LxB ax=1xp
rl 3 2

Puc. 5

Tpemuii cnocofi M
IMposenem npamylo M, E napamnenshio BC (puc. 5). Torna B Tpe-

yronbauke AM, B EM | — cpemuss nuuns u EM, = % M, B:-‘li BC.Tpe-

yromsHuKM EMM ; v M| MC nofiobHbI, 3HAYHT,

I
B, L EMy a0 ]

MM, CM, 1
2
Torpa MM, = % EM, .Tlockonbky EM ; — cpeusisi INHUA TPEYTOJIBHHKA
ABM |, umeem
mmaAM:%AMI,mu AM:MM, =21,

Hemeaepmuiii cnocoli A
AE 1

Jokaxem BHayane cooTHoIeHHe (puc. 6): TE = 3 H3 tpeyronsHHKa
CXB:
XC BC 4EM, CE _CX-XE _CX
Peiosll Tutet =4,0'n(}r'[[a_=—=_—1=3,
XE EM, EM, XE XE XE
410 ¥ TpeboBANIOCk HOKA3ATS.
ITpoBeneM Teneps OTpe3oK A
XP||BC (P e AM).

Torna
AX __XP _ XP _EX 1
AB MB MC CE 3’
3HAUMT, AX: XB =1:2. Puc. 6
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naea IV. Teopems: WKonsHEX y4eOHUKOE reoMeTpum

Yemaepmuii cnocoi M
Mockoaexy EM, — cpelHsAs THHUA TpeyronbHuka ABM, (puc. 6), 70

EM, =2L3M| STI‘.BC' Tockonsky Tpeyronsiuk M, MC nonoben Tpe-
yronsHHKY EMM ,, umeem

CM CM,

MM, EM, 1 -

Fo e = R

Hamui cnocoli A
IIpoeesieM uepe3 TOYKy B npsamylo, TapauiensHyio OTpesky AM,
(puc. 7). [lycts N — Touka mepeceueHus ee ¢ npsmoi CA. ITockonbky
CM, =M, B,T0CA = AN .Tlycts TouKa K — TOUKa NepeceqeHns MPAMOi
CX ¢ NB.Tlockonsky AE = EM,, 10 NK = KB. 3nayut, CK u BA — me-
IHAHEL B TPEYTONbHUKE BNC. Kak H3BECTHO, OHH MEPECEKAIOTCH B COOT-
HouweHHH 211, oTkyna AX: XB =12.

N N

Hamuui cnocol M

MposeneM yepes TOUKY B MpAMYIo, MApANensHYl oTpesky AM,
(puc. 8). Iycrs Touka N — To4Ka nepecederns ee ¢ npaMoit AC. Tak kak
CM, =M B,10CA=AN.

BocnosnbayeMcs H3pecTHOM 3anadeii: B TpeyroneHike NBC nposene-
Ha Menuana BA. Yepes sepumny C 1 cepenHy M, 3T0OH MeIHAHEI TpOBe-
neHa mpaMast. JIoKa3aTs, UTO 3Ta TpsiMasd AeAT cTopoHy BN B oTHOLIe-
HuH 2:1, cumTast oT ToukH N.

3uaunt, NK:KB=2:1n AM: MM =21
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35. Tpu meguaxs!

HTecmoii cnocod A

Iycrs EX =/. Torza, BOCMO/B30BARIIHCH PABEHCTBOM gg- = % HMe-

em, uto CE = 3/. Paanenum orpesok CE Ha TpH paBHEIe 9acTH (puc. 9) u
MpoBeneM Yepes TOUKM JeeHHS NpAMBIE, KOTOphIE MapauiebHbl AM .
Onu pasuenat orpe3ok CM|, Ha TpH paBHBIE YaCTH, JUIHHEI KOTOPBIX 060~
3xauum m. [Tposenem otpesok XL || AM . Torna M| L = m, a NOCKONBKY
AY. ML . 1
3m=CM, =M B,T0 BL =2m.CnenoBarensHo, — = ——=—,
i i, XB LB 2

Cm m mpgm[ 2m B CYE/YM 7Y L
Puc. 9 Puc. 10

Ilecmoii cnocod M

Mycte AM, — meauana, Touka K npuHamiexut AB,a N — TouKa 1e-
peceuenus otpeakod CK u AM, , nipuyem CN:NK =2:1 (puc. 10). Toka-
xeM, yro CK — menmana. [lycte NK = x. Torna CN =2x. Tposenem
uepes cepesuHy CN npsimyto DE, napayuienshyio AM |, a uepes Touky K
npAMYIo, napamnensHyio AM, (npamyio KL). Hmeem

CD=DN =NK =x,otcionaCE =EM =M, L=y.

Ho BM, =CM, =2y, cnenopatenbio, LB=BM, -M L=2y-y=y.
3Haunt, LK — cpenHas nuHuA TpeyroibHuka BM | A, rorna K — cepenn-
Ha AB, cnenosarensHo, CK — MenuaHa.

Cedsmoii cnocol A
«Yasonm» Menany AM, (AM, =M 4,).
Tonyunm napamenorpamMm ABA,C (puc. 11).
TpeyromsHuku FA,C u EAX — nopoGHbl,

4X _AX _AE 1

AB AC E4, 3’
3mm,£=1,

XB 2

Puc. 11
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[nasa IV, Teopeme: WHONLHbLIX Y4E6HUKOB rEOMETPHM

Cedvmoii cnocob M
«Vasowums memmaHy AM, (puc. 11) — MONYYHM MapajiienorpaMm
ABA.C Tpeyroneankn MA,C u MAM , monoGHer:
CM" CA, 4B 2

MM, AM, AM, 1’

Bocomoii cnocol A
Yepes Touky B nipopeneM NpsaMylio m, Tapaunenshyo AM, (puc. 12) n
nipofomkHM otpesok CX 10 ero mepecedernsd ¢ mm B Touke 7. [Tockomeky
EM, — cpennss nuuua B peyronsHuke CTB, 10 TB =2 EM, . Tpeyroms-
Huku AEX u BTX nonoGHEI, CleI0BaTeIbHO,
AX EA_EM, 1

BY TB TB 2|

A i A
m
M B G M B

Pue. 12 Puc. 13

c

Bocemoii cnoceé M
Yepes Touky B npoBefeM NpAMYIo m, napaiiensyio AM | u npoxon-
*uM oTtpesok CM; o nepeceyenna ¢ 21oi npsiMoii B Touke T (puc. 13).
Tak kak MM, — cpeanss avuHus Tpeyronbiuka CTB, To BT =2MM,.
Tpeyroneuuku AM, M w BM,T paerw, nosromy AM =BT =2MM,.

A Seaambui cnocol A
«Viponm» Meany AM, (AM| = M| 4,).
TMomysim napaienorpamm (puc. 14). Yepea
TOUKY M, npoBeaeM NpAMYIO, Napa/UIeNbHYIo
CX.Ona nepeceyer orpesku CA, u AB B To4-
kax F u D coorsetcTBeHHo. [Tockombky EX —
CpenHss JIMHAA B TpeyronsHHKe AM D, a qe-
F TrIpexyronkHHK CXDF — napaienorpamm,
10 AX = XD =CF. Ho Tpeyronsuuku CM, F
v BM D paphzt, 3naunT, CF = BD. Utak,
A AX = XD=DB; AX:XB=12.
Puc. 14

128



35. Tpu Megunansl

Mesamoui cnocod M A
«YnBoum» menuany AM, (AM, =M A)).
IMonyaum napamnenorpamm ABA,C (puc. 15). ‘ M
Yepes To4Ky M, mpoBezieM NPAMYIO, TIapar- §

senbHylo CM . Ona nepecever orpeskn CA,

u AB B Toukax F u D COOTBETCTBEHHO. “
[Nockomeky Tpeyromeruxku CM F uw BM D

paBHel, TO BD=CF., YernipexyroJisHHK

CM,DF — napamieniorpaMM, 3Ha4MT,

M,D=CF, orcioma M,D=1BM, =L am,,
2 2 ol

suawnt, MM, m%AM‘ Fait 1o

Hecamoii cnocod A
Ilycts Touxa F — Touxka mepeceyenus orpeskos M, M, n CX
(puc. 16). TTockonbky M, M, || AB, To tpeyronsuuku AXE n M, FE —
paBHbl, a MosTOMy FM| = AX. Ho orpe3ok FM, — cpenHss THHHA Tpe-
yronbHuKa BCX, otciona XB =2 FM, . 3naunt, XB =2AX.

A A
X
M, M, M,
C M B C M B
Puc. 16

Puc. 17

Jecambii cnocod M
IMycts Touka F — TOYKa nepecedeHus oTpeskos CM; u M, M,
(puc. 17). Tak kax M, M, || AB, To M| F — cpenHss THHHS TPEYToJs-

HukaCM, B,otkyna FM, =21M,B.HorpeyroanmMIFMHAM,M

nonobGHE, MO3ITOMY

|
MM _MF 4B
MA  AM, AM,

=l
T

OcranbHeie crocobbl I0KA3aTE/IbCTEA CBOMCTBA MEIMAH MPEUIATAEM
YUTATENIO TOKA3aTh CAMOCTOATENbHO, BOCIONb30BABIIMCE, ECTECTBEH-
Ho, KHHroii «[ToBepHeHHA BTpaYeHoi reoMeTpii».

9-6-1744 129



36. BepHuTe Teopemy B wKony!

Dta TeopeMa OOHA MX CAMEIX BAXHEIX B pelieHuu 3anady. Moxiio
TOMBKO YAWBIATLCA KOHUENIHHM CErOMHAIIHUX MKOIbHBIX yieOHUKOB,
KOTOPbIC «BbIKHHYJIM» €€ M JIAXE HC MOMECTHIW CpEnM 3amad. BC}IHBIC
yuebHuKHM, GeqHas reomeTpus. Ha MHOrOe He MpeTeHmylo — XOTenoCh
OBl BepHYTD ¢ B Koy, lake He ¢ MaTeMaTHYECKHM YKIOHOM.

Teopema. Jloxkaxure, 4T0 GMCCEKTPHCA YINIA TPEYTONBHUKA IEUT
TMPOTHBOMONOKHYIO CTOPOHY Ha OTPE3KH, TMPOMOPLUHOHAIBHBIE IBYM
LPYTUM €10 CTOPOHAM.

Hepouiii enocob
(mpaduyuornnniir)

B Tpeyronenuke ABC (puc. 1) AL, — 6uccexktpuca yrna BAC. Yepes
BepumHy B mpoBeieM NpsMyIo, Mapauiensiyio AL, 1o nepecedenus ¢
npsmoit AC 8 Touke D, TMockoinsky ZCAL = £L, AB= Z/ABD = ZADB,
To TpeyronsHuK ADB — pasHoGenpeHHE u AD = AB. Torna

4TO M TpeboBAIOCE.

Puc. 1 Puc. 2
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36. BepHuTe Teopemy B wxony!

Bmopoii cnocof
IIposesem BD|| AC (puc. 2). IMockonbky £ZCAL = ZL AB=ZBDA,
10 BD = AB =c. Tpeyronsuuku CAL, u BDL, — nojoOHsl, a 3Ha4MT,

AC:BD=CL, :LBE =",
[ n

Tpemuii cnocod
[lycts §, 1§, — IUIOMAAN TPEYTONbHH-
koB AL, Bu AL,C, L, D=L E =1 — ux BHl-

cors! (prc. 3). Mmeem 5, =%rc; S, =%fb; E

S e H S _n b m
21 2% HoZl ==, sHauur, —=—.
3 Ve ¢ n c L o

Yemeaepmbiit cnocod
1 A | 1 y A
8§,==b, -sin—; 8§ =—cl sin—.
a g Ot B S SRR SRS

3uauur, §, : 5, =c:b.Ho S, 28, =n:m,3naqm,—b—-—-—.
¢

3

Hamubiit cnocob
O6o3uauum ZCAL, = “5; ZALC=¢ a

(puc. 4). Toraa mo TeopeMe CHHYCOB U3
tpeyronsHukos ACL, n AL, B:
b m ¢ n

= e
sing O sm(lB(}"—lp) s C mr I B
2

sin

Orcopa —=—.
¢

Hlecmon cnocod
Ha nipsamyio AL, 13 Todex B u C onyc-
THM TiepneHanKynaps BD =d, u CE =d,
(puc. 5). TlockonsKy TpeyronbHuku ABD u
ACE nonobHul, TO j—‘: % H3 nonobua
p
TpeyronsHukos BDL, uCL, E:
d
—1=£.3Ha-1m‘,é=£.
d, m [l
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Tnasa IV. Teopemb WKONBHBIX YYEOHUKOB FEOMETPHY

A Cedomoii cnocod
1\ OmanieM OKPYXHOCTh OKOJIO Tpe-
yromeHuka ABC (puc. 6). TpeyromsHUKH
AWBw ACL, nonoGsi (puc. 6) (W — tou-
Ka mepecevueHus BuccekTpuchl yria BAC
¢ OMHCAHHOH OKPYXKHOCTHIO). OG03HAUMM

A\ m_ b
94 V B W, B=WC=f. Torna —=——. Anaio-
\3/ s
n c m_b
W mo'_f—AW .Cnenoaa‘rmuo,;=;,
Pic. 6 f
v 91O M TPEHOBANOCH I0KA3ATh.

Bocumoii cnocol
Mockoneky Tpeyronbiuk AL, C nomo-
GeH TpeyronsHuKY AW, B (puc. 7), To

LC. 4C _bWB
W,B AW, AW,
IMocxoneky
W,B=2Rsind; AW, =225,
2 st
2
2.-!:-2Rsinﬂct:|sd s
H'MQCMLIC'-"——Z—2=-—-—.
b+e b+c
ac LB ¢
Anarnornano, L, B = ——.CnenoBaresbHo, —— =—,
b+e LC b

Jeaamuoii cnocol

CL
Mo o6o3HaveHHAM BOCKMOTO criocoba: W—' ke . TockoneKy

B ¢

W,B=2Rsin A u 1, = 2% cos 4,
2 bre 2

LB
Ananorwaso, L, B =25 snaqur, - =
b+e C

JlecaTniit criocob npemnaraeTcsi HATH CAMOCTOATENBHO.
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37. Tpu BbICOTbI TPEYIO/IbHUKA

Eure ogna 3aMevarTe/bHas TOYKA — TOYKA NepecedeHHs BEICOT, Op-
ToueHTp. JokasarenscTa OyaeM ITPOBOIMTL B OCTPOYTOABLHOM Tpe-
YronbHHKE.

Teopema, BoICOTHI TPEYTO/IBHHKA IEPECEKAIOTCS B OTHOI TOYKE.

Hepauiii cnocol
Tlepshiii cniocod — obuwienssecteH. Ero HasuiBaoT cmocobom laycca.
Yepea pepuminbl 4, B M C (puc. 1) mposeaeM npsimMeie, Napauie/ibHble
cTopoHaM TpeyronbHuka ABC. [lomyaum TpeyroasHUK A4, B,C, , B KoTo-
POM BBICOTBEI JaHHOTO TpeyroibHHKA ABC GyayT npHHAaUIeXaTh nps-
MBIM, IPOBEICHHBIM YEPE3 CEPeIHHEI CTOPOH:

AC, = AB ,AC=CB,,C,B=BA,.
TMockonbKy cepeIMHHbIE TEPIIEHAMKYJIHPEL IEPECEKAIOTCS B ONHOH TOY-
Ke, TO YTBepKIeHHe TeOpeMbl JOKA3aHO.

B, C,
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Tnasa IV. Teopemsl WxoAbHLIX y4eGHUKOB reoMeTpHM

Bmapoii enocol

Mycrs H,, H;, H; — 0CHOBaHUA BbI-
cor (puc. 2). IlockombKy B OpTOUECH=-
TpuyeckoM TpeyronbHuke H H,H, Bbl-
cotel AH,, BH,, CH, upuHawiexar
GUcceKTpHCAM BHYTPEHHHX YTIIOB 3TOrO
TpeyroJibHHKA, TO Y HHX eCTb o61mas Tou-
Ka — MHIEHTp TpeyronbHuka H H, H,.

Puc. 2

Tpemuii cnocoli
Iokaxem pHauane Teopemy Yessr. [Tyets Touku 4, , B, ,C, — Tpu T04-
KM, KOTOpbIE IIPHHAIUIEXAT COOTBETCTBEHHO cTopoHam BC, CA, AB tpe-
yroneHuka ABC wim ux nponomkeHuamM. st Toro, 4Todbl npaMsie A4, ,
BB, ,CC, nepeceKamuch B OTHOI TOUKE WIH ObuIH OBl MeX Ly CO00H Mmo-
TAPHO NAPALIEIBHbL, HE0OXOIMMO i HOCTATOYHO, YTOGHI

s fminy Wheres B I8 -

C,B AC BA 4
JlokazateabeTBo

Heobxodumocms.  Tlycts  oT1-

Ma A a N pesku A4, , BB, ,CC, mepecekaior-

ca B Touke K (puc. 3). IIposenem
npamMyto [ yepe3 Touky A napan-
neJibHO cTopoHe BC M mponon-
xum otpeskn BB, n CC, no nepe-
ceueHusi ¢ [ B Toukax M u N.
O6o3Haumm AC, =x,,C, B=x,;
BA =y,, AC=y,, CB =z,
B A=7,MA=a AN =a,.
Tpeyronsik MB, A nonoben TpeyronbHuky B8, C. Ilostomy

A N
Puc. 3

4 =&, oTcloaa _iq_._. =L (l)
V+¥: & (7 +72)%
Tpeyronstuk NC, A ogoben Tpeyromsuuky CC, B:

G oEisooesas iAo 2)
yty;, x (y| +y2)x|

Paznenmus BripaxkeHwe (1) Ha BeipaxeHue (2), cuuras, 1m0
Sl
aG Y
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37. Tpu BbICOTHI TPEYrONbHHKA

(13 nosobus Tpeyronsankos BKA, u MKA,CKA u NKA), nonyuum
i e O '(y‘_ﬂl)zl,mmiy' h iy
()’. Y )0 X, 0 4y Y%y 2,

Cayuait, korga Touku B, u C, jexar Ha nponomkenuax oTpesxon CA u
BA, paccMaTpuBaeTcs aHajlorHYHo.

Mocmamounocms. Ha cropoHax Tpeyronbiuka ABC (pue. 3) gaHsl

AC, - BA, -CB,
ToukH 4, , B, ,C, Takue, ‘no-?,-t, 4, AB ' =1 IlpoBeneM oTpesk A4, u
CC,.Oum nepecexyres BTouke K. TTycts BB, He npOXOIHT Yepe3 9Ty TOY-
Ky. [IpoeenemM uepes Touky K npsamyio B8, (B, npunanzexur AC). Mo
YCIOBHIO (*) HMeeM A—Cﬁ €8, 2 =L W3 (1) u (2) nomayanm % = ﬂ
BC, -CA, - AB, AB,  AB,

3Hauut, TOuKH B, u B, coBnanaior, To eCTh npamuie A4 , BB, CC, nme-
10T 0B1IYI0 TOUKY, YTO ¥ TpeBoRANOCH JOKA3ATE.

Hrak, mpemuii cnocob
[To Teopeme Yerrr:

AH,-BH, -CH, h_cosA-h,cos B-h cosC _
H.B-HC-H,A hcothcosChcosA

3HAYMT, TPH BBICOTHL [IEPECCKAIOTCH B OLHOI TOYKE,

LAk 4

Paccemorpum Teopemsr Yepnl wia mps-
MBbIX, TIPDOXOJMIIMX YCPE3 BCPLUIMHBL Tpe-
YromsHHKA ABC 1 COCTARNAIONIMX ¢ COOTBET-
CTBEHHBIMH CTOPOHaMH YIIBI &, B, 7 (puc. 4).
Yenosue Teopembl YeBnl 3anuiuem B BHIE:

sino -sin B-siny =1 (®)
sin(A —a) sin( B —B) sin(C —v)

JoKasaTeasCTBo

Hmeem
C4, S.ac_ bsina _A.B,_ esinf ; BC,  asiny

AB S esin(d-a)’ BC asin(B- lj) C,A  bsin(C- y)

TMogcTaBuB MOIY4eHHbIE PABEHCTBA B YCIOBHE TeopeMLl Yenkl, moy-
UMM OXKHTAEMBITT Pe3yIKTAT.

1
Takme npaMbIe HAIE TCH TPAHCBE]
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nasa IV. Teopemsi WKONbHBIX Y4EGHHKOB rEOMETPHM

BoicoThl KAK H30TOHAMH

A
PaccMOTpHM NpAMBEIe, KOTOPHIE TIPO-
XOOAT |CpE3 BCPUIHHBI TPEYTOAbHHEA
H 00pa3yloT paBHble YI/Ibl ¢ GHCCEKTPH-
caM¥ BHYTPEHHHMX YIJIOB TPEYTOIbHUKAE,
MpoBeIcHHBIX M3 TOI Xe BeplKHeL. Ta-

KHe MPAMEIe Ha3EIBAIOTCS H30TOHANIBHEI-
MH (pHc. 5).

Puc. 5

Teopema. Ecnu TpH TpaHCBepCaIH HMEIOT ODLIYIO TOUKY, TO H M30T0-
HaTbHBIE MM NPAMBIE HMEKT O0LIYIO TOYKY.

A HeficTBuTensHO (pHC. 6), ecnu, Ha-
npHMep, OTPe30K A4, =, cocTasaseT co
cropoHamu ACu AByribia v A-o, 101,
H30TOHANBHBIN OTPE3KY f,, COCTaBIsAeT

o ¢ AB yrnul A—o. M o, T €. HMEET MECTO

t
5 f Teopema Yesnl B Buae opmyis (®).

¢ Ay 4 B Yemeaepmbsiii cnocol

ITycth O — LEHTP OKPYXHOCTH, OMH-
caHHolt BOKpyr TpeyronsHuka ABC. IMo-
ckonbKy £BAO = £LCAH | , 7o npsmeie OA n
AH | — n3oronanessl (puc. 7). Ho npsamsie
0A, OB, OC uMeloT 0011yI0 TOYKY. 3HAYMT,
npsimuie AH , BH , ,CH , Takxe UMeioT 06-
LIYI0 TOYKY.

Hamutit cnocol
Mycre AH, n BH, — Bricotsl Tpe-
yronsHuKa ABC (puc. 8). OGosHauuM Toy-
KY NepecedeHHs 3THX BRIcOT H 1 4epes 3Ty

TouKy nposegem npamyio CH 1o mepeceye-
HHA ¢ AB B Touke K. OGo3Haumm Takxe

HA=a; HB=b; HC =¢. Torna CB =5 -¢,
BA =@ — b. IMeioT MecTo paBeHCTBa

b -a)=0; a(b-&)=0.
Orciona ¢(@ —b) =0. 3uaunt, orpesox CK
nepreHIMKYIsApeH K otpesky ABn K = H,.
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37. TpH sbicoThi TPEYronbHMKA

Ilecmon cnocod
Paccmorpum Bekrop OX =0A+0B +0C. JokaxeMm, 4To Touka X —
TOYKA NEPEceYeH s BRICOT TpeyroibHuka ABC.
Jinsa nokasarenbeTBa IOCTATOYHO NPOBEPHTH, uto AX L BC, BX L AC,
CX LAB.
HAcHo, uto
AX = AO+0X = A0 +0A+0B +0C =0B +0C.
Ioaromy
AX -BC = (0B +0C)(OC-0B)=0C -0B =0
(OC =0B =R — pagHychl OKPYKHOCTH, OTTHCAHHOH OKOJIO TPEYTOIbHH-
ka ABC). CneposarensHo, AX L BC. AHANOrHYHO NOKA3KIBACTCH, YTO
BX | AC;CX 1 AB.

Cedumoii cnocof
(hopmyaa Kapro u apmoyenmp)
Hokaxem pHavane dopmyy (Teopema Kapho):
st roro, yrobsl npsvbie ABuC,C, ObUIM NEPNEHANKYAAPHL, HEOD-
XOTMMO H JIOCTATOYHO, YTOGHI
AC] —}:'s‘Cl2 = AC? -BC!.
Beenem cuctemy KOOpIMHAT, HanpaBuB ock abeimice mo npaMoit AB.

Torna Touku A, B, C, u C, nMeior koopruHatsl (a; 0); (b; 0); (x5 ¥,) 1
(x;; ¥,) cootBercTBeHHO. [TooTOMY

AC! - BC} =(a-x, )I +y; =(b-x, )? —y! =a’ —=b" -2x,(a-b).
AHAIOTHYHO,

AC} - BC} =a’ - b* -2x,(a-b).

Papenctso AC] —BC! = AC} — BC; 5KBHUBAICHTHO TOMY, 410 X, = X,,
t.e.C,C, L AB.

[Mepexonum K MOKa3aTe/ILCTBY eAMHCTBEHHOCTH TOUKH NepeceveHms
BHICOT.

Tycrs Beicorsl ki, u A, Tpeyronsinka ABC nepecekaiorcs B Touke H.
Torna BA* ~CA? = BH? ~CH? nCB* - AB* =CH* — AH* .Cnoxws o1
pabeHCTBa, nonydum BC® —AC* =BH® —AH*,1.e.CH 1L AB.

Bocomoii cnocob
TMycTe aBe BRICOTH TpeyronbHAKA ABC i, u h, nepecekaiotcs B Touke 0.
Torna, yumreiBag, uro AB=2RsinC, Z0AB=90°-B, ZQBA=90°-A u
ZAQB =180°-C no TeopeMe CHHYCOB 11 TpeyroibHuKa AQB:
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Tnasa IV, Teopems! wKonbHLX y4e6GHUKOB reOMETPHM

A0 __ 4B AQ _ 2RsinC__,p

sin(90°-4) sin ZAQB  cosd sin(180°-C)

Toraa AQ =2Rcos A (R — panuyc OKpyXHOCTH, ONUCAHHON OKOMO Tpe-
yroasHnka ABC).

[TycTh Aafiee BHICOTA /i, TIEPECEKACTCH ¢ BHICOTOM /i, BTouKe T'. AHano-
runo npensiymemy AT =2Rcos A. CienopatentHo, AQ = AT v Toukn
Qu T cornanaior, sHaunt, npamsie AH, , BH, ,CH , umeioT o611y1o TOUKY,
4TO H TpeBOBAIOCK IOKA3ATh.

Meanmuui cnocol
JloKka3aTenbeTBO OCHOBAHO HA JICMME: €CJIM TPH OKPYXKHOCTH TIoIap-
HO TepecekaloTcs, TO TPH OBIMe XOPIB KaXIoH nmaphl OKpYAKHOCTEH
(MJIM NPOAOIIKCHUA XOPI) NIPOXOIAT Yepe3 OXHY TOUKY WIH MapawLieib-
HH (puc. 9).

Penkoe moKasaTelbCTBO ¢ MOMOIIBK CTEPEOMETPUH NMPHBENEHO
s kuure [1. O. [Ixaspekoro, H. H. Yenuosa, M. M. Arnoma «M3bpan-
HEIE 33Ja"H ¥ TEOPEMEI 2JIeMeHTapHOit MatemaTHK» (JacTs 2. — Mo-
ckpa: focyaapcTBeHHOE H3ATENBCTRO TEXHUKO-TEOPETHYCCKOM JINTE-
parypsi, 1952). MpuBegem 370 J0Ka3aTENLCTEO.

TTocTpoMM HA KakKJIOM KpYre Kak Ha sksatope, cdepy (puc. 10). Dtu
TpH chephl NepecekaloTest B ABYX TOUKAX (1Be mobkic clhepbl NEPECCKalOT-
C#l 110 OKPYXHOCTH, & TpeThbs ciepa nepeceKaeT OKpPYKHOCTh, T10 KOTOPO#H
NepeceKaloTes ABe cephl B ABYX TOMKAX, CHMMETPHYHEIX OTHOCHTEILHO
o0LIeit AHaMeTpaTLHOMN IIOCKOCTH Beex chep.)
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37. Tpu BLICOTH TPEYrONbHUKaA

Puc. 10

T1poeKIMSIMH OKDPYXKHOCTEH, MO KOTOPHIM [EPECEKAIOTCS Maphbi
cdep, ciyxar obime XOpALl Map OKPYXKHOCTEH, a IPOEKINH OOMIHX
TO4YEK Beex nap cdep NpuHaUIekaT BCEM TPEM XOPAaM HaHHBIX Kpy-
roB, CJeIOBATENBLHO, 3TH XOP/Ikl IEPECEKAIOTCH B ONHON TOYKE, YTO H
TpeboBaioch 10Ka3aTh.

IMepeitnem HeNOCPEACTBEHHO K A0Ka~
3aTeNIbCTBY TEOPEMBI O BRICOTAX: HA OT-
peskax AB, AC m BC xax Ha OMamer-
pax MOCTPOMM OKPYKHOCTH Y 45y ¥ o0 ¥ ac
(puc. 11). OB6uieit X0pao# OKPYXHOCTEH
Y 4p MY g ABNISIETCS BhICOTA BH ,. AHano-
TH9HO, 001l XOpnoil OKpYKHOCTeH ¥ ,;
W Y, ABaAeTcA Bhicota AH, w obweit € H, B
XOpHOi OKPYKHOCTEH ¥ ge M Y - SBIACT= Puc. 11
csa BeicotaCH .

Takum 06pazomM, y HAC ecTh KOHGHUTYPALINA U3 IEeMMEL: TPH ITONapHO
TIEPECEKAIOLIHECS OKPYKHOCTH Y 1y, ¥ 4c» T pe ¥ MX TIONAPHO 0BL1ME XOP-
mvt AH |, BH,,CH ,. Cornacto nemme, otpesku Al , B, ,CH,; umeior
0DUIYIO TOYKY, 4TO 1 TPeDOBAIOCH 1OKA3ATh.

A

HecaTrlil crioco® npemiaraemM HANTH CAMOCTOSATENBHO.
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Mmaea V. MonynapHbie Teopembl
u hopMyNbl reOMETPUMN TPeYrosibHMKa

38. 0gHa U3 rnaBHbIX

Pacemorpum dopmyay
oM, =1 an,
2
e O — HEHTpP ONHUCcaHHOIM oKpyXkHocTH, H — oprouenTp, M, — cepe-
IuHa cTopoHs! BC.

Hepawui cnocob
O6osHaunM E,, E, cepelMHBI OTpe3-
ko8 AH u BH, M, — cepenita CTOPOHEL
AC (puc. 1). TTockonbsky
ZHE E, = ZOM M,
\ ZE E,H=/0M,M,

‘ wE,E, = M, M, =%AB,
A LN
M

'p  TO Tpeyronsuky OM, M, n HE, E, pap-
Pue. 1 HBI, 3HAYHT,

oM, =E,H=%AH.

Bmopoii cnocod
Tpeyronenuku AHBuwOM| M, — nonoGusi (puc. 1):

OM, MM, 1

A A
3uauur, OM| = 21 AH.
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38. OgHa M3 rnasHbix

Tpemuit cnocob

TpoBeueM 4Yepe3 BePIIMHEL TpeyroibHuka ABC mpsmble, napan-
NeTbHELE ero cTopoHaM (puc. 2). [Tonyunm Tpeyronbuuk A, B,C, , romo-
TeTHIHBI TPeYTOMbHUKY ABC ¢ LeHTPOM TOMOTETHH B ToUKe M (TOuKa
nepeceyeHna MeqHaH TpeyronbHuka ABC) u koadbuumueHTOM

k=-2

(30T haKT peKOMEHIYeM JI0Ka3aTh caMocToATeNbHO). [TOCKONEKY TOYKa
M, — cepenuna orpeska BC, Touka A — cepenuHa 0Tpe3ka B/C,,T03TH
TOUKH COOTBETCTBEHHO TOMOTETHYHEL. [OMOTETHYHBI TaKXe TOYKH O H
H, 3nagwrt, otpesku OM, u HA roMOTeTHYHEL, a Ko3bdULUKHEHT roMoTe-
THH k = =2, 3HAYHT,

oM, =1 4.
2

B A G

A
Puc. 2

Yemeepmuii cnocod A
Tposenem auametp DB, Bricothl AH,
u CH, (puc. 3). Coegunum touky D p
¢ TtoukaMd A ¥ C. YeThlpeXyronsHHK
ADCH napannenorpaMm:

AD||CH,DC|| AH.

Ho
oM <Lpe L i,
3 3
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nasa V. NonyaspHeie TEOPEMB! M (DOPMYNLI FEOMETPUM TPEYTONbHIKAE

Pue. 6

142

Iamuoiii cnocod

Tlpommam BricoTy AH| 1o mepeceyeHHs
C OIMCAHHOM OKPYAKHOCTBIO B Touke N
(puc. 4). Torna HH, = H N (npepnaraetcs
JOKa3aTh CaMOCTOSTENEHO). OGo3HaumM
Touky nepecederns npaMex DA n BC xak
X.Tockomky HH, = H N u XH| || DN, 10
DX = XH. Ho DO=0A, Torna OX|| AH.
3uaunr, OX L BC. Tockonsky Touka O —
LIEHTP OKpy:kHocTH, To BX = XC. 3naumr,
TouKa X coBmamaer ¢ M , v M3 TpeyroibHu-
ka ADH ciemyer, 410
0X =OM, = % AH.

Illecmoit cnocob
Mockonsky M, E,||AH w OM, || AH,

to M,E,||OM, (puc. 5). Ananoruyso,
OM,|| M, E,. 3naunt, OM E, M, — na-
payenorpamm uOM, = M E, . Ho

M,E,=La4H

2

KaK CpelHsA MMHHA TpeyrombHuka AHB.
3nauuT, OM, =%AH.

Cedomoil cnocob
[Mockonsky (puc. 6)

ZABH =90°-A, ZAHB=180°-C,
TO 10 TEOPEME CHHYCOB U3 AAHB umeeM

ARG 4B
sin(90°~A)  sin(180°-C)’

AH i

cosd sinC

3uaunt, AH =2Rcos A. Ho OM, = Rcos A
(ua tpeyronsauka OM,C). Takum obpa-
30M, YTBEPAKICHHE JOKA3EHO.



38. DpHa M3 rnaBHbIX

Bocemoir cnocod A
[Moctpoum Toukn O, u N, cHMMeT-
pudHbe TOYKam O u H OTHOCHTEIBLHO
npsivMoit BC (puc. 7). Touka N, mpuHawne-
HUT OKPYKHOCTH, OITHCAHHOI OKOJIO Tpe-
yronsHuka ABC (npemnaraeTcs I0Ka3ath
camoctosaTensHo). [lockonbky oTpeskH
ON, u O, H cHMMETPHYHEI OTHOCHTENEHO
npamoii CK, 1o
ON, =0, H =R.
ToxakeM, 410 YeTbpeXyronbHuK O, OAH —
napaenorpamm. ITo cBoicTBAM CHMMET-
pmi: ZO HN, = ZHN 0. Ho OA=0N,,
3HAYMT, TpeYToMeHUK OAN, — paBHoGeapeHHbI 1
Z0AN, = Z0,HN,, 0A||O, H,
kpome Toro, 00, || AH, cnenosarensto, OAHO, — napannenorpamm.
3HauuT,

00, = AH,nm OM, =%AH.

Jleeamuuii cnocod
W3 toyku O onycTiy nepneHIHKyIsap
OK Ha xopay AN, (puc. 8). Torua
HH =H N n
KH =KN,-H N, = (¢] K
H

=%AH+HH, ~H,N, :% AH.

1 G M, H, B
Ho KH, =0M, . 3uauur, OM, = AH.

Vi
Dopmyina JoKasaHa. P

Puc. 8
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39. 3amevarennHan nepneHAUKYNAPHOCTD

B reoMeTpHH TpeyroibHHKa IepNeHIHKYIApHOCTE oTpe3kos OA u
H, H, 10cTaTOMHO YacTO MPHMEHSACTCS H NIOTOMY CIIPABE/LTHBO HA3BATh
TaKylo NepreHIRKY/IAPHOCTS «3aMedaTeNIbHOM» . X0Ts OBl U1 TOTO, YTO-
661 06paTHTL HA HEE BHHMAHHE Kak MearorH4eckoit oblecTpe HHOCTH,
TAK M YUAITHXCA, JKEIA0INX TIy0Ke H3YYHTh FEOMETPHIO.

Hrak, tpeyronsHuk ABC BIHCaH B OKPYXHOCTB ¢ HeHTpoM O, H, 1
H, — ocHoBanus BeicoT BH, nCH, (puc. 1). Jlokaxem, utoOA L H, H ;.

ITepesoit cnocob
Iycts otpezok OA4 nepecekaer orpesok H,H, 8 touke K (puc. 1).
IMockonsky

ZAH,H, = B,a LOAH, =90°-B

(13 TpeyronsHuka OAC), TO
ZAKH, = ZAH K + ZH, AK = B+90°-B =90°.

Bmopoi cnocol
TNockoneky
ZLOAH, = £H AH,,a ZAH,K = /B,

10 £H, KA =90° (puc. 2).
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39, 3ameuartenbHan nepnesfuKyNAPHOCTE

Tpemuit cnoco6
B touke A mpopeneM kKacatenbHyio MN (puc. 3). TMockoasky
ZH,AM =C (yron Mexiy KacaTeJIbHOM 1 xopaoit), a ZAH, H, =C, 1o

H,H,||MN n ZKAM =90°, snaunt, ZAKH, =90°

QR

{

3@ ey
LXK

Yemeepmutit cnocol
IMocTponM oprotieHTpHyecKHii TpeyronbHuK H, H, H ; v opToyaBoeH-
HEIH TpeyroneHuK N, N, N, (puc. 4). CgoficTBa 3THX TPEYTOJIBHHKOB
1opodHO PACCMOTPEHEI B KHHIe aBTopa « IpeyrofbHHK M TETPas/p B 3a-
navax» (Kues: «®@akr», 2004). Tockoneky £ZN, N, A= 4N, N, 4,10

UAN, =UAN; ROAL N, N,.
Ho H,H,||N,N,,nauur,0O4A L H, H,.
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40. NMouck cnoco6oB unu cnocob noucka?

B reoMeTpHH TPeyroJIbHHKA TeOPEMa O TOYKE, CHMMETPHYHOMH opTo-
LEHTPY OTHOCHTENIBHO CTOPOHLI OYeHDb MOMYIAPHA: MycTh H — opTo-
HEHTP OCTPOYTONBHOTO TpeyroibHuka ABC, N, — Touka mepecederus
npamoit AH ¢ omucaHHON 0KOJNO TpeyronkHHKa ABC OKpYXHOCTHIO.
HasoseM Teopemoit T, TeopeMy 0 CUMMETPHIHOCTH OTHOCHTENBHO BC
Touek H u N,

HoxaxeM ee.

ITepevui cnocod
[MTockomsky (puc. 1)

ZAN,B=C=£BHN,,

To TpeyronbHUK HBN, pasHoOeIpenHHBI,
aapawar, HH, = H N, .

Bmopou cnocoli
[Tockoneky (puc. 1)
ZHBC =90°-C = £CAN, = ZCBN,,
10 BH, — 0HccekTpuca M BLICOTA Tpe-
Lo L) yromsauka HBN, ,asuauur, HH, = H,N,.

Tpemuii cnoco
M3 tpeyronenuka AN, B (puc. 1)
BN, =2Rsin ZN, AB =2Rsin(90°-B) =2Rcos B = BH,
3uaumt, BH = BN, cnenopatenvro, HH, = H\ N,.

Bropas Teopema, HasoseM ee T, , MeHee TIOMy/sApHa, YeM Teopema 7 .
Hanpacho! [locTapaeMcs 3T0 IPOHJTIOCTPHPOBATD.

O6o3Haunm D — TOYKY IHaMeTPILHO NMPOTHBOMOMOKHYO BEpIIMHE

A tpeyronsruka ABC (puc. 2). lokaxem, uro 1ouxks H u D — cummer-
PHYHBI OTHOCHTEIBHO cepeautul M, otpeska BC (310 v ecth Teopema T, ).
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40, Mowmck cnocoGos uan cnocob noncka?

JleifcTBUTENBHO, TOCKONBKY
ZACD =90°,
10 BH u DC napannenbHbl. AHATOTHYHO
nokassisaercs, yro CH u DB — napaineib-
Hbl, 3HauuT, HBDC — napamwieiorpaMm.
TMokaxem NpUMeHeHHE TeopeMbl T, &

3adaua 1. Jokasats, yto CD = HB.
JleCTBUTENBHO, 3TO CJACLYET M3 TOTO,
uyto HBDC — napannenorpamMm.

3adaua 2. Jloxazars, 4r0 OM, = 21 AH.

MeicTBUTEILHO, 0TPe3okOM | — cpefiHss THHUSA TpeyToNbHUKA AHD.

3adaua 3. Joxasats, uto BH® =4R* - b*.
JefcTBUTENBHO, TOCKONEKY
DC? = AD? - AC? (u3 AADC),
a DC = BH, 1o yreepxaeHue nokasaHo. (Enie onun crnocob qokasatens-
cTBa, uto AH* =4R* -a*).

3adaya 4. Ooxasars, 9ro otpesku D, M|, D, M, , D, M, nepecekaioTcs
B ontHOM Touke (D, ,D,, D, — TOYKH IMAMETPAILHO NIPOTHBOTIONOXHbIE
pepiHHaM A4, B u C tpeyronsHuka ABC).

TeitctBrTensHO, 310 Touka H (opToueHTp AABC).

JloxaxeM ¢ IIOMOILbIO TeopeMbl T, TEOPEMY O €AHHCTBEHHOCTH TOY~-
KH MepecedeHus BEICOT (3adava 5).

Heitcreure)bHo, nycTs npamas D, M| A
nepecekaer BricoTy AH, B Touke X u
mycTh BeicoTsl CH, w BH, nepecexaior-
cs B Touke H (puc. 3). ITockonsKy

OM, || AH, w A0 =0D,,

10 OM, — cpeaHsAs JTHHHUA B TPEYIONb-
nuke AD, X v DM, = M| X, a 3naqur, no ‘ ‘
teopeme T, Touku X u H cosnmamaor, C ‘, B
T. €. BEICOTa AH, MPOXOIMT Yepe3 TOUKY
nepecedeHus Bricor BH, uCH,. Dy 3

HC.
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[nasa V. MonynspHsie TEOPpeMbl W HOPMYNLI TEOMETPUM TPEYTONbHHKA

Tloxaxem TeopeMy O TOUKe TepeceteHIa MeliaH TpeyrombHyuka ABC
(sodgwa 6).
B tpeyronsnnke AD, H (puc. 4) npo-

A peneM Memmany AM, (DM, =M H no
teopeme T,). [Mockoneky AO0=0D,, To
otpesok OH — Toxe MeInaHa Tpeyroib-
Huka, ObosHaunm M — TOYKy nepeceye-

M| HuA memuan AM, u OH. TpeyronbHHKH
"' OMM, w HMA nonioGHs: 1
CB OM:MH =0M, : AH =1:2.
B aHanOrM9HEIX TpeyVronbHuKax AHD,
D, 0 AHD, Menuans! TAKKe IEPECceKaloTes
Puc. 4 B Tol Ke Touke M, KOTOpas JIE/IUT OTpe-

30k OH B oTHOMWe MK 1:2.

Kak cieicTBHe — TeopeMa o npamoit Ditnepa: Touxkn O, M u H npu-
HAIUIEXAT ONHOM NpsAMoH (3adaka 7).

A

Hrtak, HCCIeays TOUKY, CHMMETPHYHYIO
opToLEeHTPY H OTHOCHTENBHO CEpeaHHRI
CTOPOHKI, MBI TIOJIY4aEM CHOCOOLI JOKA-
3ATENLCTEA, OTIHYHEIC OT TPAAHLHOHHBIX.

H, naxomel, 3aMeTHM, UTO TEOPEMBI
T, u T, B3aMMOCBA3aHBI — OIHA CIEXYeT
w3 apyroii. IeitcreutensHo (puc. 5), 310
caenyet w3 AD HN, .

3aMeTHM Takxe, yro 00e OHM MMEIOT
obparHsle.

1°. Moka3aTb, 4yTo npamas HM, TiepecekacT JaHHYI OKPYXKHOCTDH
B TouKe D, (IMaMeTpaIbHO NPOTHBOMONOKHOM TOUKe A).

([loKa3EIBaeTCA C TIOMOUIBIO NapaUIebHEIX npsaMbn: HH, || D,C, tak
kak ZH,BC = ZBCD,).

2°, Toyka, IMaMeTPATLHO IPOTHBOMONOXKHAS BEPIIMHE A, HAXOLHTCH
¢ Toukami M, u H Ha oiHOi NpAMOi.

* %

IMoMCKY elle oaHOro crocoba pelieHns HHOTAA MPHBOAAT K HOBOW
BoJiee comepxaTebHOMN 3aade, YeM JIOKa3bIBaeMad.
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40. Nowck cnocobos wau cnocol noncka?

PaccMOTpHM 33184y, NPeUIOKEHHYI0 Ha Kuesckoll MaTeMaTHyecKoi
ONMHMIHANE:

OKpyXHOCTB, BIMcaHHas B TpeyronbHuK ABC, kacaercs cropou BC,
AC, ABsroukax K, K, K; coorsercrero. [lycrs i, ,1,,1, — npambie,
KOTOpble mapanenbHel Ouccextpyucam AL , BL,, CL, TpeyronkHHKa
ABC w npoxonat uepes touku K, K,, K, coorserctsenno. [lokasars,
YTO NPAMBIC £, £, [, NEPECEKAIOTCA B ONHOH TOUKE.

JlOKA3aTEILCTBO

Tlockomexy Tpeyrompuk AK, K, —
pasHoGenpeHHbiit (puc. 6), 10 AL, LK, K,
OTKY/1a CEAYeT, YTO OTPE30K MpAMON 1, , e~
JKauwmit BHyTpH Tpeyronbinka K, K, K, ,a8-
JIAETCH BBICOTOMH 3TOro TpeyrojibHuka, Pac-
CYKIas AHATIOTHYHO, TIOMYIMM, YTO BRICOTHI

. Tpeyrombiuka K K, K, nexar Ha NpsMbIx
I, t,, t;, & CIENOBATENIbHO, 3TH NPAMBIE

MMEIOT OBIIYI0 TOYKY — OPTOLEHTD Tpe- (- T K 'B
yromsiuka K K, K. Prc. 6
VrBepxIeHHE JOKA3aHO.

3apmavya M pelleHHe HACTONEKO MOHPABWIMCE, YTO 3aX0TeNOCk HAalTH
eIlle OIHH CNocob N0KA3ATE/ILCTBA.
BmecTto criocoba «BO3HUKIIA» HOBAS 3a1a4a.

B tpeyronbuuke ABC gepes ocHopanus BeicoT H, , H,, H, npopee-
HbI IPAMBIE {1, ,1; COOTBETCTBEHHO IIapaJLIe/IbHbI IHAMETPAM OTIHCaH-
HOIi BOKpYT TpeyronbHuKa ABC oKpyx- :
HOCTH, NMpPOBeJeHHEIX Yepe3 BepIUNHE!
TpeyroibHHKa. JoKasars, YTO 3TH NpA-
MBIE MMEHOT OBIIYIO TOUKY.

Jokasareserso

IMycte O — LEHTP OKPYXKHOCTH.
Mockonmsky OA L H,H, (puc. 7), o
t, L H,H,,a3T0 3Ha4IMT, 4TO , MpHHAN-
JIeXHT BbicoTe TpeyrombHuKa H H, H,,
MPOBENEHHOH U3 BepuuHbl M, . 3HauuT,
NpsIMEIE !, I, 1, HMEIOT ODLIYIO TOUKY —
oproueHTp Tpeyronsuuka H, H, H,.
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41. ¥rnbl B aHTUNapannenax

A
Ecnu Ha cropone AC TpeyroibHHKA

ABC (puc. 1) M Ha ee TPOIOIIKEHHH Bhi-
GpaTk IPOU3BONLHYIO TOUKY X M NPOBECTH
X gepe3 Hee npamyio XY (¥ e AB) tak, uro-
¥ 6w ZAXY = B, To Torna orpesok XV Gy-
JIeM Ha3BIBATH AHTHITAPAIUIENBIO.
AHTHNAPAJUIENH 3aHHMAKT 3aMETHOE
MECTO B FEOMETPHH TPEYrolbHHKA.

c B
Puc. 1
OGosnaunMm £LAH,H, =, ZABC =f. [Joxaxem, 410 o, = (puc. 2).
llepewii cnocof
OmnieM OKPYXHOCTE 0KONO YeThipexyronsiuka CH, H | B:
ZH,H,C+/H,BC =180°
u LAH,H, + ZH,H,C =180°,
3HauuT, o =f.

Bmopoii cnocotd
Onuuem BOKpYr YeThipexyrofbHuka AH, HH , okpyxHocts (puc. 3).
[Nockoneky

LAH H, = LAHH , = ZABH |,
Too =f.
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41, Yraol 8 anTUnapannensx

Tpemuit cnocol
TMockonsky TpeyroabHukH AH,B u
AH ,C nogobHH, TO (puc. 4)
AH, AB
AH, 4C’
a 3TO 3HAYMT, UTO MOMOGHE! TPEYTONbHH-
ku AH,H, n ABC,1. e. 0 =p.

Yemaepmuiil cnocod
; AH
Ofosnauum LABH, = ZACH , = ¢. Tlockombky sin g=—2> (A4BH.)

usin = AA}S (AACH. ), crienosarelsHo, -‘-:H? = AA!?

o =P (cMoTpH TpeTHIt crtocob).

» @ 9TO 3HaYMT, 4T0

Hamniii cnocod
ITyets O — HeHTp OKPYKHOCTH, OTH-
CaHHOl BOKpyr TpeyroibHuka ABC
(puc. 5). Torna OA L H, H, (nokaxmure!).
Paccmorpum Tpeyroasiuk AOC. [lo-
ckonbKy ZAQC =28, to LOAC =90°-B,
u ZAH, H, = B,3Ha"mT, a =f.

Ilecmoii cnocot
Onwumem Ha BC kak Ha
IHaMeTpe TONYOKDPYKHOCTh
unpommm H, H ,, xak n BC,
00 MNMEPECECHYCHHA B TOYKE D
(puec. 6). M3 TpeyroasHUKA
CH,D:
o=/H,CD+/ZH,DC.

INMockonsky £H,DC kak
YroJi ¢ BEPIIMHOH BHE Kpyra
paBeH

180°-2C -180°+2B _
2
Toa =C+B-C=B,T.e.a =p.

TMpeanaraetcs HARTH 1 APYTHE CIIOCODE! JOKA3aTeLCTB.
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42. Teopema TPUANCTHUKA —
camas IMOLMOHaNbHAA TeopeMma
reoMeTpun TpeyronbHuKa

A
HanomHuM, uTo «TeopemMoil TpH-
JMHCTHHKA» MBI Ha3bIBaEM CICIYIONIYIO
W,  teopemy:
[lycts W, — TOUKa mepecedyeHus
GuccexTpHcH yraa BAC TpeyronsHHKA
ABC ¢ onMcaHHONH OKOJIO 3TOTO Tpe-
C 'B YroNnbHUKA OKpy®kHocThio. Touka [ —
MHUEHTp TpeyronsHuka ABC. Umeer
W MECTO paBeHCTBO (pHc. 1)

Puc. 1 W B=WC=W1I.

O npHMeHeHHH 3TOH TeOopeMbl HAlTMCAHO HEMAIO: YAMBHTeJbHAd
Teopema JocTatouHo 3thdexTHo U 3bheKTHBHO NIPUMEHAETCH B peLle-
HHMH 3a0a4.

OcTtaHoBMMCH ellie HA OTHOMM ApKoit CTOPOHE TeOpeMbl — OHA MHOTO-
cnécobual TIpuyeM Bee ee crnocoObl JOCTATOYHO CAMOCTOATENBHBEI H
HHTEPECHBI.

Iepeutit cnocod
(mpaduyuonsiit)
Hoxaxem, uto LCIW, = £LICW,. [lelicTBHTENbHO,
LCIW, = LCAT + £ICA.
Ho £CAl = ZW, AB = ZBCW, ,a £ICA= ZICB.

Bmaopoi cnocol
Pacemotpum yron W, IC xak yTol ¢ BEpIIMHON BHYTPH Kpyra:
VAW, + CW, C+A

LW, IC=
2 2
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42. Teopema TPUAMCTHWHE — Camas IMOLMOHANLHAA TEOpPEMA

Hanee, i
ZICW, ==‘v.JW',JB+uW| B =C+A

. 2
3HauuT, ZCIW, = ZICW,.

2

04

Tpemuii cnocol

OnuineM OKPYAKHOCTh OKOJIO TPe-
yronsHuka BIC (puc. 2). Touxa W, by-
HET UEHTPOM 3TOH OKPYXHOCTH, TaK L
KaK OHA NMPHHA/UIEXHUT CepeldHHHOMY
nepneHaukynaapy W 0 u

ZBW,C =180°-A (noxaxure!).

3nauut, W, B =W,C =W, I kak paauychl Puc. 2
9TOH OKPYXKHOCTH.

Hemeepmuiii cnocoh
(camviii IMOUUOHANBHBIL)

Mycrs Guccexrpuca yrna ABC (puc. 3)
nepecekaeT OKpyxHocTh B Touke W, . Torna
AW, IW, = AW, CW,,

3uaumT, W) I =W, C.

ITamesuii cnocot
Bocnosbayemes cOOTHOLIEHHEM

Al -IW, =2Rr.
IMockonbky

5
N i

Al =

wunu (puc. 4)
w, =2R-sin-§=CW, .
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Tnasa V. NonynspHsie Teopemsl ¥ GOpMyNLI TEOMETPUM TPEYTroNbHHKA

Ilecmoii cnocol
PaccMoTpHM mnomoGHEIE TPEYTONEHM-
xu AIK, uCW, M, (puc. 5) (K, ,K,,K, —
TOYKH KACaHHA BITMCAHHOH OKPYAXHOCTH
co cropoHamu BC, AC, AB; M| — cepenn-
Ha cTopoHsl BC).
Hmeem

Pacemotpum yron mexny npameiMu AW, u BC. [MapannensHbie cexy-
mme AH,, IK,, W, M, BECEKAIOT HAa CTOPOHAX STOTO YIJIA MPONOPLMO-
HATBHEIE OTPE3KH:

AL_HK,
H':Vi K] Ml :
atc—b_a’+c’-b’
BK, -BH, 3 2a _b+c-a @
BM | - BK, a _at+c=b Fho
2 2
Al Al
Cpasnusas (1) 1 (2), nmeeM —— = —— , 3HaunT, CW, = IW,.
Cm !wrl 1 1
Cednmoil cnocod
A Bocnioneayemes dopMynoit
Al-IW, =2Rr . ()

(R # r — panuycel ONMCAHHON U BIM-
caHHo¥ okpyxHocTeit). Mmeem:

r

o Al =
N sin —
2

C B

\L—/ Yepes uentp O 1 nHueHTp [ poBeneM

npamyio O, KoTopas MEpeceyer OK-
pyxHocTb B Toukax M u N (puc. 6).
[ycts O =d. Torna
MI=R+d, IN=R-d.
Mo TeopeMe 0 MPOM3BENIEHWH OTPE3KOB XOPJI, YHHTHIBasH (%)
(R+d)(R-d)=AI-IW,,
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42, Teopema TPUNHUCTHUKA — CAMAR IMOLNOHANBHER TeDpeMa

r
wmR? -d’ = _ A-IWI.

Sin —

2

o dopmyne Ditnepad” = R* —2Rr.3nauwur,
(R* =R +2Rr)sin 3 y
v, =——2=2Rsin5=wlﬂ.
r

Bocsmoii cnocod

Hmeem
IW, = AW, - Al =2Rcos g-—— =
sin —
2
=2RCOSB——(—:-—4RSin£sin£
. 2 2 2
(p= B;C #r=4Rsin =sin sm(z")
3Hauur,

W, = cos-qoosg +sin£sin£—25m£sm9
2 2 20 12 2

B o A
=2R| cos —cos——sin—sin— |=
2 2 2 2

B+C
2

=2Rcos

~2Rsin 4 =cw,.
2

Hessmuiii cnocof
H3 tpeyroneauka OW, I no TeopeMe KOCHHYCOB:

R?-2Rr=R* +x* -2Rxcos ¢

(m¢=‘9—f-, x=W.1I)

x* =2Rxcos @ +2Rr =0; x’ ~2Rxcos ¢ + Al - IW, =0;
x—2Rcos@ +AI =0; x=2Rcosq —Al =AW, —Al
(nanee — npeapyILHi cnocob).
TMokaxeM, 9T0 crioco0bl JOKA3ATENLCTBA TEOPEMEI TPHTHCTHHKA HMe-

0T MECTO M B Cilydae BHeBNMcaHHOM okpyxHocTH. [Ipasna, B 3TOM cirydae
OHA Ha3bIBAETCA «TEOPEMOIt HETHIPEXTHCTHHKA?,
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[nasa V. NonynapHeie Teopems! 1 GOPMYNLI FEOMETPHM TREYroNbHWKA

x4 WTaK, TOUKY MEPECEUeHHs BHEIIHEH
Guccextpucst [, TpeyromsHuKa ABC ¢ omi-
caHHOM OKOJMO HEro OKpPYXKHOCTBIO Ha-
30BeM Toukoit W (puc. 7). Touxu W, u

o4 W — IMamerpansHO TIPOTHBOMONOKHBL
Teopema «uersipeximerunkas. Mmeer
B mecro paBencTBO:
WAB=W"'C=W"I, =W1"I,

Puc. 7 (I,0,, I, — MHUEHTPH! BHEBITUCAHHBIX
OKpYXHOCTei). Jlokasarb.

Hepeviii cnocob
WAB=W4C (puc. 8). dokaxem, uro W41, =W"B, wm Zl=22.
W3 Al AL
£2 =90°— LA, =90°~(180°~ZAIB) =

- 900{1 sa°-[9o°+ ED €
2))72
Hanee,

Q= L1, BA- LABWA =2 - LW W A =§_[£-9]=E

470 ¥ TpebOBaIOCH NOKA3aTh.
AHATOrHUHO HoKa3kiBaeTcst, uro WAC =W I 3HauHT, yTBepKICHHE

AoKa3aHo.
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42, TeopeMa TPHNUCTHHKE — CaMan 3MOUWOHaNbHaA Teopema

Bmopoii cnocol
PaceMoTpuM £2 Kak yron ¢ BepIIHHON BHe Kpyra (pHc. 8)

2 =-21-(UAB—UW“T)

(' — Touka mepecedeHMsI OKPY:KHOCTH M mpamoii Bl,). Ilockomeky
£ =%,1‘o UWAT =C, acho, yro WAB =2C. 3uauu,

1 c
L2=—QC-C)=—.
2( 9 2

IIpennaraercs HaifTH ¥ OPYTUE CNOCOGH! TOKA3ATEILCTEA.
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43. BUCCEeKTPUCHI OPTOLEHTPUYECKOTD

TPeyroNbHUKa

O TOM, YTO BbICOTHl OCTPOYTOIBHOIO
TpeyronbHUKa ABC siRasoTes GUccekTpr-
caMM  OpPTOLIEHTPHYECKOTO TPEYTONbHHKA

Hy H H,H, (puc. 1), nssectHo uanasxa. Hau-
Gonee «MpUOPAHO» TEOpPeMa BHITMISINT TaK:

Boicomam mpeyeoavHuKa npuadae-

¢ H, B seam Guccexmpucw opmouenmpuueckozo
Prc. 1 mpeyzonsHuKa.

Haur sHTepec K 37O Teopeme yCHIHBAETCA He TONBKO €€ TaCThHIM
NpPHMeHEHHEM B PeLIEHUH 3a1a', 8 HECKOIBKMMH criocobaMu JoKasa-
TEALCTB, OTIHYAIIIMMHUCA 0T OOEMHO MPHHATHIX (C MOMOMUILK BCIO-
MOTATENBHEIX OKPYXHOCTEIH ).

A

H,

Hepani enocoi
OmnuireM OKPYKHOCTH OKOJIO YEThIPEX~-
yroneuukos H, HH Cn H, HH B (puc. 2).
H, Torna
ZACH, =£ZH,H A,
aZAH H, = ZH,BA.
¢ ', B Ho LACH, = ZH,BA.
Puc. 2
Bmapoi cnocob
AHanoruyeH nepBoMy, TOMBKO OKPYKHOCTH ONHCHIBAIOTCH, HAIIPH-
Mep, BOKpYT YeThipexyroibHukos H, HH,CuCH, H , B, 3HaMT,

ZH H A= ZH,H, A

Tpemuii cnocot
OnuieM OKpYXHOCTH 0KoNo TpeyronbHuka ABC (puc. 3). Ilpose-
nem npameic AH, BH, CH no nepecedeHHs ¢ OKPYXHOCTBI B TOYKAX
N, Ny, N,.
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43, BUCCEKTPUCH! OPTOLEHTPHYRCKOD TPeYTroNbHMKaA

[TockombKy
HH =H N, HH,=H,N, HH,=H,N,,
To Tpeyronbuukn H, H, H, w NN, N, — roMOTETHYHBL.
Ho
OALH,H,, N,
3HAYMT,
OALN,N,nuUN,4=UAN,,
CleIoBaTeNbHO,
ZN,;N, A= ZAN,N,

WsH,H A=ZH,H A,
crenosarenbHo, HH, mnpuHALIEKUT
Guccekrpuce yria H, H H,. Anano-
TMYHO JOKA3EIBACTCA PABEHCTBO JBYX :
APYTHX [ap YTI0B OPTOLEHTPHHECKOro Puc. 3
TPEYTONBHHEA,

Ly
1)

Hpyrue crmocofel CBA3AHEL € YIIAMH TIPH aHTHOAPa/UIENbHBIX
NPAMBIX.

Hemeepmoiil cnocod
Mockoneky £H, H C=A=/H H, B (puc. 4), snaqur,
ZH H A=£H,H A

A t E A K
B, H,
s H,
C H B (& H, B
Puc. 4 Puc. 5
ITamubii cnocof

Yepes BeplinHy A4 npoBedeM MpsAMYIO ¢, napannensHyio BC (pue. 5).
Mponnum H H, u H H, 1o nepeceueHus ¢ npsamMoii ¢ B Toukax £ u K.
O6osHaunm AK = x; AE = y. Umeem

x AH, y _AH, x AH, BH -CH,
BH, BH, CH, CH, y BH,CH, -AH,
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Fnasa V. NonyaspHeie TEOPEMs! U (HOPMYNBI FEOMETPUM TPEYTONIbHNKAE

Mo Teopeme YeBnl X I, 3HaumT, X =y, CJIedOBATENEHO, BEicoTa H| A
¥
tpeyroasinKa H, EK Gyner meauaHoli u GuccexTprcol.

Hlecmoii cnocoli

Ha sricote AH, (puc. 6) BpibepeM npousBonbHyio Touky X. [lyers
K — Touxa nepeceuerus npsiMeix AC u BX, T — TouKa nepecedcHHs
npsameix AB u CX. Jokaxewm, uto £TH A= ZKH A ObosHauum K, n
T, — Touku nepeceyeHus npambix A, K u H, T ¢ npsamoii/, npoeneHHON
qepe3 BepuIHHy A napamiensHo cropoHe BC. [Jokaxewm, uto AK, = AT, .
I K A T 1o Teopeme Yernt

AK-CH -BT =KC-BH, -TA.

W3 nonobus tpeyronbHukos AKK, u

CKH, cnenyer, uto

CH, -AK
A.K1 =CI‘_K<
c o 2 AHanmormaHo,
1
Puc. 6 AT, :%_

Papenctso AT, = AK, BepHO, eciii
CH,-AK-BT = BH, -AT .CK,
HO 3TO CNEIYeT 13 TeopeMBl YeBnl, oTCHONA
HK =HT uwZTH A= /ZKH A
Ecnw xe Touka X coBlanaetr ¢ 0pToLeHTPOM, TO mepxueﬂué OCHOB-
HOM 3a1aYH I0KA3aHO.
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44. Bropoit cnocob peweHus

Kak NOBOJA ANA MMNPOBM3aLUU

PaccMoTpHM 3a1auy O paBHONE/ALICH, T. €, IIPAMOIl, KOTOpas AenHT
TJIOIIA/h TPEYTOTBHUKA MOTIONAM:

Iycts AH, — BEICOTA TpeyTONBHHKA ABC, M H N — npoeKuny ToUKH
H| Ha croposbl AC U AB cooTBeTCTBEHHO, 0 — LIEHTD ONMMCaHHOH BO-
Kpyr TpeyronsHuka ABC okpyxHocTH. JloKa3aTk, 4To ec/ii Touka O npu-
HAILTEXUT oTpe3Ky MN, To 3TOT OTPE30K JeJIMT IUIOMIAnb TPEYTOIbHUKA
TOTIOJIaM.

HMepanui cnocofi
Iycrs § — miowmans TPEyroTbHHKA
ABC (pwmc. 1). Obosnaunm §, — niouans A

TpeyronsHHKa AMN. TpeyronsHuk AMN
nonobeH TpeyronbHUKY ABC (nokaxwuTe!):

it B ol (n M

(R — pammyc ommcaHHOH BOKpyr AABC

okpyxHocTH). C apyroii cropossl, AH, — C H, B
JIHAMETP OKPYXHOCTH, ONIMCAHHOMN OKOJIO Puc. 1
TpeyronsHuKa AMN . 3HagwmT,

Se _ A

S
CpapHuBas BepakeHus (1) 1 (2), noayaum

Sletas
s TR N

4TO ¥ TPeOOBANIOCH IOKA3ATS.

(2)
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[nasa V. NonynapHsie Teopemsl U GOpMyNsl reoMeTpUU TpeyronkHuka

Bmopoii cnocob
HasecTuo, 910 oTpe30oK MN papeH MoMyTepUMETPY OPTOLIEHTPHYEC-
xoro tpevronsauka H H, H, nOA L MN (noxaxurte!). [lockomeky

A 1 S
8. =5MN‘OA, apy X

g’ 1
10 §, ==—-—-R==8,

e R g
N Hrak, B cnydae, ecad ueHTp O npu-
Haexut MN, 10 MN — paBHoOIenA1AA.

C ! A ecnu O He NpUHALTEXRUT OTpesky MN
Puc. 2 (puc. 2)?
PaccmoTpum geThipexyronsHuk AMON (puc. 2).
1 1 1

Suon =3 A0-MN = R-py = S.

Oxka3zanock, uTo JoMaHag MON — ToxXe pasHoO/le/IAIAs.
Hayyenne pasHogenamei MON NpHBOIUT K HEMPHUBEIYHOMY CIIOCO-
0Oy M0Ka3aTenbeTBa (HOPMY.ibl

S=R-pg. (19
JHeiicTBuTensHo, HoKaxeMm 0Oe3 npumeHeHHa Qopmynsl (1°), uro

S on = % 5. HMeem

Jlokaxem, uTo

3aMeTHM, uTo
£MAO = ZH AN,

aZAH M = LACB
(Kax yI7Bl ¢ B3aHMHO TIEPIIEHINKYIAPHBIMM CTOPOHAMH), SHAYHT,

Sm=21AM-AO-sin<p=2lh,,-sinC-Rsimp

(9= ZMAO).
S —

1 .
B —z—h, -¢-sin g

1
1
JloKa3aTeNbeTBO CTOME MHTEPECHO, 4T pasenctso S, =E S‘M MoXeT GRITH

TIPCACTARICHO OTASABLHOM 3anauei.
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44, Bropoii cnocob peweHuA KaKk NOBOM ANA MMNPOBHIALMK

Hmeem

1 4 .
—2-11, -sinC-Rsin [P_RsinC'

1
c %

—

SAH‘B i kﬂ -gin @-c

Wrak, 8, = 21 S 41,5+ AHATIOTHYHO I0KA3LIBACTCS, HTO

(5180 =% ,

§ San‘c HS 0+ S0 =

ot 1
AND 2 2
Mockoneky MN = p, .1

i =§ MN-AO:%p,, R,

1 1
—py R=—S,wmS=R-p,.
29'# 3 Py

W, HakoHell, IpH M3y4eHWH NPOEKIMi Touki H, Ha cTopoHBl AB H
AC (rouku M u N), kpoMe pacCMOTPEHHBIX CIOXETOB B KHMIe «Ipe-
YTONBHHK H TETPasfp B 3a7iadaxs, Ml MOJYYHIH MHTEPECHOE CBOHCTBO:

noManas MON — paBHOOeNAMIASA.

3aMeTHM, YTO JIOKA3aTh 3TO MOXHO HE OTHHM CITOCOGOM.
INocrapaiiteck 3T0 CAENATH CAMOCTOATENBHO.
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45. BekTopHbiil cnoco6 Kak nosog

ANA pasMbilLNeHui

PaccMoTpuM 3anayy:

JlokasaTk, 4TO €C/TH B TPEYTONbHHUKE COBNANAIOT TOYKA NEPEceYeHUs
BBICOT ¥ MeHaH (opToueHTp H 1 ueHTpOoHI M), TO TpeyronbHUK ABC —

PABHOCTOPOHHMH.
A
M, M,
¢ Hy, M, 2
Puc. 1
A
€ B
Puc. 2
o ycnoBmio

Jokaxem 2710T (harkT TPAIHLHOHHO.
O6o3HauUM OCHOBAHUSA BRICOT H | , H  H ;,
amemuad M, , M, , M, (puc. 1). [TockombKy
oproneHTp H coBnamaer ¢ ueHTpoMIoM M,
TO BBICOTHI TpeyroiibHUKa ABC coBmamyt
€ COOTBETCTBEHHLIMM METHAHAMM, H U3 pa-
BEHCTBA NMPSIMOYIOJIBHBIX TPCYTOIbHHKOB,
uanpumep, AH B w AH,C, cnenyet, 4to
AB = AC.

AHaNOTHYHO JIOKa3bIBACTCH, 4TO

AB=BC t.e. AB=BC = AC.

Vreepxaenue 3anauM 10Ka3aHo.

HoxaxeM sanady ¢ MOMOIIBIO BEKTOPOB
(puc. 2). OGosmaumm MA = =r, MB= =n,
MC=r,. Torna AB=r, -1,, AC=r, -7,

BC =ry —r,.JlokaxeM, uTo

G-7) -Gy -GRY o

Tockonsxy MC L AB,10 E(Fz -r

MA+MB+MC =0.

ro4r+ry=0,umr, =—(E+.t‘2 ',

YyuTeiBas, 4TO
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45, BeKTOpHBIR €nocob Kak NDBOA ANA PAIMbILLTEHUNA

HMeeM
-1 —2
(EHQ 1"2—T)=(],m't(}nrlar1 =n .

—3 —2
AHAJIOTMYHO TIONydaeM, uto r, =r; .Hrak,

==l == el

n o=n =n . (2)

Jlanee, W3 paBeHCTB

A7)0 7(E-7)-0

CIIeayeT, uTo
Rory =Srycry =1 (3)
VuuThiBag papeHcTea (2) u (3), mosyyaeM, 4To J0Ka3aHo paBeHcTeo (1),
4 CJICOBATENLHO, YTBEPRICHHE 3aa9H.

* BeKTOpHOE pellieHHE 3aa4K €CTECTBEHHO MOXET ToKasarhes boiee
TPOMO3IKMM, UeM TPAIUIIHOHHOE. XOTHM cpasy MpeaynpefuTs YHTaTe-
JISI; TAKOE CPaBHEHME HEYMECTHO, TAK KAK KJIACCHUCCKHIA W BEKTOPHBIH
MeTOJ — 3T0 pasHbie A3LIKH MATEMATHKM M HaI0 YYMTHCH «IOBOPHTL»
Ha KOKIOM M3 HHX.
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46. TPUNUCTHUK U BHEBNUCAHHAA OKPYXHOCTb

0603nayuM [, — IEHTp BHEBNHCAH-
HOW OKPYXKHOCTH, KacalolleHcs cTopo-
HEl BC tpeyronsuuka ABC (puc. 1). Kus-
BECTHOMY «PABEHCTBY TPHIHCTHHKA»
BW, =CW, =W,
[06aBAETCA elle OAMH KOMIIOHeHT [, W)
(puc. 1): BW, =CW, =IW, =1 .W,.

Hepsviii cnocod
TMockoneky [C GucceKTpHCca BHYT-
pennero yrna ACB,a I ,C — 6uccexrpuca
pHemwHero yraa, Tto ZI CI=90°, u
CW, =W, I (reopema TpHITHCTHHKA), TO
w, =W1,.

Bmopoit cnocob
ITycrs npsamas CI, BTOpHYHO Tiepeceka-
€T OKPYXKHOCTh, OTIMCAHHYIO BOKDYr Tpe-
yronsHuka ABC B Touke M (puc. 2). Torma
ZMCA= ZI,CT =%zms=$
(Touka T npuHamiexur npamoit AC). Io-
CKOMBKY UMA =180°-C, nmeem

LCLW, = i"‘ﬂ >
180°C-A B
Puc. 2 B a (1)

Mockomsky ZCW, A= ZCBA=Bn LCW, A= LW ,CI, + ZLCI W ,To0,
yuMTHIBas cooTHowenue (1), momyunm £W,CI, =%B, a 3HAYMT, Tpe-

yromeuuk CW, I, pasrnobenpeHHbiii, noatomy CW, =W I,.
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46. TPUNUCTHUK M BHEBNUCAHHAR OKPYHHOCTE

Tpemuii cnocob
Iyctb npaMas BI (puc. 3) nepecekaeT OKPYAKHOCTh, OTTHCAHHYIO OKO-
Jio TpeyronbHuka ABC B Touke W, ,a npamyio [,C B Touke /, .
Hoxaxem, 4To I
I1,||ww,.
Jle#icTBUTENEHO,

éW,W,C=2luW,C=

=4wzsc=§.

LW,CI, =180°-2LTCI, - ZW,CA =
0 B
T e S O
=180 > € - W
_180°-C-4_B T
2 2 L
Takum obpazom, 1,1, || W, W,. Puc. 3
Manee. TlockombKy Mo Teopeme
TPHIHCTHHKE
CW, =W, I,CW, =W, I,

10 ACW, W, = AIW, W, , orciona W, W, nepecekaer CI B cepeiMHe 3T0T0
oTpeska, 3HaunT, W,W, — cpenHsas TuHUA TpeyronbHuka [/, [, , cneno-
atensHo, IW, =1 W,.

Yemeaepmuuil cnocol
Mockonsky CI L 1,1, (KaK BHEIIHSS ¥ BHYTPEHHAS GHCCEKTPHCHI)
(puc. 3) uCI LW, W, (u3 papnoGenpennoro tpeyroastuka W,CI), noro-
My 11, ||W,W,. Jance nokasatenscTBo MOKHO MPOBECTH KaK B TIPE/Ibl-
nyuieM criocobe.

ITamsai cnocof
TMockomsky Cf LCI,, 10
LEIL I'=90"-£ClI, = 90°—(180°—4C!A) =

~9¢° 180°—[9D°+£] =
2)72

Ho ZW;.MA=§,DOS’I‘OMYW1H’1 I1,.

Jlanee noKazaTeNECTBO MOXKHO NMPOBECTH KAK B MPeABIIyLIeM criocobe,
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Tnasa V. Monynrpusie Teopemsl W HOPMYNbI FEOMEBTPMM TPEYFoNnbHUKA

Illecmoii cnocod
Mycre £CIW, =a.Toraa no TeopeMe TPHIMCTHHKA

ZICW, =a,a LW ,CI, =90°—.
Ho w3 AICT,:
£CI I =90°-£CII, =90°-a.,
clIe[IoBaTeNkHO, TpeyronsHUK CW| I, pasHoGeapeHHbI#H 1
CW, =W,1,.
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47. Npsaman 3unepa

Bmecmo nepsoco cnocofa

B 1961 roay B Hbio-Mopke seiuma kuura I C. M. Kokerepa (Kok-
ceTepa) «BeefleHHe B reOMeTpHIO», O KOTOPOH M3BECTHBIH MaTeMaTHK
H. M. Arnom oro3sancs Tak:

«Bee kuurn IL C. M. Kokcrepa MOTYT CITYXHTE LIKOJOM reoMeTpuyec-
KOl MBIIILIEHHA .

(I C. M. Koxemep. «Beedenue 8 2eomempuror, — Mockea: Hayka,
1966.)

IlecToit maparpad 3Toil KHUTH HasbiBacTcs «[Ipamas Diinepa u
OPTOLEHTP».

Paccka3s 00 3roit 3aMedaTebHONR NpAMOM CTONL HeoDBIYeH, Y4TO A
CYesl CBOMM [I0/ITOM TTPOILIMTHPOBATh €10,

«...Diinep BHec 3HAYMTENBHBI BKIan GykBanbHO BO Bce 0bmacTH
MateMaTHkH., HekoTopsie M3 ero npocTefIIMX OTKPLITHH TAKOBEI, YTO
MOXHO NpeacTaBuTE cebe myx Esximna sonpoawmuii: ,IToyemy npu
JKM3HH Ha 3emule 51 He JoayMaics 10 3Toro?*.

Ecmu uentpoun' G u LeHTp onHMcaHHOM OKpykHOCTH O Y HEKOTOPO-
o TPEYroJibHHKA COBNANAIDT, TO KAXIAA MeIHaHa NepneHIHKYIApHA
K CTOpOHE, KOTODYIO OHA Je/JUT MOMNojaM, ¥ TPEYrONbHHUK , TPHXKIIbI
paBHoOGeapeHHEI", T. e, paBHOCTOpOoHHUIt. CrenoBaTeIbHO, eCiIu Tpe-
yronsHHK ABC He paBHOCTOPOHHMIA, TO ero HeHTpoud G ¥ LeHTp OMH-
caHHOMH OKpyXHOCTH () 331a10T eAHHCTBEHHYIO paAMyio 0G.

PaccmoTpuM Takylo Touky H 3Toi npsi-

MOi, Ha3bIBAEMOM NpAMOT Ditiepa, 410 4
OH =30G,t.e.GH =20G
(puc. 1), Tak xak KpoMe Toro,
GA=240G, 0, H

TO M3 BTOPOi MOMOBHHEI MPELIOKEHUT
(VL.2)' Epxiuaa cienyer, 4To mpaMas C s B
AH napannensHa npaMoii 4 0, koropas :

! LenTponn — Touka NepecedeHns MeIHaH.
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Mnasa V. NonynspHsie Teopemsl W QOPMYNbI FTEOMETDPHM TPEYrONbHIUKA

NpeACTARIseT Co00l epPIeHANKYNAP, BOCCTABNEHHRIH K oTpe3ky BC
s ero cepennHe. Takum 06pasom, npamMas AH nepneHaukynspHa K BC.

TouHO TaK Xe MOXKHO TIOKa3aTh, YTO npamas BH nepneHmukynsapHa
x CA. a npamasa CH — nipsiMoit AB.

TMpsamast, IPOXOAAINAA YEPEe3 BEPLIIMHY TPEYTONLHHKA U MEPIeHIH-
KVIApHAs K MPOTHBOMONOXKHON CTOPOHE, HA3BIBACTCH BHICOTOW
TPeyronbHHUKa.

M3 ckasaHHOTO BILUE CHEAYET, 4TO

TPH BBICOTHI TPEYTONbBHHKA MNEPCCCKAKITCH B HE:KOTO‘[.}Oﬁ
Touke H npsiMoit Ditnepa. D1a obutag Touka H Tpex BCOT
HA3BEIBAETCH OPTOLIEHTPOM TPEYTOMBHHKAY .

3ameTHm, 4TO NoaobHOE JOKA3ATENLCTED ECTh CLIE OIHH cniocob yT-

BEPKIEHUS O SAMHCTBEHHOCTH OPTOLIEHTPA.

* % ¥

[epeiineM K HaLTeMy HCCIEIOBAHHIO.

Teopema. B tpeyronsuuke ABC ueHTp O ONHCAHHON OKPYXKHOCTH,
TOUKA M TiepeceueHHs MEIUAH WM OpTOleHTp H NMpHMHAILIEXAT OnHOM
TpAMOit (mpaAMoit Ditnepa), mpHeM

20M = MH.

Ilepsnui cnocofi
Yepes BepiunHbl TpeyroibHuka ABC nposeleM NpsMbie, napai-
NIeNBHEIE €10 CTOPOHAM, MONYYUM TpeyronsHuk 4, B,C, (puc. 2). Ou 6y-
JIeT TOMOTETHYEH TPeYTONBHHKY ABC ¢ LIeHTPOM TOMOTeTHH B ToUKe M
fepecedeHns MeanaH Tpeyroisauka ABC u xosddumumentom k =-2:

MA, =-2MA; MB, =-2MB;

MC, =-2MC.
Mockoneky Touka H — UEHTP OKPYXKHOCTH, ONHCAHHOH OKOJIO
TpeyronsHuka A4, B C,, To Toukn O u H COOTBETCTBEHHO TOMOTETHY-

HBl ¢ HeHTpoM M M koadduumentom k = -2, 3Ha4YUT, YTBEPKICHHE
JOKa3aHO.

3

Hmceres B suay V1 kunra sHavans Epxanna, teopema 2: «Ecnm npamas s
NpoBefeHa MAPATTENLHO OTHOK CTOPOHE TPEYTONEHHKA, TO OHA PACCEMET JApYTHe
CTOPOHBI MPOTIOPIHOHATEHO, 0OPATHO, EC/TH IBE CTOPOHB TPEYTOABHHKA PACCEYEHBI
ILHO, TO [ JILas TOMKH Aenenus, GyaeT napaniensHa

MPOTIC P

TpeThelt CTOPOHE TPEYTOMEHHKA.
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47, Npaman JiAnepa

C,

Ovee  H

Puc. 2

Bmopoii cnocofi
CoeauHuM cepeimHy cTopoHsl BC To4-
Ky M, ¢ Toukoit A4, Touky O ¢ OpTOLIEHTPOM
H (puc. 3). Iockonsky
om, =L an,
2
1o orpesok AM, nepeceder orpesok OH
B Touke M — UCHTPOME TPEYTONbHHKA
ABC, uT0 TOKA3LIBAET YTBEPXKIEHHE.

Tpemuii cnocob

Jloxaxem, 4To To4ka [), nHaMeTpaib-
HO IIPOTHBOTIONOXHAA TOYKe A (BeplIHHe
BIIMCAaHHOTO TpeyronbHuka ABC), cepe-
muHa M|, opTolleHTp H npHHaLIekKaT o1~
HOI pAMOoit (puc. 4).

Coemunnm Toyku D u N (N, — 1ouka
niepecedeHna npaAMoii AH c ommcaHHO#MH
OKOJIO TPeYTrombHUKA ABC OKpYXHOCTHIO),
D wu H.Tlycts Touka X — TOYKa nepeceye-
HHA oTpe3koB DH u BC,

C Mo H; B

IMockonbky HH, = H N, 170 XH, — CcpefHsis THHUA TPEYroabHHKA
DHN, n DX = XH.Paccmorpum Tpeyronbiuk ADH. Tlockonbky
AO=DOuDX = XH,
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Tnasa V. Nonynspusie Teopembl W OPMYNb FTEOMETPHM TPEYroNbHMKa

10 OX — cpenias THHAA B Tpeyronbuuke ADH. 3uauut, OX || AH, u ot-
pesox OX neprnieHAUKYIApeH oTpesky BC, 3Ha4HT, OH [eJTUT ero NomnoiaM
# Touxn X U M, coBnajaior.

Tepeiinem K npsmoit Ditnepa.

Tlockonbiy OD =04 v Touka M, npu-
Hamiexut orpeaky DH, o OM, — cpex-
HAA TUHUS TpeyronsHuka ADH (puc. 5),
3HAYMT,

oM, =L an.
2

MMycrs Mennana AM, nepeceyer OTpe3oK
OH B touke Y. [TocKoIBbKY TPEYTONBHHKH
OM Y u HAY nono6Hel, TO

MY =Lay,
2

T. €, To4Ka ¥ copnanaer ¢ ueHTporaoM M. 3Haunt, Touku O, M u H npu-
HajUIekaT ofiHOH npaAMoi n OM: MH =12. Y1eepKncHHE 10Ka3aHO.

Yemaepmuiii cnocod
TTycte X' — npousBonsHas Touka, M — LEHTPOMI TPeyroJbHHKA.
HMMeeT MECTO COOTHOMLIEHHE

3XM = XA+ XB+ XC.
Ecmu X =0, 10
30M =0A+0B+0C.
IMpumenss dopmyny faMuibTOHA
OA+0B+0C =0H,
umeem 30M =O0H — BEKTOpHaA dopmMa npaMoit Ditnepa.

ITamutii cnocob
AHanornyeH nepBoMy croco0y, TOIEKO BMECTO TPEYroJbHMKA
A B C, paccmatpupaetca TpeyronsHuk M, M, M, u obpasom opro-
uenTpa H 6ynet oprouentp O tpeyronbHuka M, M, M, (UeHTD OKpYX-
HOCTH, OIIMCAHHOM 0KoJI0 TpeyronbHuka ABC).
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48. OKpYXXHOCTb ANONIIOHUA eCTb

B WKONLHOM yyebHUKe

Ila, HMMEHHO Tak, B LIKOMIBHOM yuebHuKe reomeTpiu A. B. TMorope-
JIOBa 3a71aua 00 OKPYXHOCTH ATIO/UTOHHS MPETATaeTCs MoCie H3VHEeHHA
nono6us NPAMOYTONEHEIX TpeyroasHuKoB (. 106, Ne 47, § 11):

JloKakuTe, YTO FEOMETPHIECKOE MECTO TOYEK, OTHOLIEHHE PACCTOA-
HMIT OT KOTOPBIX /10 ABYX JAHHBIX TOYEK MOCTOSHHO (HE PABHO €IMHMIIE)
€CTh OKPYXHOCTb.

Hepewui cnocod 'E
[ycts X — omHA W3 TO- X
4eK HCKOMOTO reoMeTpHdec-
xoro mecra (pue. 1). Coenn-
HHM TOUKY X C 3afaHHBIMH

toykamu A u B. [To ycnosuio -
yu A3 3 D
XA _m
== (1)
AXB n
TMocrpouM OHCCEKTPHCH
yrnos AXB u BXE. Tlo csoii- St
CTBY 3THX GMCCEKTPHC e
AC XA XA
S M gy \ED XY U
CB XB DB XB
AC AD XA
W oorHomenus (1), (2) u (3), n M — 2= e = |
YHTBIBAA C (v} (1), (2) u (3), nonyy CB DB X8

[TOCKONBEKY TOUKH A M B 3a1aHbl, 3HAYHT, 3anaHbl To9kH C 1 D, KoTo-
phie IeAT 0TPe30K AB B JaHHOM COOTHOIIEHWH BHYTPEHHHM M BHEI-
HiM 0bpasoM, a ZCXD =90°.

Wrak, nenuM otpesok 4B 1oukoi C B OTHOLIEHHH m:n — BHYTPEH-
HuM o6pa3oM, TOUKoi [ B OTHOIIEHMH m:in BHEUWHHM 00pasoM H
Ha orpeske CD Kak Ha JHaMeTpe CTPOMM OKPYXKHOCTB.

DTa OKPYKHOCTh H HA3BIBAETCH OKPYKHOCTBIO ATIO/UTOHHA.

173



Tnasa V. Nonynapssie Teopemsl u HOPMYNBLI FEOMETPHM TPEYrOALHHKA

Bmopoii enocoé’

ITycte A u B — naHHBIe TOYKH, Ha npsamoii AB ects ase Touxku C U D,
NPHHATISKALIHE HCKOMOMY NEOMETPHYECKOMY MecTy. OHa B3 HUX — TO4-
xa C 7eXHT MeXIy ToukaMu A u B.

0OB603HAYHM [UTHHY OTPE3KOB

AC=a,BC=b
| MYCTh JUIS OTIPE/IEieHHOCTH b>a
(puc. 2). Mo ycnosuio

AD:BD=a:b,
D — BTOpas TOYKA.
QOygeBuIHO, 9TO
AD=CD-AC, BD=CD+ BC.
Hoxaxem, uro uckomoe TMT — okpyxkHocts. Ecmu R — pamuyc uc-
KOMOW OKpyXKHOCTH, T0 AD=2R-a, BD=2R+b n
2R-a _a ab
— —=—,0TKylaR=——
2R+b b b-a’
[ycts £ — npou3BoNEHAs TOYKE HCKOMOI OKpyx)HocTH. OG03HaYMM
ZFOA = ¢ (Touka O — nentp oxpyxHoctu). Torna u3s AEOA no TeopemMe
KOCHHYCOB

AE? =(R-a)* +R* =2R(R-a)cos ¢. 2)
AmnanoruvHo, us AEOR:
E? =(R+b)* +R* —=2R(R+b)cos . 3)

Iogenue mowneHHo (2) Ha (3), a 3aTeM clIe YHCIHUTEb U 3HAMCHA-
‘TeJib IPABOI YACTH TIONYYeHHOTO BHpaKeHns Ha R :

el

1
i [l+;] +l—2[]+%}cnscp
Toncrapum (1) B (4)

2
(AE 5 (l-b—:’] +1—2(l—¥)cosw
E] OHTE SN i
(1+Q] +1—2(1+b a)cosq:
a

- ApTop nokasarenscTea E. loHHep, razeta «Martemaruxas, 2001,
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48, OKpYIKHOCTE ANONIOHMA ECTb B WKONbHOM YHefiHuke

Yopoiuas, nofayyum
aY a 1 1 2cosg
= | +1-2-%cosgp @’ —+—-
[A_s]:(b] e ).e
BE 1Y b ][l 1 2cosq>) b’
s o b —+——-—
[a] +1 EGcosup 7 =
Hrak,
4E _a
BE'" b

1A MoGoro @. DTO M 03HAYAET, UTO PACCMATPHBAEMAN OKPYKHOCTD AB/A-
eTCA HCKOMbIM IEOMETPHYECKHM MECTOM ToueK. [Ipyrix TOYEK HeT.

JlOKAKEM 3TO YTREpXICHHE OT IpoTHBHOTO. [1ycTs TOUKa F ynornet-
BODPSET YCIOBHIO AF : BF = a:b 1 He ICKUT HA IOCTPOEHHOH OKPYKHOCTH.
Jlyu AF riepecexaeT OKpYXHOCTB B Touke G, u noaromy AG:BG =a:b
(puc. 2).

OBo3naunmM

ZBAF =0, AG =¢,b:a=k, AF : AG =n.
Io yenoruio 0< n + 1. M3 A4BG 1o Teopeme KOCHHYCOB
AB* + AG* ~2AB- AG -cosa. = BG?

WUTH € YIETOM BBEJCHHBIX 0003HaYeHHI:

(k+1)*a* +¢* —2(k+Daccosa =k’c*. (5)
AHaANOrHYHO, W3 AABF
(k+1)%a® +n*e? —2n(k +Naccosa =n’k’c’. (6)
ToMmHOMM 06e qacTy (5) Ha 1 W BRIYTEM OWICHHO U3 (6)
A-n)(k+D)*a’ —n—(n’ —n)c’ =(n’ —n)k’c’. (7)
Ha (7):
(1+kya’
= : 8
n ke’ (8)

M3 (8) cenyer, 4ro < 0, Tak Kak k > 1 1o YCIIOBHIO 3a/1a4u.
TNoyaeHHOE IPOTHBOPEYHE JOKAIEIBACT, YTO APYIHX TOYEK HET.
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49. CrpapaHus OHOro 3pyauTa

Ha I YkpauHckoit pecrnybaHKaHCKOR MaTeMaTHUECKOM onMMIHane
(Kues, 1961) 6uu1a npemnoxena janaga;

BHIMHCIHTE YTl PABHOGEAPEHHOTO TPEYTONBHHKA, B KOTOPOM LieH-
TPhl BITUCAHHON M ONMHCAHHOH OKPYXHOCTEH B3aHMHO CHMMETPHYHEI
OTHOCHTETEHO OCHOBAHHSA TPeYroILHHKA.

Ipucmynas k pewenur smoil 3adauu, wxowa (Gydem Hazneams e20
«Ipydumoms ) Hauan Haubonee eCMecMaerHo (¢ e20 MoKl 3PeHs):

Myets [ — MHUEHTp paBHOGEAPEHHO-
ro TpeyroiabHuKa ABC (AB = AC) (puc. 1),
() — 1EHTP OMHCAHHON OKPYKHOCTH.

O6osnaunM £ICK = ZKCO=x (K —
cepentHa orpeska J0). Torga

; aRsinAein L sin €
si_nx:_=#=
R R
Puc. 1 =4si:114—sair|-lisinE
2502, 112

(r — panuyc BrIMCaHHOM OKPYXKHOCTH, R — pamuyc ONMUcaHHON OKPYXK-
HOCTH). Y4uTBIBasA, 4TO

; NC A
sinx =sin—, —=90°-C,
2" 2

HMeeM:
l:cosC-sin-g, L oli2anr S lin s,
4 2 4 2 2

i
Hrak, nomyunim KydbHdecKoe ypaBHEHHE OTHOCHTENBHO Sin 5 4 KOTO-

poe ODBIMHEIMH IKOMBHEIMH ITPHEMAMH He peLaeTcs (WIH, 10 KpaiHei
Mepe, PelIaeTca 04eHk HEMpoCTo).
Tozda Ipydum syseaunun mowocme» axmuyeckozo Mamepuana u dis
pewienun sada4u ucnoasiosan gopmyay Jinepa:
OI* =R* -2Rr.
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49, Crpagasna HOro 3pyanTa

Hmeemr = %—0{, OTKYIa

4r* =R* -2Rr, 4r® +2Rr-R* =0,

r=—-Ri\J'IR2 FARUS 510
4 YT

4

(Tak Kak r >0).
Crnenosare/sHO,

sinx=£=—”|r§_I :
R 4
oTKyzaa x =18°, moatoMy £B = £C =36°, £4=108°.
Omeem: 108°,36°,36°.

Spyduyus nomozna! H ece e ronowa He yenokouaca. On namepen pe-
wums 3060‘!’)’ *NOAHOCMBIO e€OMEMPUYECKL».

Bmopuoii cnocot
Tpeyronsuuk JICO (cM. pHe. 1) — paBHOGENPEHHBIH, CIIENOBATEILHO,
£KCO = x, otxyna
ZCAO = Z4CO =3x.
Kpowme atoro, £AO0C =2 £ABC = 4x, cllelOBATENIBHO, W3 TPEYTONb-
HuKa AOC:
2-3x+4x =180°, x =18°, £4=108°.

Caedyrouqui ¢ 0 pewierus 3adavu podunca NPOCMo aemMoMamueciy.

Tpemui cnocof
B pombe (!) COBI (cm. puc. 1): ZICO+ £CIB =180°, Ho Bemn
£LCIB =2£CI0=22C0I =8x,
cenoBatenbHo, 2x +8x =180°, x =18°,

H nocnemHsst Touka:

Yemeepmuiii cnocot
TMockoneky

ZBIC = 90°+§ 1 ZCOB =360°-24,

'ro90°+f;— =360°-2.4, 4 =108°.
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nasa VI. @opmynsbl nnaHumeTpum

PaccMOTpUM pasnndible CrIocoGE! ZOKA3aTeNECTs (hOPMYIT, BOTIE-
LIMX B ITKOJIBHBIE YYeOHMKH reoMeTpiu 1 (hopMYN MeHee H3BECTHEIX, a
TAKXKE HOBbIX, 4BTOPCKHX. HaCTO OHM B3AMMOCBA3aHE], XOTA T4 CBA3b HE
Beerna BuaHa, Tem Gosee maTEpecHo!

50. BoaHuKNa CBA3L BpEeMeH

Pacnanachk cBA3b BpeMeH
B. Hlexcnup, «lamaems

TMouck# HOBEIX CHIOCOGOB 1OKA3ATENECTE IIPHBENH K YAHBUTCIBHOMY
pe3yasTary:

dopmyaa Apxumeda, ghopmyra Nazpanyea
U agMOPCKan HopmMyaa ecmo «00HO U MO Hoe AULG».

JlokaxeM 310.

I. @opmyna Apxumena u asTopeKas GOpMYIa HICHTHIHE!

A Bsenem obosnauenns (puc. 1, 2) a, b,
¢ — CTOPOHBI Tpeyronsuuka ABC, W, —
TOYKA MepecevyeHns OMCCEKTPMCH yria
BAC c onucanHol OKpyxHOCTRIO, L, —
TOYKA Mepeceue s OUCCEKTPHCH [, yriia

BAC co croponoii BC.
C T, 'B Dopmyna Apxumena UMeeT BHIL
AK =110 (1
N 2
me | (W, K — nepnennukynsp K cropone AC).

178




50. Bo3HuKna CBA3L BPEMEH

AsTtopckad GopMyTa UMeeT BAI
5= % AW, - MN @

(M u N ocHOBaHHMH NEpPNEHIMKYIAPOB
(pHc.2), onyuieHHBIX U3 TOUKK L, Ha cTo-
poHEl AC 1 AB, § — nnomans Tpeyronk-
HiKa ABC).

Hrax, umeeM (13 AW, K):

A.K:zl(bw}:dWl cosg. ®©

C npyroif cCTOPOHEI H3 ABTOPCKOi! (GOPMYIEL, YIHTHBAR, U4TO

2be A !
I =—cos—, umeeM:
¢ bte 2
28 beesinAd be b+e 1
AW, =——=—— = et T, . 29
MN I sind  2bc A 2 A
b+e 2 2

CpasHuM BripaxeHns (19 u (2°) — dopMyaa ApxUMeia U aBTOPCKas
dopMy/a HOEHTHIHEL.

I1. Mopmyaa Jlarpanxa n apropekasn GopMyia HIeHTHYHBI

Dopmyna Jlarparska umeer un (b, = BL,,¢, =CL, )
12 =bc=byc,. 3)
Jomuoxum obe yacti Gopmynst (3) Ha % sin A:
1 1

Ei’o -l sinAd= 5 besin A —-%blc. sin A.

Yuureisas, urol, -sin A= MN,ube, =1, -L W, (reopema o npousse-
NEHHM OTPE3KOR XOpa), chopmymy (3) 3anuiieM B BHE:

%fa-MNz.S'-zli,-L,W, sin 4
win S =21 MN+LMN LW,
2 2

HnHS=%MN(!,+LIH1)=%MN»AWI.

TMomysunu aTopcKyio opmyny, a 3HauMT, thopmyna Jlarpasxa Tak-
e HICHTHYHA aBTOPCKoM hopmyrne.
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51. HoBbIW OCHOBHON 3N1eMEHT

H3BecTHO, 9TO OCHOBHBIMH 3MIEMEHTAMH TPEYrONbHHUKA SBISIOTCH
cTOpoHbI (a, b,c) v yrsi (A, B,C).

He MeHee BaXKHBIM ARIACTCA M JEMEHT R — pammMyc OKPYKHOCTH,
OMHCAHHOI OKOJMO TpeyronbHHKa ABC. UMEHHO 3TOT 3/IeMEHT CBA3LIBA-
€T CTOPOHBI! U YIIIbI TPEYTOMBHHKA;

a
sin A

=2R.

C Hee, ¢ 310i1 (hopMy/ibl ¥ HAYHEM, KaK 00br1HO, daHTa3upys.

Hepaniil cnocoll
Mposenem auametp CD (puc. 1). Toraa
BC =CD-sin D,
Ho ZCDB = ZCAB, 3naumt,a=2Rsin A.

Bmapoit cnocof
M3 penTpa O OMMCAHHOH OKPYAHOCTH
OIYCTHM NepreHauKysp OM .
D Vs tpeyronsanka OM, C, yauThIBas, 910

ZCOM, = % ZCOB= A,
HMeeEM

ng»sinA,ma=2RsinA‘

Tpemuii cnocol

Hmeem
g=be__ abc _ a
&y 2sind’

—besin A
2

Puc. 2
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51. HoBblit OCHOBHOI 3neMenT

Hemeepmuoiii cnocol A
BocnonkayeMcs paBeHCTBOM (pHe. 3)
AI-IW, =2Rr
(I — nHuenTp, W, — Touka nepeceyeHmus
GuccekTpuckl vima BAC ¢ onmcaHHOIM Y
OKPYKHOCTBIO). M,
Hmeem B
A=
sin 4 W
2 Puc. 3
(n3 AAIK,:IK, L AB). Torna
. r-Iw, - W, !
(LA = 1
sin==-2r 2sin
2 2
" Tlo TEOPEME TPHIUCTHHKA
W, =CW, =—2
2cos
2

Ll

(13 ACM W, : M| — cepeanna croponsl BC). 3nauurt,
a a

- N
2siné 4cos£s'm£ Zsin A
2 2 2
4TO H TpeBOBANOCK IOKA3AT.

Hamuiit cnocob

Bocnonbkayemca dopMynoi
R=9b
2h,
(em.: I Kywnip. «leomempuuni hopmyau, wo He 8siliuiau 00 WKIbHUX
nidpyuruxier, — Kuea: @axm, 2002).
TMockonsky
Lo sin A,
k‘

LLENE 1 )
sin 4

TO
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fnasa V1. Qopmynsl NAIHUMETPHN

ITecmaot cnocofi
DYy IIposenem nuamerp W, D, neprnenamky-
aapHblit BC u Guccextpucy AW, (puc. 4).

H3 ABDW, :
2R= B, 4 (N
0 sind
2
B c
M, W3 ABW, M, (M, — cepeiusa cTopo-
1el BC):
W W, =—2 @)
Puc. 4 A
2cos—
2
oncrasum popmyny (2) B popmyny (1):
a a a
Ree—or— = — it ——=2R.
Zcosés'mé sin 4 sin 4
2082
Cedomoii cnocob

B tpeyrosnsHuke ABC (puc. 5) npose-
nem sricoty CH. Torna uz ACHA:
h, =b-sin A. (1
TTockonbky TpeyroiasHuk CHA nogobex
TpeyronkHuKy CBD (CD — nuamertp), To

i ab
= Mk, =—,
a 2R 2R
WM yauTsisas (1):
bsinA=22,
2R

otkynaa=2Rsin A.

Bocomoii cnocod
Tlycts H — oprouentp B Tpeyronsrnke ABC. Yepes sepimnnr A, B 1
C TpoBeaeM NpsMbIe, NapanieasHiie ctopoHam BC, AC u AB (puc. 6).
MoxHo HoKa3aTh, 4T0 H — LeHTp OKPY:KHOCTH, ONMUCAHHOM OKOM0 Mo~
nygeHHoro Tpeyronbiuka A B,C,, npudem HC, =2R, a LAHC, = A, n
AC, =a.Vimeem
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51. HoBbil OCHOBHOW 3NEMEHT

A
Puc. 6

sin ZAHC, =%.mshui=5%.
1

Heaamotii cnocod
W3 tpeyronsauka AHC, (puc. 6) nmeem
AH? a
2 _4R? —g* wm e
AH® =4R* —a AR e
3Ha4uT,
2
1 5y e
cos’ A=1-—— orkynal-cos A_4R7’
stn’A—i sin4=-2
4R*’ 2R’

Hecarsiii criocol npeataraeTcs HAHTH CAMOCTOATENBHO.
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abc
52. ®opmyna R =——
pMmy. 43

IMepentit cnocol AOKA3ATENBCTBA OBUT B CBOE BPEMS CaMbIM pacrpo-
CTPaHEHHBIM: TaK KAK B eJHHCTBEHHOM cOOpHMKe 3a1ay IS K0T —
H. Pubkun. Céopnux 3a0a4 no zeomempuu. — Tacmp I. aanu-
Mmempus oas 6—9 kaaccos cemunemueii u cpednel wikon. — Ha-
danue deadyamoe. — Mockea—enunepad: Tocydapemeennoe
yuelHo-nedazozudeckoe usdameawcmeo Munucmepcmea npo-

caewenun PCOCP, 1954 —
B 3amade N 15 (2) § 14 sHaumiocs:
abe
JloKazaTh, 4TO panMyc OMTHCAHHOTO Kpyra R = T

B orserax ykazaHus He ObUIO, HO... B npeabLIyIeit 3anade (§ 14 Ne 15)
TpeGoranock: «[loKazaTh, YTO BO BCAKOM TPEYIOJILHHKE [POM3BENEHHE
IBYX CTOPOH PAaBHO TPOM3BEIeHHIO IHAMETPA OMMMCAHHOTO KPYra Ha BhI-
COTY, ONYLIEHHYIO Ha TPETLIO CTOPOHY».
3710 U GbU1 nepebili cnocob N0KA3aTE/IbCTBA
dopmynsl (puc. 1). [leficTBHTENBHO, TYCTh
TpeyroNbHUK ABC BNHCAH B OKPYXHOCTE
¢ uentpoM O u muamerpom AD (puc. 1),
AH | — BricotaTpeyronbHika. Iockombky

ZABH, = ZADC,
10 AABH, ~AADCu e = |
b 2R
MH2R=E=B.MK}M3R=£.
h, 28 4§

a

Bmapoi cnocofi
Bropoit cniocof cesA3aH ¢ TpHroHoMeTpHeit. [JoKassBaloCch paBeHCT-
Bo a=2Rsin A (R — panHyc ONMUCaHHON OKPYKHOCTH) M NPHMEHANACH

opmyna § = -;-bc sin A.



52. ®opmyna R =abe/4S

Tpemuii cnocoi

Bocnonsayemca hopmynoit
2he. 1A

Hmeem
bc:%ln : "”'; :%;ﬂ E%‘i%:;s AW,
cos = cos
2 2

(npumenuny sanayy Apxumena). [Ipumerum hopmyny
S=L AW, 1, sin 4.
2

a-l AW, a

@_a'fa"ipyl s i
45 48 4.%14”,!‘{’5““1 2sin 4

Hmeem

Yemeepmoili cnocold

Hu&enr:*iﬂsinﬁsingsin-,mma
|

r R
e e R o vk
4sin —sin —sin—  p-4sin — sin —sin —
2 27722
) =
L@+b+cyasinAsin 2 in €
2 R

S

1-ZJR{sin A+s'mB+sinC}-4sinisinisin5

8
lJ‘.I'\’«i{:ch‘s écos E{:(:isg-tlsiﬂ ésin —5in—
2 2 2
- S5 =S-R2-4
2R sin Asin BsinC abe '
abe
orclofaR=—.
45

[saTeiit cnocob npemiaraeTces HAUTH CAMOCTOATENBHO.
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53. Papunyc BnucanHoii

B TPEYrONbHUK OKPYHOCTH

Qopmyna r = E 001IeN3IBECTHA: CKOIBKO CYILECTBYET IIKOIBHAA Ieo-
P

MeTpH#, CTONEKO M 371a dopmyna. Ho «<HUKTO M HMKOIIA» WIH TOUHee
HUKOMY M HHKOT[Id HE TIPHXO/IIUIA MBI/ HOKA3aTh 3Ty (OPMYITY pasHbI-
MU crocobami. Ocoboe BrHManHe ofpainiaem Ha BTOPOH cnocod — ato
puepsbie. Mtak, r — pamuyc snucantoit 8 AABC oKpyKHOCTH, S — 10~

[ a+bic ]
IIAb 3TOr0 TPEYTOMLHNKA, P — IONYTIEPUMETp | p = e

Ilepsuiii cnocob
Ileperiit ciocob obieHsBecTeH:

1 1 1 1
S=—rat—rb+—rc=—r(@tb+ec)=rmp.
A e

Bmaopoii cnocot (1)
«Crpsamums ctoponsl AC =CK u AB = BT (puc. 1). Torna otpe3ok
KT paeen nepumMeTpy TpeyroibHuKa 4BC, 4 OCKOABKY

MC:AICB:%(J — MHUEHTP), a £ZIBC = ZATB =

w | by

10 ATBC ~ MTKH-——Q— Shiagur, r_‘;i=§

h, 2p i

Pue. 1
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53. Paguyc BNMCaHHON B TPEYTOAbHWK DKPYMHOCTH

Tpemuii cnocod
ITyets OKpy#HOCTE ¢ UeHTpOM [ Ka-
caercss cropoHsl AC TpeyronsHuKa ABC
B Touke K, (puc. 2). IlockonsKy oTpesok

AK, =p-a,108, =8 . =-zl—(p=ajr.

AHATOTHYHO,

1 1
5, =.S'm,£=5(||9—.-';).'-,.S'3 =E(p—c)r. Puc. 2

Mockomuky S 4. =8 =2(S, +8, +5,),70

.S'=2-%r(p—a+p—b+p—c)= rep,AiInr =£.
P

Yemaepmuiii cnocol
Hmeem
rp=4Rsin-;—!-sin§ sin g-R(sinA+sinB+sinC)=
= 4Rsiné sin—‘f'i sin £-4Rcos£cos£cus£ =
2 2 2 2 2

=2R’ sin Asin BsinC =S,

Iamuui cnocot
OGosHauum §, — miowans yersipexyronsinka AK, /K, (puc. 2)
(K, ,K,,K; — To4Ky KacaHus BIUCAHHOI B TpeyroibHUK ABC oKpyx-

HocTH co cTopoHamu BC, AC, AB). flcno, ut0o §, = % Al -K, K . Ilycts
N, — cepeauna otpeska K, K, . Torna
|
rr=Al-IN,, Al=TL_.
: IN,
3HavuT,
1. r?

Bl
2 IN,

KiK.

Mycrs S,, §; — miowanu 4ersipexyronsunkos /K, BK,, IK CIK,.

Hwmeem
s=5 4848, = L Bk KK KX
2" v, TIN, TIN,
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Fnasa V1. Popmynsi NAaHHMETDHH

K,K, 2K¢N

Suint it X =2tg LK, IA AIK, N,

W, IV st i X
K, K, (130"-14] A
B, ol A g
T e T e

Hraxk,
S=%r2‘2(ctg-§—+ctgg+ctg ] rtctg = ctg-gctgg
e r*-p(p-a)(p—-b)(p—c)
o’ :

2
unnS=S—,(mcynar=£.
p-r 14

IHTecmoii enocofi
INockoneky

r=(p—a)is§, r=(p-b)tg£, r =(p—C)tg£.

107! =(r-a)(p- b)(p-cng"ts-‘?tsg

A ‘(P-b)(P—t')
Hotg 5 _p(pﬂa) .JeficTBUTENBHO,

tg#_ id ]2bc (8 +c*-d’)

Vi+cos 4 V25c+(61+c -a )

(b+c)’ - | plo-a

/ S s 0y
3uaunt, r* =(p—a)(p-b)(p—c) ==, WmMr=—.
L p

Cedum:ﬁ cnocob

(p-b)p-c)

Hmeemr =(p a)tg— l-[otg S, 3HavHT,
2\ pp-0

== LD a5 = pp o~ -0),

o) Jo__—(b—cr _ [@=5G-0

oTKymar-p=.3S.
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54. 3Hakomas opmyna

Dopmyiia pagHyca OKPYKHOCTH, BIIMCAHHOMN B MPAMOYTO/IbHELA Tpe-
YIONILHMK M3BECTHA, XOTH JANIEKO HE BCC LIKOMbHBIE yYeBHUKH reomeT-
PHH TIPEIUIATAIOT ee YHaIIHMCS.

,-:"_tt"_‘(zc:gon)_

VinoGereo 210 GOpMYJIEI 10 CPABHEHHIO ¢ GOpPMYJIOH r = £ — oye-
. P

BHIHO: OHA COCTOMT M3 IMHEHHBIX 3/IEMEHTOB, 1a H He MPOCTO J/IeMeH-
TOB, & OCHOBHKIX (11Ba KaTeTa M runoredysa). IMoucku cnocobor noka-
3aTeNILCTBA CIIYKAT TAKXKe NOBOJOM JUIS YIPaXKHEHUA B NPHMeHEHUH
PasTHYHBIX HOPMYJ H TEOPEM FeOMETPHH TPEYTONBLHHKE.

ITepaniii cnoco
Iyety / — MHIEHTP NpAMOYTOIbLHOTO TpeyronbHuka ABC (£C =90°%)
(puc. 1). Touku K|, K, K; — TOYKH KACAHMS BIHCAHHON OKPYKHOCTH
co cropoHaMu TpeyronsHuKa ABC. Tlockoneky CK, IK, — kBanpar, To
K, A=K, A=b-r;
BK, =BK, =a-r. ¥ c
Tunotenysa A8 pasHa 2R, 3HAUHT: K,
AB=AK, +K,B, I
a+b-c¢ B A A
2 Puc. 1

WIH2R = b—r +a—r,0TKygar =

Bmapoii cnocoi
IlycTe OKpYXHOCTE ¢ LeHTpoM [ Ka-
caercd Karera CA B rouke K, (puc. 2). ITo- K
ckombky CK, = p—c, a ZICK, pasen 45°, 2
to IK, =CK,, 3na4ur, I
a+b—c ‘ B A A
2 Puc. 2

r=p-c=
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Fnasa V. Popmyns NAGHAMETPHM

Tpemuii cnocot

Vuurhisadq, 410 r = §_ , H B TIPSAMOYTOJIEHOM TPEYTOJIEHHKE
P

s =%ab (£C =909,

HOKAKEM, 4TO
lab
atb-c_ 2
2o avbve’
2

win (a+b)* —¢* =2ab, wna® +2ab+b* —¢* =2ab.Hoa® +b* =¢?, 3na-
YHT, PABEHCTBO [IOKA3AHO.

Hemeaepmbiil cnocod
Pasencrso
ab _a+b-c
a+b+e | 2
IOKaXeM HHave:
abla+b-c)  ablatb-c) abla+b-c) a+b-c
@+b—c® a'+2ab+b*-c*  2ab = 2

Hamuiit cnocob
OnuieM BOKPYT NMPAMOYTOIBHOTO Tpe-

yromeHuKa ABC (£C =90°) (puc. 3) oKpyx-
HOCTh, WD — muametp, [ — HHLEHTP, TOY-
ka K — npoexums Touku W Ha karer BC,
CW — buccekTpuca npsMoro yrna ACB.
Hmeem

CW =CIl+IW. (n

CI =r+2 (LCIK, = 459).

Ilo dopmyne Apxumena C. =aT+b’ u3 TpeyronbHuka CWK:

CW :ﬂ. W3 tpeyronsHuka WDB.WB . 4 TTn TEOPEME TPHIHCTHUKA

2 V2
TEL =y [ToncrapuM B Bripaxkenye (1)
NG)
atb ¢ a+b-e
—— =ry2 +——,0TCIONA r = .
V2 2 2
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54. 3Haxoman hopmyna

Llecmoii cnocob
HasecrHo, uTo

| S
e
K ik

Jns npaMOYTroILHOTO TPeyTOIBHUKA

| -

1 dbhad 1 a+b ¢
it =St Tl e =l
ol ! r o a ab
1_atb+c
I ab
IHATHT,
3, abla+b-c) _ (a+b- c)ab
(@a+b+ec)a+b-c) (a+b) —c?
o lake= c)ab _atb- a5y
L @ +b' —c +2ab 2
ﬁﬂ
Cedumoit cnocob
Bocnonssyemc hopmynoi
A B.. C

=4, LsinZsin=
r a*v!s;lnzsmzmn2

Korga ZC =90° MmeeM

2

r=4Rsin é sin(goa'AJ V2 "
2 2

SHAYHT,

r=22Rsin 4 sin(‘tsa_i‘;):
2 2
=2\2Rsin —d[sin 45°cos-g¥—cos 45°sin gJ:

—Z@Rmn’;‘r[cm—-—sm ] R(sm Zeos = -—sm’%’l]

=R(sinA—(l—cosA)):R(smA+cosA-—l)=

D B g P s, T
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[naea VI. Dopmyns NAZHWMETPHH

Bocsmoii enocoli
Bocnonsayvemcs dopmynoit Apxumena: CK =%b (puc. 4). Ilna nps-
MoyToisHOTO TpeyronsHuka ABC (£C =907

< et gy
e E
COs —
f 2
B 4 TloTeopeme pumicTiiKa
W, = BW, = < C =£c.
2¢cos — 2
2
i i
Puc. 4 CI=CW, -1W, :7(‘“.!,_(_-)‘

Bocnonsayemes opmynoi CI - TW, =2Rr. Umeem

2Rr=cr =%c(a+b—c).r =:1'—,(a+b—c}.

Meaampiii cnocofi

K Hoxaxkem, 910 a+b=2R+2r (puc. 5).

K; JlefCTBUTENBHO, THAMETD ONMMCAHHOW OK-

pyxHocTH paBeH AB =2R =c. [Inamerp 2r

A p  BiMcaHHOI okpyxHocTH paseH K,C +CK,

o (rak kak IK,CK, — xsanpar). Cnenosa-

TEJTLHO, '

AC+BC =(AK, +BK,)+(X1€+CK,) =
=(A4K, +K B)+(K,C+CK;)=2R+2r.

Puc. 5

a+b-c
Wrak,a+b=c+2r,3Ha4uT, r = e

Mecamuiii enocol
Mo dopmyne Kapro': R+r =0OM, +OM , +OM ;.
B npaMoyronsHOM TPeyroibHIKe
oM, =1b,0M, =14 0M, <0.
175 175 3

3HauuT, R+r =a~;—b,wr=m.

! TpeyronkHuk 4BC — He TYMOYTONEHEIN.
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54. 3Hakoman Qopmyna

Odunnaduamuiil cnocol C
TpuMenuM dopmyry Ditnepa:
OI' =R* -2Rr, T
Hmeem (puc. 6): A
B 0
W= .._.?_'.c_.; oW = E;
2 2
c : 1
R-orr 7% _gor w
r = = = .
2R c 4 g

W3 tpeyroneHuka O/W nio Teopeme KOCHHYCOB
=OW?* +IW? -20W -IW -cos @

(9= ZOWT). U3BecTHO, 9TO @ = f—;—c . B maHHOM cyuac

0= 9_,0";2_4 —45°-4;

J2
45°-4) = cos A +sin A) = — (sin B +sin A).
cos ¢ =cos( )= ( ) 2( )
Hmeem
2
o1t =48 9 € B i pin 4=
Sl ] 2 2 2
£

2
=SCT“2( sin B-+sin 4) =
c?
=T{3 —2sinB-2sin 4) =
="T(1+2(1-sin5-smA))=
;%(]—2(sin3+sind—sinc))=
=%(c—2(csin8+csinA-csinC))=

%(0—2(a+b—c))=%(c —2b~20+2e)=%(3c—2b—2a)_
a+b-c

~
I

2 2 2
B =A0l7 omOr zi_l(k_zbﬁgap
4c e ¢ 4 4

13-6-1744
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Tnasa VI. Dopmynbt DNIHUMETPUN

Pnc.7
Jleenaduamuiii cnocoi

TMocTposM BHEBMHCAHHYIO OKPYXKHOCTE (puc. 7). [lycth r, — pajHyc
BHEBMMCAHHOIN okpyxkHocTH. TMockomsky £C =90°, o r, = p. Umeem

S 25 S a+b-c
=

Tlpenaraem HaiTH TPUHALUATEIA c10c06 NOKa3aTeNbLCTRA.
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55. Kro 661 Mor nogymars?

Kro 661 Mor momymathb, 4To dopmyna GHCCEKTPHCH [, = %cosg
KaK HH OJIHA H3 paccMaTpuBaeMbix (ropmyn sisnsercs «KioHaaikoms
METONOB HOKA3ATE/NBCTBA: NMPUMEHEHHE BCIIOMOTAaTebHOIO 3MeMeHTa,
PAa3NNYHBIX JOMOIHHTEBHEIX TOCTPOEHHIA, aBTOPCKOH dopmMynl, dop-
MYl ADXHME/Ia M 9TO 0COBEHHO LEHHO — METOA AHAIOMMH: CIIOCo0h
[IOKA3aTENLCTBA TeOPeMBI O CBOMCTBE GHCCEKTPHCH!, CBA3AHHYIO C Mpo-
HOPLUHOHATBHOCTBIO CTOPOH, YMECTHO TIPHMEHHTD /UTA J0KA3aTe/ILCTBa

paceMarprBaeMoit (hopMynsl.

Hepestii cnocof
Tepewiit cnocob obimenasecTeH (puc. 1):

.S'm=.5‘ﬂl, +3,u,c- '
Lpesina=Licoind s+ rpsind,
2 s kiR

Zbcsm—;écos-;ﬂ‘,(bw)sing.

Otciona
| 220 o A 4 Hocrinie 42
* hdg = 2. Puc. 1
Bmopoii cnocod
o Teopeme curycoB 13 TpeyronsHuka AL B (puc. 1):
L c ; nal, = c-sin B

8 ol csd i C+1J
2 2
Tpebyercs HoKas3aTh, 4TO

¢-sin B 2be A
—_— =05,
si,n(C+g) bte 2
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Tnasa VI. ®opmynsl NAAHWMETDHH

HIH

2 4R sin Bcos A
sinB_ _ 7
sin( c+ g ] 2R(sin B +sinC)

HnnsinB+sinC=2cos—2‘1m'n[C+;}

i sin B +sin C = sin(C + 4) +sin C,
UTO OYEBHTHO.

Tpemuit cnocol
[MockonsKy

B-C
z(k,,.g):T

(ryets B> C), TO
h 2§ _ besind

s - = :
2 B-C B-C B-C
cos 5 acos == acos ——

2

CpaBHHM ¢ ZOKAa3kIBaeMOH (hopMyIIoi:

A
bosin A =2br.:oos-i-
L AW .
2
Tpebyercsa noKalarhb, 4TO
A
sin 4 Ei 2608
2RsinAcosB;—C IS LR
ﬂ(mﬂc}_ =EOS£SEI!ACOSB;,
z 2 2
OTKYIa
Zcosﬂoosi=sin3+sinc.
2 2
HesmB+sinC=2sin£;—Cms£;—C,3Ham
2be A
l, =——cos—
b+c 2
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55. Kro 661 MOr nogyMaTs?

Yemeepmuii cnocol

Tockonsxy L, B = ba_c ,TO TI0 TEOPEME CHHYCOB
+C

ac I, ac-sin B
TR , orcioma [, = T
(b+c)sin = SIM (b+c)sin 2
2 2
Hokaxem, uto
alr:vsnnB)1 =&cosé
(b+c)sin 5 b+e 2
IeiicTouTENBHO,

ac-sin B =2bc sin ﬁn::r:)sﬂ. lacsin B= l{)m‘.in A,
2 2 2 2

Wil S . = § . — TUIOWALL TPeYTOILHIKA ABC.
Tlamuiii cnoco

3roT cnoco® MMeeT CMBIC] pacCMaTpHBaTh, HECMOTPA Ha Kaxy-
LIYIOCH HACHTHYHOCTh YeTBepTOMY criocoby. JeiicTBUTeENbHO,

acsin B =£-b-c-cos£

(b+c)sin£ bte 2
&
mmasinB=2bcos£sin‘-4-,mm_L=.—b--,
2 2 sind sinB

YTO OYEBMIHO M OTIMYAETCA OT NPEALLIYLIEro Crocoba.

Lllecmoit cnocob
[posenem uepes ToYKy B npaMylo, MapaLienbHyio GuccekTpuce AL,
1o nepecederusn ¢ npamoit AC B Touke D (puc. 2). B peyronsiuke DAB:

MDB:AABD:%A: 2

/

BD =2 ABcos AABD=2c‘cus§.

Hocxonhxy£=g,
BD CD

solirecs oy

2ccosA b+c

2be A

Ha4HT, [, =— el
g b+cc 2
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Mnasa V1. Qopmyasl NAGHHMETDHK

Cedbmoit cnocob
Tposeaem BD|| AC (puc. 3). IlockonbKy

AL1A3=£L,DB=%A,

A 10 AB = BD =c.Tpeyronsuuk ACL, mopo-
Gen TpeyromsHuKy DBL, .
g Blip it gy, PR HL A _ctb
5 E Tk D £ b
OTKyaa
¢ B =2 4D,
b+e

s

Ho AD =2¢ cosg (AABD), 3Ha4uT,

) 1 =—-—2bc cosﬁ
Puc. 3 WS

Bocemoii cnocod
A OmuuieM BOKpYT Tpeyrombuka ABC
4\ OKDYKHOCTb H 0GO3HATHM
CL, =m; L B=mCW =W B=f
(puc. 4). ITockoneky

AACL, ~ AAW, B:
c B I, m
72
o f
W Tockomeky A4BL, ~AAW,C:
Puc. 4 e
R )
b f
Cnoxum seipaxerns (1) 1 (2):
f(l l) m+n _a 2RsinA A,
| =4 = == =2cD8—;
¢cb) f S jpsind
2
3HAUMT, [, =2¥*f-cosé.
b+c 2
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55. KTo Bbl Mor nogymats?

[esnmuiii cnocob
(npusmererue asmopckoil gopmyant)
Hmeem (puc. 5)

S=%AW1 -MN..S‘—-%bosinA.

3Ha4HMT,
AW, - MN = besin A.
INockonexy
MN =1, sin A,
AW, = b+e
2cos —
2

(npuMennan hopmyay Apxumena AK = b_;_g)’ TO

1, -sin A = be-sin A,

OTKyHna

JMecamntit cnocob
IMockoneky
b+e
2cos #
2

AW, =

a AW, -1, = b-c (AW, B~ AML,C),

Odunnaduamesiii cnocol

OnuuieM BOKPYr TpeyrombHuka ABC
OKPYXHOCTh (pHC. 6) ¥ NpoLiM OHcceK- 0
TpHCY AL, 10 NIepeceyeHMA ¢ 3TOH OKPYX-
HOCTHIO B TOuKe W), OGo3naunm ¢ — yron  C L H, B
mexay Bricotoit AH| nGuccexTphcoit AL, .
Iycte § — mnomans TpeyronsHuka ABC,
R — pamtyc onMcaHHOH OKPYKHOCTH.

W
Puc. 6

199



[nasa VL. opuyast nnaHWMETPHM

Hueen

h, 25 _ besinA be
I = = = : )
cosp acosg acosg 2Rcosg

W3 AADW, (W, D — muameTp okpyxuoctH): AW, =2Rcos ¢.
[Tyers K — npoexius Touku W, Ha cropory AC.Tlo sanaue Apxumena:

M:%anH’,mem

AK=.4W,cos-2’1.
Teneps dopmyna (1) npumMer BUI:
Wy bccosg :bccos;=£ ﬁ_
= A AK bte 2

2Rcos chosi

JMeenaduamuii cnocod
Tposenem L, K L AC (puc. 7) u ricoty BH, . Umeem

A KL =1, sing. W
4, IMockoneky TpeyroneHuk CKL, nomo-
K e TpeyromeHuky CH, B, T0
KL, __ab
hy,  (b+c)a’
C e 3 ,  (b+c)a
Puc. 7 i
b-h, besin A
KL m—=t = - 2
L ab%e. y b¥e @
Cpasuum (1) u (2), nonyanm
A besin A 2becos
l,sin—= ,orciopal, =——=.
T Thie b+e

TpuHanuarsiii criocof npeaTaragTcsa HalTH CAMOCTOATENEHO.
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56. [lyanb Ha Macopy6kax

B auBape 2005 rona B razere «Maremaruka» ObUIH ONMYOIMKOBAHBI
«3apmanHs oniMmiams VII BeeyKpaiHCBKOrO TYPHIPY IOHIX MATEMAaTHKIB».
Teomerpuyeckas 3a/1a4a, KAK TOBOPHTCH, «3aLICIIIA».

B tpeyronuinke ABC nposeneHs: 6uccexTpucel BL u AK. M3secTHo,
uto KL — Ouccexrpuca ymia AKC. Haitrn rpamychyio Mepy yraa BAC.

Peliny NpeaioXuTE ee «OMHMITHATHEIM Gofinam» PycaHosckoro -
pes. JoctaroyHo 6uicTpo GBUIO MOMYYeHO MepBoe PelleHHe.
TMockoneky KL — 6uccektpuca yraa AKC (puc. 1), 1o

AL _AK 1)
CL_.CK
Ilyere a, b, ¢ — MWIMHBL CTOPOH
TpeyronsHuKa, a ZCAK =ao. Torma
ab

b+e’

AK =1, =f{1%cosu.

3HauuT, BEIpakeHue (1) MOXHO B
3anKCcaTh, BOCIIOIL30BABLIMCE CBOH-
cTBOM BHccekTpHCH yria ABC:

¢ 2bccosa -(b+e)

a (b+c)-ab

WK 2ccosa = ¢, OTKY/IA COS ot =21,3Haq}rr, ZA=2a =120°

Bckope 65010 MonyyeHo WHoe pellieHKe, HaBepHAKa TO, Ha KOTopoe
PacCYMTHIBAJIM aBTOPBI 3aJaHHA; PACCMOTPHM TpeyronsHuK ABK: B HeM
Bl — 6uccexTpHca BHyTpeHHero yrna CBA, a KL — Guccekrpuca BHeL-
Hero yrna CKA, 3naunt, AC — GHccekTpHca BHenrHero yrina KAN u pas-
BepHYThIi yroil BAN cocTouT U3 TpeX paBHEIX YITIOB, 1BA H3 KOTOPBIX CO-
CTARNAKOT Yron A, T. e. £4 =120°.
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Mnasa VI. QopMynbl NNAHAMETDHA

[locne pemesns pHCYHOK | cToMmo GBI M3MEHHMTH, HAYEPTHE YO
BAC tymene. Ho zeno He B 3ToM. BosHHK Bonpoc: Kakoi cnocob penre-
H#s ayume?

[IpHBepXEHLIBI NEPBOTO CII0co0a MPU3IHABAH, YTO OH HE CTOb W3-
mIeH, KaKk BTOPOH, HO pellieHHe 3a/ila4u ObUIO MTHOBEHHO M TYT HE Bo3pa-
3HTh — BCE 3TO BUIENH.

OmHM YYEHHKH CYHTANH npaMeHeHHe GopMy/bl GHCCEKTPHCEI «TsDKe-
JIBIM OPYKHeM», IPYTHE HACTAMBA/IM HA PYIHLMH, 3HaHHH (opmyi. [Ipo-
THBHUKY TIEPBOTO CIocofa YNpeKand B MPUMEHEHWH TPUTOHOMETPHH M
JIEKE STIOCATHYJIH» Ha TIOMHOMOYHS OJTIMMITHAHOTO JKIOPH: «A ec/ii OBl 3a-
Jauy namd B BOCKMOM Kiacce?» BoCbMHKIACCHHMKHM HE 3HAIOT (opMY/IB!

Iy= Ecm 4
b+c 2

Criop pasropaics. BeckMa BECOMBIM apryMeHTOM ObUI YIIPEK B TPYIL-
HOCTH BOCIIONIB30BATECA CBOMCTBOM TOUKM, B KOTOPOH TNepeceKarTcs
BuccekTpHca BHYTPEHHETO H BHELIHETO YIJIOB.

JlyMaeTcs1, UTo CIIOp BO3HMK M3-33 TOIO, YTO TCOPEME O MEpeceueHHH
BHYTpeHHeii ¥ BHellHel GHCCEKTPHC TPeYTOMBHHKA (B JanbHeliiieM bynem
HA3BIRATh €€ «TEOPEMOIT 0 JIByX OMCCEKTPHCaX») He GLLTO YAEAEHO JO/KHO-
TO BHHMAHMS, KaK, HANPUMED, TEOPEME O «TPHIMCTHHKE», 3aMETHM, 9TO
MMEHHO C €€ MOMOIUBIO PELIAIOTCH JOCTATOMHO HHTEpECHBIE 3a0a4m (CM.:
I. Kyunip. «TTosepHenHs BrpadeHoi reomerpiiv, — Kuen: @axr, 2000. —
C. 30). Kcrarn, cpei yIOMSHYTHIX 3a/1a4 €CTh 3a1a4a — IPEIMET cIiopa H
OPMIHHANBHOE I0KA3aTeNnbeTBO HopMynsl § = R-py, , 2 Mbl B 3aKITIOYEHHH
NpUBEAEM pellieHHe 3HaMeHuTol 3amauy LlleGapimHa (¢ npyruMu crio-
coBaMi YBaKAEMBIH YWTATE/Ib CMOXET MO3HAKOMHMTECA B 3TOH KHHre).

Wrak, 1oKaxeM, 4TO eC/u B TpeyronsHuke ABC yron 4 pasen 120°,
toyron L, L, L, npsamoii (L,,L,, L, — TouKu mepeceueHus GUCCEKTPUC
BHYTPEHHMX YITIOB TPEYTONBHUKA C COOTBETCTBEHHLIMH CTOPOHAMM).
Mockonsky £BAC =120°, 10 £L, AB = ZBAK (puc. 2), a 3HaumnT, AL,
npuHamiexut Ouccektpuce yraa L AK, 1. e. apiseTcs GUCCEKTPUCOH
BHELIHero yra npu sepumiHe A tpeyronsHuka AL C. [Mepeceuenue
Guccexrpuc yrnos ACBwu KAL, nact 104Ky L,, a 3Hauut, [, L, — 6nc-
cexTpuca yrna AL B: Zl= 22,
AHaIOrH4HO, £3 = £4, a 3Ha-
quT, £3+ £1=90°.

Kasanocs, «criop» moaomen
K koHuy. M Bapyr.. onpoc?
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56. [lyans Ha Macopybrax

Kax peuuts o6parhyio sanauy: eciin £L, L, L, =90°,10 £ BAC =120°?
Kakeres, npumeHuTs «TeopeMy o IBYX GHcceKTpHcaxs He yaacrea?! Mo-
HET OBITh, IPUMEHUTE MePBbIi crioco6? A MoXeT ObiTh, 0OpaTHas 3a1a4a
HesepHa? Mo kpaiiHeii Mepe MHe OHa He BCTpeyanack. OTBET HA BONpOC
YHTATE/Ib MOXET HAWTH B KHUre «Tpeyro/bHUK H TeTpasap B 3amadyax»
(pasnen «bucceKTpanbHBIN TpeYTONBHHK» ). Jya/b 3a MPHOPHTET criocoba
He MOXeT OBITh OKOHYeHa 3a HeHanoOHOCTEI0. [To3ToMy OHa M Ha3BaHa
«Iy2/IBI0 Ha MACOPYOKax». DTy ya/ib BEIMIPAeT He TOT, KTO JOKAKET, 9T0
ero crnocob nydine, a ToT, KTo ByneT 3HaTh 0ba cniocoba! M Gonee Toro...
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57. Camas nonynsapHas hopmyna 6UCCeKTPUCHI

1o hopmyna
I} =bc—bc,.

3necn !, — Guccexrpuca AL, ,bnc— croponsl AC u AB TpeyrofibHHKa
ABC,b, =CL, ¢, = BL,.

[lomynapHocTs OPMYIIEL BIOTHE TOKa3yeMa — OHa B BHIE 3adadu
Obu1a onyOMHKOBaHa B yxe yroMsaHyToMm «COOpHHKE 3a1ay 110 F'eoMeTp-
UM, 4. I, naHuMerpust 1na 6—9 KIaccoB CeMMIETHEH W cpeaHeil mxo-
JIBl», Mepen3faBaBeMcs aecatku (1) pas.

Kak ykasaHo B KHHre, ee THPaX, HanpuMep, B 1954 rogy cocrasisi
1 500 000 3xk3eMTINAPOR.

Topno no ceit neHs (3amayHuK mepensnaerca B Mockse) HOCHT oHa
HoMmep 98§ 14

Keadpam Guccexmpucit yeaa npu aepuiune mpeyzoabHuKa pagew pasmo-
cmu medxedy npoussederuem GOKO8bIX CIMOPOH U NPou3gedeHleM ompesKoe
OCHOBAHUA.

3. A. Ckoneu ropopui, uTo 310 (hopmyna JlarpaHxa.

IMparna, MeHst «BONHYeT» WHOE: cKonbko yaeHnkor CCCP mormu
penruTs 9Ty 3anauy? A yuuteneit? Pa3se uro y Hux 6sina kaura «Cobpa-
HHE FeOMETPHYECKHX TeopeMs M 3anayb» E. [Tpxesansckoro (Mocksa,
1901), rae dopMyna noKa3eBanack ¢ MOMOINBI0 Teopemnl CTioapra
(111, Ne 100).

Xoresiock Ol 3HaTh, KTO IEPBBIH Npei-

>, TMOXMA CYTIEpaNeraHTHLI cnocob noKasa-
N\ TEJIbCTBA ¢ MOMOIIBIO «BCIOMOTATENBHON
OKPYXKHOCTH», KOTOPHIA [pHBEAEM KakK

nMepeslit crnocoB.

Iepsuiii cnocob
C B Bokpyr TpeyroneHuka ABC ormamem
wy OKpyxkHocTb (puc. 1). IlpomwmaM GuccexT-
pucy AL, no nepecedeHHs ¢ OKPYKHOCTLIO
m 8 Touke W, . Tlockomsky £CAL, = ZBAL,,
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57. Caman nonynapHan dopmyna GucceKTpucs

a4 LACB = ZAW, B, 10 AACL, ~ AABW, u, 3HauuT,
AW, _ AB

AC vidL’
win (AL, +L W, )AL, = AC-AB,
win AL} + AL, - LW, = AC-AB.
Vuureisad, 4To
AL, -LW,=CL, -BL,,
HMeeM
AL? = AC-AB~CL, -BL,.

Bmaopoii cnocofi
ITo Teopeme Kocunycos (b =CL,, ¢, = BL) (puc. 2)

bl =b* +I2 =251, cos—‘;; A
A
el=e?all —2c-!,oos;, i L
OTKyHaa
b 4l -8 ¢ +lj ¢/ ! & £ "
2b 2¢
Puc. 2

P (b=c) = be(b—c)- (.c,sf -cfb).
YuurhiBad CBOMCTBO OHCCEKTPHCH! BHYTPEHHEIO YIa TPEYTOIBHHKA,
HMEEM

=1 o be, = be.
1

0o
> ]

Orciona
cb! —clb=c,bb~c bc=c b (b-c).
3HauMT,
12 (b—c) = be(b~c)—c, b, (b—c).

TMycts b#c,Tornal] = be - bc,. IIpn b=c hopmyna oueBuaHA.
Ipemuii cnocob
JaMmeTHM, uTo
2
a be
i =,
(b+c)
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Tnasa VI. DopMynbi NNZHHMETPHH

Hcnoassyem dopmysty
2k A
b+e 2
Hmeem
4h%c? , A a’be
CO8" —= ———
(b+c)? 2 (b+c)?

4b’c? 2 A (b+c)’ —-a’
HIH L8 —= ———
(b+c)? 2 (b+c)?

S
4bc -cos’g=(b+c) i e

(b+c)’ (b+c)’
Yuursisas, uro
24 _l+cosA
2 X oo
HMeeM
2be(l+cos A)=b* +¢? +2be -a?,
wm2becos A=b? +¢? —a* —
TEOpeMa KOCHHYCOB.
Yemaepmbili cnocofi
4 HoxassiBaeMyo (hopMysy 3anuuiem
B BHJIE:
_be_be
5 ¢ L
@ W3 AACL, (pue. 3):
TR
e S I, “dnC »
Puc. 3 *
(¢— yron AL,C).
W3 AABL,:
e )
W3 AACL,:
sin =
- e 3
I, sinC
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57. Caman nonynApHan (opmyna BUCCEKTPUCE

W3 A4BL,:
sin —
€ 2
Soei2, 4
1, sinB “
Yuurrigas (1)—(4), imeem
Y
be _be, _ sin’g 2 _l-cos2¢-l+cosd _
12 I’ sinBsinC sinBsinC 2sin BsinC

=cosA—cos(28+A) _2sin BsinC a1
2sin BsinC 2sin BsinC

Iampdi cnocod
O6O3HATHM ¢ — YOI MeX/1y OHCCEKTPHCOH [, U BEICOTOI A, . 3ame-
THM, YTO

h
-2 =gin(C; 1
b sin ( )
ﬁ=si11 B; (2)
c

oy Qi sinzdi

h, sinBsinC’ ©

St hobial’s @

cos’ @ sinBsinC’
Tokaspizaemyro hoOpMyIy pasaenum Ha f . TTomyanm

102 bc bicl
noR R

M3 dopmyn (1), (2) u (3), npuMeHEHHBIX K TpeyroibHHKaM ABL, 1

ACL, , nMeem
sin? 4
1 1 1 2

2 1 BT L .
cos’ ¢ sinC sin B sinB-sinCSiﬂ{B"’;)sm(C*;]

YuursiBad, 410
sin{ﬁ+3]=sin(£+c}
2 2
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Inasa VL. opMyntt NAZHUMETDUM

HMETM

5l
1 1 SIT'IE‘

oty
GRESGsn B an sinBsinCsin’[B+§J

sin’(;ﬁh-;]—:sin2 A

2 -
si.nBsinCsin’[B+i;?J
dunBsn(as By . A

2sin BsinCsin’[8+—§] sin’[3+g]
JoCcTaTouHO 10KA3aTh, 4T0

c{)szq:h:sin’(Bi-%}

cos’ —E_Cjacos’ ___180“-2B~A)=sin,(3+ﬁ}
2 2 2

Illecmoii cnocod’
Jlemma. B tpeyronsuuke ABC o6o3HaYHM

AB-BL, =m; AC+CL, =n.
Hokaxem, uro AL =~/mn.

Hmeem

JIOKa3aTeIheTRO -

Ha cropoHe AB (puc. 4) Bo3b-
MeM Touky D Ttak, wroBD=L B
(AL, — Guccektpuca yrna BAC).
Ha npsamoit AC Bo3pMeM TouKy £
TAK, 4TO

LC=CE.

JoxaxeM, 4TO TPEYTONBHHK
AL D nonoGen TpeyrofbHHKY
AL E. Jina atoro gokaxem pa-
BeHCTBO YroB AL DuCEL, .

' Crocob st u3 xuurn M. @, IMapurusa «3agauanmuk 9—11 knaccas (Mocksa:
Npoda, 1997).
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57. Caman nonynapHan diopmyna BuccekTpucsl

06GozHaYHM
ZCEL =0,£DL B=P, ZAL D = x.

Hmeer: o =%C(H3AECLI), |3=1§°_2:£.J1me,

x=ziAL1B—B=(]80°-—£—B]—-1§92= gt B
2 2 g 3
a=C_180°AB+A) o0 B A
2 2 572

Hrak, x =a. Mockonexy £CAL, = 2L, AD, To TpeyronsHuku AL D
H AL, E nofo6HbI:
ﬂ = AD . (1)
AE AL
3uaunt, AL, =mn.
Iepeiinem K noKa3aTeNnLCTBY HOPMYIIEL
AL} = AC-AB-CL, -L,B.
M3 dbopmynst (1):
AL} = AD- AE =(AB - BD)(AC +CE)=(AB—-BL )(AC+CL,)=
=AC-AB-BL, -CL, —-(AC-L,B—-AB-CL,)
(BBIpAXKEHHeE B CKOOKAX paBHO HYJIO).

Cedomoit cnocol
JHoxaxem BHauame Teopemy Crioapra;
Ecnu otpesok AX =d tpeyroneunka ABC nemwr cropony BC Ha ot-
pesku BX =muCX =n, 10
d*a=b*m+ec’n—amn.

JokasarenscTeo
Tlycte AH, — BEICOTA TpEYTONLHMKA A
ABC (puc. 5). M3 Tpeyronsnukos BXA u

AXC umeem
¢ =d* +m* +2mXH,;
b* =d* +n® -2nXH,.

YMHOXHB 4WiEHBI NEPBOT0 PaBEeHCTBA R
Ha N, 4 WieHB! BTOPOTO PABEHCTBA HA M U
CJTOKHB UX MOWIEHHO, TIOJIYIHM:

cin+bim=d*(m+n)+mn(n+m),

WA e
Puc. 5

14461744 209



T'nasa V1. ®opmynbl NAAHAMETDPUN

HIH
da=b*m+c*n—amn. (1)
[lepexoauM K 10Ka3aTebeTBy GopMyJisl OHCCEKTPHCHL.

Hmeem
m__C orcymim=-2% =20
a-m b b+e’  b+e

Tonctasus B (1), nomyunm [’ = be —mn.

BoceMmoii M mesATEIN criocobbl Npeataratich B pasteie «Bosnuioma

CBS3b BPEMEH».
Hecarelii criocob npeiaraeTcs HAWTH CAMOCTOATENBHO.
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58. Jlyywasa aBTopcKan 3afa4a,

unu 19 ner cnycra

B 1987 roay Ha XXVITT MexayHapoiHO#H MateMaTHYeCKOH QIMMITHANE
ot Coserckoro Coioza GIA MpeUIOKEHA W TIPUHATA KIOPH MOA 3adaya:

Buccexkrpuca yria A ocTpoyronsHOro TpeyronsHuka A BC nepecexaer
cTopoHy BC B TOUKe L,a ONMUCAHHYIO OKPYKHOCTE TPEYTOIBHUKA B TOUKE
N (otmwunoii ot A); K 1 M — ocHOBaHKA NIEPNEHANKYIAPOB, OIMYLIEH-
HeIX U3 L Ha cropoHsl AB u AC. Jlokaxure, 4TO YeTHIPEXYIONIBHHK
AKNM paBHOBeTMK TpeyronbHUKY ABC.

s ee pelueHus NoHaA00MNACk YIHBHTENBHAA (hOpMyna
§= %AWI “MN, ®

riae W, — Touka nepeceyeHus 6uccekTpuchl yria BAC ¢ onucaHHOM OK-
pykHOCThIO, M ¥ N — npoexiyu Touku L, (0CHOBAHMS GHCCEKTPHCEI
AL, ) na croponnl AC u AB.

3ﬂ NPOWEALIKE TOABl 3a/a4a HEOAHOKPATHO aHATH3IHpOoBaiach.
@Dopmyna (*) HOKa3BIBaNACh Pa3HBIMH CIIOCOGAMH M ITOCTYXHIA [IPH-
YHHOH OTKPHITHA HOBBIX 3aBucuMocTedf. Ho cHavana o6 mcTopum
CO30aHMs ITOMN 3aMedaTebHOI hopMyb.

Paboras Han BrMcaHHOMN MOMYOKPYKHOCTEIO, 1 00paTH BHHMaHHE
Ha o1pe3ok F F,, riae F; u F, — TOYKM KacaHusi ee CO CTOPOHAMM Tpe-
yronbHuka ABC (puc. 1). AcHo, uto

F F,=2R, cos l;;.
rae R, — panuyc MONyoKpYKHOCTH C LieH- F
TpoM L, . 3axoTenochk «cBA3aTh» OTPE3OK 2

F, F; c anemeHTamu TpeyrombHuka ABC. c
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[nasa V1. QopMyninl NNAHAMETPHA

Mockomeky R, = AL, -sin g ,TO
FF, =2, singcusg:f,sim (1)

(I, — buccexktpuca yrna BAC, L, — Touka nepecedeHHs GHCCEKTPHCH
yria BAC w croponsl BC).

CoorHomenue (1) MoxHO ObU10 6B MOMYIHTE CPA3Y, OMHCAB OKPYK-
HOCTh OKOJIO YeThIpexyroibHuKa AF, L, F, ¥ NpUMEeHUB COOTHOLICHHE
a=2Rsin A, Ho, MoXeT BbITh, Toraa 661 He 65U10 (hopmyiel (*). [Tpunss
MOJTYy4eHHOE BRIPAXKEHHE 33 MMPOMEKYTOUHOE, 51 MPUMEHHT W3BECTHYIO
thopmyny

.t‘ﬂ = &.cmﬁ
hite = 2
Torna
2besinAd A S

WTaK, NoIy4Hioch «HeKPACHBOE» BLIpAKEHHe
S=% FF, -2Rcos¥.

o8¢
2

cotoit AH, u buccexrpucoit AL, . Cepe-
guna gyru BC — Touxka W, W, D — nua-
merp (puc. 2). ITockonbKy

0 ZOW, A= 2W, AH,,

B-C

— BEPIINHA YT/Ia MEXIY Bbl-

c 'R 10 2RC0s =AW,

M| Ly H,

(M3 NpPAMOYTOMBHOrO  TPEYTOMBHHKA
W ADW,). Wirak, noiydeHa Gopmyna
Puc. 2 1
3= 5 F F,AW,.
B nansueitiuem dopMyna MPHHUMAET BH]L
S= zl MN-AW,,

rne M u N — npoexuuu To4ku L, Ha cTopoHEl AC 1 AB.
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58. flyuiwan aBTOpCKAA 3a4ava, uan 19 ner cnycrs

Peunn «obkatats» (OPMYTY Ha CBOMX yueHMKax. OHM JOKa3amy ee
¢ noMoIBIo TeopeMsl ITToseMes: IPHMEHHMM 3Ty TEOPEMY K 4ETBIPEXYTOMTL-
HURY ABW,C (puc. 3). TTony4um

b-BW, +¢-CW, =a-AW,. (19

Tpeyronsuuku BW,C u F,L F, nonoGust (oMM paBHOGEIpEHHbIE H
ZBW . C=ZF,L F)):

F L A

LLANELU I it
FL EF, FF,

HoF L, = ing; (nokaxure!), moaromy

a-28
P g 27 '3
INoncrasuM seipaxenue (2°) B (19). Mmeem: “V

i.(mc].—,a.gm, W
(b+c)F, F, Puc. 3

otkyna S=—;~F1F2 AW,.

CoapnaHHag 3anaya 6bU1a ITocaaHa B KypHan «KBaHT», «3anmidporan-
Hafg» TaK:

BuccexTprca yra A TpeyrofnbHHKA A BC nepecekaer OMHCAHHYIO OK-
pyXHocTs B TouKe W, , a cTopony BC — B Touxe L, . Touxu F, , F, — npo-
exumu T04KH L, Ha cropoHsl AC u AB, K| u K, — To4KH nepeceyenus
orpeskos F,W,, F,W, co cropoHoii BC. [lokasats, 4to

Sricx‘ + Sr,r,s = Sx,x,w, E
JlokaszareabeTso

TTokaxem, uro AABC W YeTHIPEXyTOih-
HUK AF W, F, paBHopemuku (puc. 4). [eit-
CTBHTENBHO,

Ay

AP W F,

=3 FLE AW,

uS:%FIFi-AW].

Ecnu yyecTs, 4To nuIomans NATHYTONBHH-
ka AF K K, F, — obwias, 10 yreepxacHue
3anauu OKa3aHo.

Puc. 4
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Cnasa VI. Popmynsi NIAHUMETEHH

MpsxoanTes YINBAATLCS, KAK 3afavua nonana va MexnyHapoaHyio
omEMTHATY, K2K «KBsaHT» eI ee MOCHaTh, KaK XKiopH 42 CTpaH Bbl-
Gpano MMEHHO ee, HO HCTHHHAS MOl JII0G0BE K Hell MPHILIA 3HAUHTE b~
#o nodae. [00B! MOKA3aIH DIYOHHY M MHOroobpasHe 3a1aqy Kak B BHIE

GOPMYTHI S=%AW, -MN, TaKk ¥ B BHIE 3aJaYM O PABHOBEIHKOCTH.

3. A. Ckonel KaK-To oSMOIBHICS, YTO KpACHBaA 3a1a4a — 3TO 3a1a-
4a co MHOrMMHM criocoGamy penrenus. [TOKakeM HECKONBKO M3 HUX.

Hepesiit cnocod
(creaa nanpaea)
A Tpebyerca nokas3aTh

S=§MN-AW1.HJ:H

besin A= MN - AW,. )

OnuieM BOKPYT HYeTHIPEXYTOIBHUKA
g AMLN oxpyxHocTs (puc. 5). [lockonexky
AL — nuamerp, To

sind= MN
W AL
Puc. 5 W BRIpaxkenue (1) npuMeT BrI

be-MN _ MN . AW, ,mm be = AW, - AL,
AL
a 370 cAenyeT M3 nogobus TPeyroNLHUKOR («3aMeuareibHoe noaobues)
AW,Cn ABL. Y

Bmaopoi cnocoil
(cnpasa naneeo)
TTockoneky

MN =1, -sin An ZLAH, = ¢ (puc. 6),

AW, -MN =1, -sin A- AW, =
=/, sin 4-2Rcosp=
=l ,cosp-2Rsin 4=

e o 1
h L

—h-a=2S
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58. Jlyuwan apropcKas 3agaya, wnu 19 ner coycra

Tpemuii cnocob
(chopatyane ea mapues)

Hmeem
MN =1, sin A, AW, =2Rcos¥.
2be A
I, =—cos—
et

TpeGyercsa pokas3aTh, 4TO

lf, sin A-2Rcos Bt -I~bc sin A,
2 2 2

Win ﬁco@i-ZRcos B=C =be.
+c 2 2

Hrak, Tpebyertcs 1oKalaTh, 4T0
4Rcosdcosﬂ=b+c,
2 2
4 3T0 OYEBHIHO, TaK KaK
A B-C

b+c=2.R(sinB+sinC)=4Rcosicos—‘

2

Hemeepmuil cnocofi
TpeGyetca 1oKalaTh:

besin A= AW, -1, sin A, win AW, :,'E'
Hmeem
be(b+c) " b+c
e 2bcicosd 2008l
2 2

2,
I

Wrak, TpebyeTcs A0Ka3aTh, 4T0
b+e

AW, = 3
?.t’:osﬁ
2
WIH, ¥TO TO XE,
AT =0%e
2

(I' — npoexms Touku W, Ha AC (wn AB)).

19
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Mnaga VI. Popmyasl NNSHHUMETDHM

« Yucmo 2eomempunecxoe (!)» doxazameabcmeo

3ameTm, gTo B « KBanTe» (1988. — Ne 4. — C. 30) 6euto onybnukosa-
HO pemesne 3a1a4M (cM. «[lepBriit ciocods»).

O cyuecTBOBAHHH ellle OHOTO crocoda, npuyeM Ge3 eqMHOM TPHTO-
HoMeTpHyeckoil dopmynbl coobmmn xKypHan «MartemaTuka B WIKose»
(1988. — Ne 1).

Ipu obcyxaenuu 3amay MexayHapoaHo#i omuMHansl myGaukopa-
JIOCh HHOE pellieHHe 3a1a4u (MoxeT ObITh, H3 MATEPHAIIOB XIOpH). 310
YHCTO TEOMETPHYECKOC» PEIIEHHE, B OCHOBE KOTOPOTO C MOMOIIBHY
BCTIOMOTATE/IbHOM OKPYXKHOCTH 06pa3yioTcs IBe TpaneLHu.

Hrak, yernipexyronsuux AMW, N u tpeyronbHuk ABC umeror 00-
L0 4acTh — NATHYTONLHHUK AMEFN (puc. 7). Ocraercs 0Ka3aTh, 4TO

S evn +8 yae =S£Il'.r'
OnuueM BOKPYI YeThIPEXYTOJbHHUKA
A AMLN okpyxHocTs. OHa mepeceyer CTo-
pony BC u BO BTOpOIi TOuke (nmeppas —
Touka L) — touke P. ZNPL onupaerca Ha

ayry NL, a sHauut, ZNPL =180"—§, or-

c B ciona ZNPB - g.
Paccmotpum yron CBW, . On onmpaet-
W ca Ha iyry CW, , a sHaumT, TOXE paseH
ol =4,
2 2

Hrak, ZNPB = 2 PBW, ,cnenoparensto, PN ||, B u ueThipexyrofib-
HUK W, PNB — Tpaneums. AHATIOTHYHO IOKa3pIBAeTCS, YTO YeThIpeX-
yronsHUK MPW,C — tpaneuns, a 3Ha9MT, S pay, =S g U S ¢ = Sppes
YTO IOKA3BIBAET YTBEPKIEHHE 3a1a4H.

Padu xypanca! Eue odun cnocofi!
A BcnoMHuM «3TI0/1 O BIMCAHHOM 10~
JIYKpyTe».
B rtpeyronsuuk ABC BnucaH momy-
KPYyr TdK, 4TO €ro QWaMeTp NnpuHamie-
KHT cropoHe BC, M u N — TOYKH Kaca-
HHS MONYOKPYXHOCTH ¢O cTopoHaMu AC
u AB rpeyronsHuKa (puc. 8). Jokasars,
c : B uro BhIcOTa AH, IpUHALIEXHT GHCCEK-
Puc. 8 Tpuce yrna MH N.
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58. Jlyywan asTopcKan 3agava, uan 19 aer caycra

JlokazaTensCTio
OnuuieM OKPYKHOCTh BOKpYT yeThipexyronsHuka AML N. Eii Oy-
zer nmpuHAmIekaTh Touka H, (Tak xak ZAH L =90°. Ilockonabky
UAM = UAN, TO yTBEpXKICHHE 3a0a4H I0KA3aHO.

CaskeM 9Ty 3amaqy ¢ Hauwei: Touka P
ARIAETCA OCHOBAHHMEM BhICOTHL, OIMYIUEH-
HOM 13 BepIIHHEL A Ha cTopoHy BC!

3HaumT, B TpeyronbHuKe AL, B otpe-
3ok MP (on xe MH|) aHTHnapauieaeH
cropoHe AL (puc. 9) n

ZMPB=Z =g.

Wrax, ZMPB = /PBW,, MP|| BW, Jlans-
HeHIIMe pacCyXIeHHsA aHATOIMHEl TIpe-
ABIAYLIEMY Criocoby.

Mbi 0601LTHCE 663 BCTOMOTATEIBHOM OKPYXHOCTH!

TMpumenenue gopmyns S = % AW, -MN

3anaua 1. lano: 4,/ , AW, . Haittn 4 ..
Tockomsky MN =1, sin A,mS:%:, sin A AW,.

Janaua 2. [TOCTPOHTHL YETHIPEXYTONBHHK, PABHOBEIWKHIl JAHHOMY
TpeyroisHuKy ABC.
970 YeThipexyronsHuk ANW, M.

3anava 3. [ToCTpOMTE AENBTOMH, PABHOBEIMKHI TPEYTONLHUKY ABC.
310 yeThipexyrofsHuk ANW, M.

Janaua 4. [TocTpoUTH YeTHIPEXYTONBHHK, PABHOBEIMKHH TPEYToIh-
HHUKY ABC, uTo6bl B Hero MOXHO ObUIO BIMCATE KPYT.
10 yeThIpexyronbHUK ANW, M.

3anaua 5. Jokasars, uro S < R-[,.
JloxazareascTBO

Hmeem § = -2|- AW, - MN . Tlockombky

AW, S2RMN =1, sinA<l,,to S<R-l,.
MoxHo nokasare, 9to § < R-h, . Jokaxure!
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59. ®opmyna JleoHappa Jinepa

JlokaxkeM pasnuyHEIME criocobaMu opmyny Jleonapaa Diinepa
OI* =R* -2Rr,

rae O — 1eHTp ONMHCAHHOM OKONO TpeyroibkHHKa ABC OKpYXKHOCTH,
I — muuenTp (UEHTpP BIHMCAHHOM B TPEYTONbHHK ABC OKpyKHOCTH),
R W r — paiuychl 3THX OKPYXHOCTEIH.

HagrepHoe, cpean hopMyn KONLHON FEOMETPHH 432 CTPAHHLIAMK
yueOHHMKA» OHA 3aHMMAaeT ocofoe MECTO: M MO BHEUIHEMY BHIY, H MO
NPUMEHEHUIO, H 110 MHOTHUM PasHOOOGPAIHEIM, CodepXcammenbibim CIIo-
cobaM IoKa3aTeNnseTBa. PACTIONOXHM HX B HEKOTOPOM ¢XPOHOIOTHYE~
ckoM» nopsake. Haunem co cocoba, 61M3K0ro K 10Ka3aTeNsCTBY ca-
Moro Diepa, «4MCTO FTEOMETPHYECKOTO».

Hepeoui cnocod
Myets W — cepemuna oyru BC
(puc. 1). WE — nMamerp OKpyXHOCTH,
OMUCAHHOK BOKPYTr TpeyromsHHKa ABC
(0 eWE). W3 unuentpa / npoBeneM nep-
neHInKyp K auamerpy WE (D eWE).
M3 tpeyronsauka WOI (no caener-
BHIO M3 TEOPEMEl KOCHHYCOB):
oI’ =OW? +IW* -20W -WD.
HoWD=r+M W (M, — cepenuna
croponsl BC). TToatomy:
W oI =R* +IW? —2R-(r+M,W)=

=R*<2R-r +IW? <2R-M,W.

L=

W3 npaMoyronsHoro TpeyronbHuka WCE cnenyer, 4ro:
CW?*=2R-MW.
[Nockomeky CW = IW («TeopemMa TPMIMCTHUKAY), HMEEM:
OI* =R*-2Rr.



59. ®opmyna fNleorapaa inepa

Bmapoi cnocofi
M3 Tpeyronsauka OB no TeopeMe Ko- A
CHHYCOB MoTy4YHM (pHc. 2):
OI* =OB* + BI* ~20B- BI -cos £OBI.
Yuursisas, uto:

OB=R,BI=—"
R, B'

sin — B
2
LOBI =X B~(90°-4),
2 Puc. 2
HMeeM:
: m-sm[m ]
(o] G2 P S =
sin* = sno
2 2
em(mfj 4R sin Asm BsmC'
:Rl =) = 2 2 2=
sin — 2Rsin? E
2
CDSA;C oo Az—c ¥ A;—C
=R¥=2 =
i et
s —
2
A+C
I e
=R -m-__%— =R*-2Rr.
sin
2
Tpemuii cnocol
Jlemma, CripaBe[UTMBO paBeHCTBO:
AF-IW =2Rr.

JToKa3aTeIbCTBO
Mzl ellie BCTpETHMCA ¢ 9TUM paBeHCTBOM. [IpHBeneM OOMH H3 CIO-
coDOB ero J0Ka3aTe/IbCTEA.
Ha npamoyronsHoro TpeyronsHuka AKI (puc. 3):

=
sin'—{‘
2

Al =
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Tnasa VL. QopMyns ASHUMETDUM

a W3 NPAMOYTOMBHOIO TPEYTONbHUKA
BM W (M, — cepenuta croporsl BC):
BW = _BC

2cos ZM,BW

_2Rsin 4 =2Rsin-2{.

2c0s—
2

M nockomexy BW = IW 10

Al-TW =—"_2Rsin 4 =2Rr.
A 2

sin —

IMepeiineM K fokazarenscrsy QopMyas Ditiepa.
Yepes Touxku O u [ nposesiem mmamerp MN (puc. 4). Torna
MI =R+0I,NI =R-0I.

A IMo TeopeMe O MPOM3BEICHMAX OT-
PE3KOB XOpI:
MI-IN = Al -TW,
M win (R+ON(R-01)= Al - IW.
ol Benencraue JieMMBL HMMEEM:
N R*-0rI* =2Rr,
c \L/B cnenosarensho, 017 = R* —2Rr.
w Yemeepmuiii cnocod
Puc. 4

W3 AOAT (TeopeMa KOCHHYCOR):
OI* =R* +AI* =2R-Al cos g,

e @ — Yroll MEXIY BbICOTOH AH wn
Guccextpucoit AL, (puc. 5).
Yyurbisas, 4TO

2Rcosp=AW,,

OI* =R* + AI* — Al - AW,

=R? +AI* - AI(AI +1IW,)

=R + AI* — AI* —AI-IW, =R* -2Rr.
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59. hopmyna NleoHappa Jinepa

Ilamubii cnocoli
W3 AOW, I:
OI' =R* +W,I* —2R-W,Icos p=
=R +W, I’ - AW, - W, I =R* +W, I’ -W, I(W,1 + Al ) =
=R’—AI-HV] =R*-2Rr.

Illecmoit cnocob

Jing TIPOM3BOSIBHOTO TPEYIOILHUKA

ABC cnipapemmisa (opmyna [aMimsToHa:
OH =04+0B+0C
(H — opTOLIEHTD TPEYTOIbHHKA).

Kak u3BecTHO, WHIEHTP [ TPeyroib-
Huka ABC apjisieTcs OPTOLEHTPOM Tpe-
yronbHuKa W W, W,

3ammmem dopmyny TaMHIBTOHA IIH
TpeyromsHuKa W, W, W,

01 =OW, +OW, +0W,.

Torza
01" =(OW, +OW, +0W; )’

M YOHTHIBaSA, 9T0 TOUKH W, (i =1,2, 3) IeAST COOTBETCTBEHHBIE JYTH 110~
nonaM (pHc. 6), UMeeM:

OI* =OW; +OW} +OW? +20W, -OW, +20W, -OW, +20W, -OW, =
=3R? +2R*(cos(A+ B) +cos(B +C)+cos(A+C)) =

=3R? -2R*(cos A+cos B+cosC) =

=3R* —2R2[1 +4sin g sin f— sin §]=JR* —2R(R+7r)=R* -2Rr.

Cedomoii cnocofi
Tlycts K — TouKa KacaHus BIIUCAHHOM B TPEYTONBHHK ABC OKpyX-
HOCTH €O cm_pouoﬁ AC (puc. 7).

Hmeem: O =04+ AK + KT, 0tryna
6—11 = OA+R+E)2 =
=0A" + AK® +KI* +204-AK +20A-KT +2 AK -KI.
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Tnaea VI. Dopmynsl NAGHHMETPHU

B Mockoneky £AKI =90°, T0
AK -KI =0.
W3 npamoyronsHoro TpeyroasHuka AKT:

A
AK =rctg —.
g2

‘ Tpeyronbunk AOC pasHOGEAPEHHBIH,
4 = noaToMy yron mexay sekropamu OA u IK
4 K C  paBoe Membie yria AOC, TO ecTh paBeH
Puc. 7 yriy B, a £0A4C =90°- B, CnenoparensHo,
L T . 7 L
OI" =R’ +r'cig 3+r —2RArctg?smB~ZchosB=
2 2 e 2 2A
=R*=2Rr+r" +2 l_cmfsm B—cos B |+r°ctg 5

[losToMy /s fokazarenbersa HopMylibl Difiepa I0CTATOYHO MOKa-

3aTh, YTO
2Rf[]vctg§sin8~cos8]+r’[ctg ?;4-1]-_-0‘
TO €CTB, 9TO
2Rl 25in? 220t A sin Zeos 2 |+ —T =0,
2 2%, hand
2
Hmeem
B A. B B r
2sin® = —2ctg < sin —cos = |+ =
M{ TR 2] S
s —
2
cosAcosB
B S r
=4Rsin —| sin —— + =
2 L i
sin — sin?
2 2
B .. B
sin sin —
=—4R icm";B rA—-4R ZAsmgsin-’;+ rA‘
o sin? sin? £ sin? £
sm2 S 5
M OCTANOCE TONBKO BOCNONb30BaThCH hopMyoi

r=4Rsin£sin£sin-{-“-.
2 2 2
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60. 3amevyarenbHoe paBeHCTBO

reoMeTpuu TpeyroNbHuKa

PaBeHCTE B TeOMETPHH TPEYroIABHHKA CYNIECTBYET DeckoHeYyHoe
MHOXECTBO. 3BaHHE «IaMeYaTe/ILHOTO» HAN0 3acHyxHTh. Peus moit-
JIET 0 COOTHOIEHHUH

Al -IW, =2Rr (*)
(I — wutueHTp, W, — Touka nepeceyeHns GUCCEKTPHCEI BHYTPEHHETO
yrna BAC tpeyronsHuka ABC ¢ oMMCAHHON OKOJIO 3TOTO TPEYTOJIbHUKA
OKPYKHOCTEIO, R, r — paIMychl OMMCAHHOI OKOJIO TPEYTONIBHHKA W BITH-
CaHHOII B TpeyrosisHHK ABC OKpyXHOCTEIH).

PaBeHCTRO /IS MCTHHHBIX JIODHTENEH FEOMETPHM HE B HOBHHKY,
HO MOYeMY-TO HM B ONHOM M3 3HAKOMBIX MHE KHHI OHO HE BHIIEN-
JIOCh KaK HeoOXoLMMoe | 3HauuTenbHoe. [locTapalocs yOenuTs yuTaTe-
ISl B BAXKHOCTH 3TOTO PABEHCTRA.

Cniocofsl HOKA3aTeNBCTRA

Iepewii cnocob
HatpeyronsHuka AIK (K — Tovka Ka-
CaHWsA BITUCAHHOMK OKPYKHOCTH CO CTOPO-
Ho#t AB) (puc. 1):
A=l
sin —
2
M3 tpeyronsiuka AW,C (mpuMmenss
«TPHIIHCTHUK»):

W, =CW, =2Rsin§,

r-:Z.ﬂTsin"—4
sHaunt, AI- W, =—A?' =2Rr, ur0
sin —

2

W TpeboRaNOCh.
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Fnasa V1. Dopmynsi NNGHWMETPHK

Bmopoii cnocot

Iposeaey auamerp W, D.
Al=—": W, =W, =2Rsin§(macmm
sin
Toraa A -IW, =2Rr.

Tpemuii cnocob

Tpeyronsnuk CDW, nonober TpeyronsHuky AIK:
DW, CW, 2R _ﬂ

=L
AL o IK Al

otkyna Al - IW, =2Rr.

r

‘:‘emsepmm& enocof

HBAAIC—— oTCIaa
=S
5-¢in S ERsinBsing
e 5 ;
2 2
JHA4HT,
A[=4Rsin§s‘mgumj =2Rsm§

AL-1W, = 4Rsin B sin € 2Rsin 4.
29" 2

Vuureisas, 9to r = 4R sin %l sin g-sin g , umeem AI-IW, =2Rr
Hamwti cnocod

Yepes nentpul O u I (puc. 2) npo-

M BeneM xopay MN.
Hmeem
Al IW, = MT-NT =

o Jr
N _@®+oDR-0D=R'-0I*

CWB =R*-(R*-2Rr)=2Rr.
W

Puc. 2
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60. 3ameyarencHoe PaBeHCTBO reOMETPMM TPeyronbHUKa

Hlecmoit cnocol
VuurtsiBas dopMymy Ditnepa, uMeeM (puc. 2)
2Rr =R?*-OI* =(R-OI)(R+0I)= MN -NI = Al -IW.

Cedbmoii cnocod
B kuure 3. A. Cxoneua 1 B. A. JKaposa «3a1a4u 1 TCOPEMBI 110 reo-
MeTpHH (TanuMmeTpus)» (Mocksa, 1962) K IOKa3aTenbCTBY JAeTCS
ykasaHue: «PaceMorpers TpeyronsHHK W) OC H HCNIONB30BaTh TEOPEMY
CrioapTa, a 3aTeM BOCHONB30BaThcA TeopeMoi Jitnepas. Mpeanaraem
3TOT CNOCO0 YUTATENIAM PACCMOTPETh CAMOCTOATENBHO.
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61. ®opmyna KapHo Kak 3epkano

reoMeTpumM TpeyronbHUKa

Jasape Kapro (1753—1823) suaHbii gesTens QpaHiy3ckoit peo-
miotn. OcTaBil psill KPYTHBIX paboT Mo MaTeMaTHKe.

®Dopmyna KapHo, 0 koTopoii ofineT pe'b, HMeeT BUI: B OCTPOYTOJb-
HOM Tpeyronbhnke ABC

OM, +OM, +OM; =R+r *)

(O — uenTp onucaHHoM okpyxuoct, M, , M, , M, — cepenvHR CTOPOH
BC, AC, AB, R, r — panuychl OMHCaHHON W BIHCAHHON OKPYXHOCTEl
B AABC).

dopmyna, IHPOKO M3BECTHAS B JIMTE-
parype, 0OBIYHO AOKA3LIBAETCA C IMOMO-
meio Teopemsl [TTonemesn (puc. 1).

Hmeem

oM, --+0M32= &
ar="a
—+OM S B
2 2
oM, —+OM3—b=R 2
2 2" g

oM, 2+omM, -2 rom, L.

2 2 2

R[a+b+c] [a+b+c}
e Pl e
2 2

wOM, +OM, +OM, =R+r.
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61. Dopmyna KapHo KaK 38pKaN0 reoMeTpH TPEyroNbHHKa

B knnre « TpUKYTHHK i TeTpaeap B 3aiaqax» NpuMeHeHa Gopmyna
r=dRsin2sinBsin €
2 L. 2

W JI0KA3aTeBCTBO CTAHOBUTCA I0CTATOYHO KOPOTKHMM:
OM, +OM, +OM, = Rcos A+Rcos B+RcosC =

=R{c0sA+cosB+cosC)=R{l+4sin f}sin g sin%]:

=r+aranLain B @ =Ry,
gie gy

Onnako obpamaer Ha cebd BHUMAHHE MATOH3BECTHBIH «4HCTO reo-
METPHYECKHIT» CNoco0 oKa3aTebCTBa, BHIHMO, HMEHHO TOT, KOTOPLIM
dopmyny mokassiBan cam Jlazape Kapwo. ITpuseaem ero, coenas He-
CKOJIBKO VIIPOLIeHNH, B CBA3H ¢ HEKOTOPBIMM 3aBHCHMOCTAMH, BO3BE-
JIeHHBIMH HAMH B PAHT TCOPEM.

OroiineM oT 06BITHO NPHHATHIX
oboanavenuit. [lyeto Du F — ce-
pemyHbl cTopoH AC U AB (puc. 2).

JononHuTenLHOE MOCTPOEHHE:
npopefieM 4epes Touky W, mpsa-
MY, TlapajielibHyo cropoHe AC.
OHa nepeceveT ONMUCAHHYIO 0KOJIO
Tpeyronbuuka ABC OKpyXHOCTB
B TOuKe N.

IMporenem npsamyo 0D, Koto-
pas nepecetuer xopay W, N B Touke
L.W3 To4KH A ONYCTHM Ha NPAMYIO
W, N nepnengukynsip AP. U3 un-
LeHTpa / omycTHM Ha npsiMble W, 0
u BC nepnenmuxynapsl 1E u IK.

Hanee cymmy DO +OF 3amenum orpeskoM DL, nokasas, 4To

OL =0F. (D
Pacemorpum tpeyronbiuki OW, L n OAF . Ouu paBHBL, TaK Kak
OW, =04, £W,0L = LACB
(YT/IBI ¢ B3AMMHO MepreHINKyIAPHEIMH CTODOHAMH)

ZAOF = ZACB.
Tem caMeIM paBeHCTRO (1) NOKa3aHo.
3amernm, uto DL = AP, [lokaxeMm, ut0 AP =W, E. Jlna storo foka-
JKEeM PaBeHCTBO TpeyronbHukos EIW, u PNA.
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Frasa VL. Dopuynsl NNaHUMETDHK

¥ mux W, I =CW, = AN (TeopeMa TPHIHCTHHKA H BTHCAHHAS Tparie-
s ACW, N), a ZEW, I = £ZNAP. [leiicTBuTensHo,
2EW 4=2=C
2
(M3BECTHOE COOTHOLIEHHE: 3TOT YIOJ PABEH YIUIY MEXIY BRICOTOH A, M
OuccexTpHcoi /, ),

ZNAP =180°-ZACW, ~90°=90°~LACW, =W{C+§]=¥.
Hrak, AP =W, E. MckoMylo CYMMY 3alTHIIIEM KaK
§=0D+0OF +OM, =0D+0L +OM | =
DL
=DL+0OM, = AP+OM, =W, E +OM,.
Hrak, § =W, E+OM,.Ho
W,E=R-0E,OM, =r+OE,
IHAYMT,
S=R-OE+r+0E=R+r,
YTO H TPeBOBANOCH OKA3AT.
Opueunaavhoil evtood opmyast Kapno
(aemop FO. Buaeukuit)
H3pectHo, uTO
MIWI L % —r, M,W‘ =iy +r. '
2 2
Croxmm:
MW, +W*M, =2R="s2D 17" ”’*;’- i
r+d4R=r +r, +r.. (*)

JNoxaxem, uto dopmyna (*) ects ananor popmynel Kapno. [eict-
BHTEABHO,

R=0M, + M,W, =OM, +%.

AHaNnoru4Ho,

R=0M,+2 "

=i

R=0M, +
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61. Gopmyna KapHo KaK 3epKAN0 reOMeTpUM TPEYronbHUKA

Crnoxum:
3R=0M, +OM, +OM, +L’°;":_—3’
Yuurwigas hopmy.y (*), noaydaem
R+r=0M, +OM, +OM,.

229



62. CHOBa OPTOUEHTPUYECKUH TPeYroNbHUK

HokaxkeM dopMyITy TUTOIIANH TpeyronbHuKa: S =R p,, , toe p, — no-
JynepuMeTp Tpeyroibiuka H H, H . O ananoruu stoii hopmynsi ¢ op-
Mynoit § = r- p MoxHO nipounTath B riare «[tean Banax v mkonsHas
reoMetpus» (M. Kymnnp. «Bo3ppamenue yrpaueHHoN reoMeTpum», —
Kues: Makr, 2004).

Ilepeviii cnocot

IlycTs B OCTPOYTONBHOM TPEYTONBHHKE
ABC roukw H , H,, H; — oCHOBaHHS BhI-
coT (puc. 1), O — 1eHTp ONMHCAHHOM OK-
PYXHOCTH, 5, — IUIOIIANL YeTHIPEXyTO/:-
unkaOH, AH ;. Tlockoneky OA L H, H ;10
TIoMmAnk S, YeTsipexyronbauka OH, AH
paBHa:

s, =%OA-H3H,‘

Ananormyno, riomwanu §, u S, YeTHPEXYroJbHHUKOB BH ,0H
CH,0H, 6ynyT COOTBETCTBEHHO PABHBL:
8 =%OB-H,H,, 55 =%GC-H,H2‘
Takum obpasom,

S=8, 8,48, =2lk(H,H, VHH, +H,H,)=R p,.

Bmaopoii cnocob
Hmeem

Py =l(Hlﬂz+H:H3+-H|H!)=

%R(stA+sm2B+sm2(Z’) ——R 4sin Asin BsinC.

Mockonsky § =2R” sin Asin BsinC,T0 p,; = %
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62. CHOBA OPTOLEHTPHYECKHA TPEYTOABHHK

Tpemuii cnocofi

Jlemma. [lycre M u N — npoekimn
toukH H, (ocHoBanua seicoTh AH, ) Ha
croposl AC u AB (puc. 2). Jlokasars, M
yro MN =£‘ N

i € B
JloxazaTenscTso H

OnmureM OKPYKHOCTh OKOJNO TeThi- Puc. 2

pexyroibHuka ANH, M. Torna

A

MN =h, SinA=2£5‘inA:M=£_
a 2R-sinA R

A Tenepb, coBCTBEHHO, TpeTwii cnocob. MpousseneM CHMMETPHIO
Toukn H, ornocutensHo ctopon AB u AC. Ilonysnm TOUKM LukK
(puc. 3). TMockonbky

ZAH,H, = ZCH,H, = ZKH,C, K A
10 KL — npamaan KL =2p,,,

aMN:%KL

(MN — cpenHss NTHHHA TPEYTO/b-

nuka KH, L), suawt, p, =%. C Pl‘l:.{l3 &
Hemeepmuiil cnocol
Tockoneky ZAMN = £B (puc. 4), T0 4
AAMN ~ AACB, sna4mur,
MN _AM b,
BC AB
MN <faSnC _ah, _ak, _S W
c 'c : 2R R C H B
sine Puc. 4

IMamuii cnocod
M3 tpeyronsHuka AMN no TeopeMe CHHYCOR:

MN _sin A
AM  sinC’
My =SB4 gy S04 nc =, sin =255 5
sinC sinC a R
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[nasa VI. Popmynsl nAaHUMETDHH

Hlecmoii cnocol
Mo TeopeMe KOCHHYCOB M3 AAMN:

MN? = AM? + AN* =2 AM - AN -cos A.
YuuTHIBadA, YTO
AM =h, sinC, AN = h, sin B,
HMeeM
MN? =h? sin® C+h? sin® B—2h? sinCsin Bcos A=

2
=Z%(4R= sin’ C+4R” sin’ B~2.2RsinC-2Rsin B-cos ) =

2
=%(c’ +b* =2¢-b-cos A):
Al o
“w TR
s
oTtkyna MN =—.
R
Cedsmoii cnocol

PaccmorpuM TpeyronsHuk AKL (puc. 5). Mmeem:
AK =AH =AL=h,,
ZKAL =2(ZLH,AH, + ZH, AH,) =2 A.
Mo Teopeme kocuHycos 13 AAKL
KL’ = AK? + AL’ -2 AK - ALcos2A =
=2h? -2h} cos2A =4h] sin* 4,

oTclona

1 ; hy
== KL=R sinAd==.
Fr o z R
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62. CHOBa OPTOUEHTPUUECKUIA TPEYTONLHUK

Bocemoii cnocob
Paccmotpum Tpeyroneunk MNH, (puc. 5).

MN* =MH} + NH} -2MH, -NH, cos ZMH N.
Ho
MH, =h,cosC, NH, = h,cos B, ZMH N =180°-A
(u3 yersipexyronsuuka ANH, M). Umeem
MN? =k} cos® C+h! cos’ B-2h} cos BeosCeos(180°-A4) =

=h} (cos’ C+cos® B+2cos BeosC-cos A).

Yuureisas, 4to
2cos Acos BeosC =sin® A+sin® B+sin® C-2,
HMeeM
MN? = ] (cos’ C +cos® B+sin® A+sin’ B+sin®C-2)=

2
= B2(1+1+sin? A-2) = B! sin’ A=%,

orciona, MN = %
Jesamuii cnocob
Hoxaxem, yro nomanas MON
JEIMT MIOMALE OCTPOYTONLHOTO
TpeyroibHuka ABC  nononam
(pHc. 6). JelicTBUTENBHO,

By %AM Rsin(90°-B),

Sua, = % AB-h, -sin(90°-B).

Torma
1 ’
— AM -R-sin(90°-B
SW =% ( )ﬂR AM =B..si|'|c:l.
S, = AB-h,-sin(90°-B) © h, ¢ E
2
Hrak, S ., =%SMI,.A}M0TH‘IH0, S =%Sm‘c,0'ncyna
e =2lsm.

233




Tnasa V1. @opMynsl NAAHHMETPHH

Mo soxazanHoMy 5 =25 - Ho Tak kaxk AO L H, H,, MN||H, H,,

cacaosatensho, AOLMN,u S . -—‘21 AQ- MN . Torua

S pe = AO-MN =R-p,,.

Mecamptii cnocol
Ipumerim Teopemy [ltonemes k yeTsipexyromuuky ANH, M:
AH,-MN = AN -MH, + AM -H,N.
VYuureias, 4to
MH, =h,cosC, AM =h, sinC, NH, =h, cos B, AN =h, sin B,
HMEEM
h? -sin BcosC+h’ cos BsinC =B, SinB+CY= A sin A Sy

MN =
h, R

Odunnaduameiii cnocol

Iycte O — wbeHTp OKpYXHOCTH,
OMMCAHHOM OKOJIO TpeyronbHuka ABC
(pme. 7), M, u M, — cepenHB CTOPOH
AC 1 AB. Omycrum u3 Touku O nepre-
IMKYIAPEL Ha cTopoHsl OM, u OM,.
Tlonyunm yeThipexyromsHuk AM ,OM ;.

JlokaxeM roMOTeTHYHOCTE YeThi-
pexyronsiuukon AMH N n AM ,OM,.
Kak u B ciyuae ¢ TPeyrofibHHKOM
AH, H,, TpeyronbHuk AMN nonoben
TpeyroasHuky ABC, mpuiem

£l (1)

ScHo, 9To

i P 2)

Kpome Toro, MH, || M,0 u OM, || H, N, 3Haunrt, paccMartpueaembie
HETHIPEXYTOMIBHHKH TOMOTETHYHBI!

MM, A0
= —  HIIH
MN :
sn o MoMs-AH, _a-AH, _S
R 2R R
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63. Teopembl Yesbi u Mexenan

Civ7] TEOpPEMbI [IPUMCHAKOTCH B MEPBYK) OYEpelb 14 J0KA3ATENLCTBA
nepeceyeHus NPAMBIX B OMHOM TOUKE W NMPHHALIEXKHOCTH TPeX TOYeK
OIHOM NpsIMOii.

Teopema Yennt'

Ilyete A4, , B, ,C, — TpH TO4KH, JeXKalllHe COOTBETCTBEHHO Ha CTOPO-

Hax BC,CA, AB tpeyronbauka ABC wiu Ha ux npojgoiaxexusx. [lns Toro,

urobbl.MpsAMble A4, , BB, , CC, nepecekanich B OOHOM TouKe WM GbUTH

Mexay coboit nmonapHo MapaUIeNbHLIME, HeOGXOINMO M JOCTATOMHO,
4TOGEI

AC, -BA, -CB, |

=l (1)
C,B-AC-B A

JoKasareabcTso
Heobxodumocmo. TTycrs otpeskn AA,, BB, , CC, nepecekaloTes B T0U-

ke K (puc. 1), IlpoBenem npsmyio / napamiensHo cropone BC 1 IPoLTuM
otpeakn BB, u CC, no nepeceyenua ¢ / B Toukax M u N. OGosnaunm

AC =x,C\B=x,, B4 =y, AC=y,,
CB =z, BA=7,, MA=a, AN =a,.

I M a A 251 N

; Ixopannnu Yepa (1648—1734) — uransaHckuit reomerp. B 1678 . ony6nukosan
patoty «O npAMEIX THHHUAX» , B KOTOPOIT 10KA3AT TEOPEMY, B JAILHEHLIEM [10/1y4MB-
Wy HaspaHue «Teopema YeBsis.
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T'naga VI. Qopmynsi NAZHAMETPHA

Tpeyroasuuk MB, A nonoben Tpeyronshuxy BB, C. [Toaromy

G -5 ym
Wty g
=G e R (2)
(y| "‘J‘:)zi
Tpeyromsuuk NC, A nono6en tpeyronsHuky CC, B:
L
FitYys X
L B L) 3)
(y| +y2 )x|
Paznenum BripakeHue (2) Ha BeIpakeHHe (3), y4HTLIBAH, YTO
i HECAT
a

(u3 nono6us Tpeyronphukos BKA, u MKA,CKA, u NKA). lomyunm
a,z (J"l +V, )xl
()’1 +¥; )a:xzzz
Fiihagy,
YaXa 4y

Cnyuaii, koraa Touku B, uC, eXat Ha NPOIOJIKEHUAX 0Tpe3KoBCA
BA, paccMaTpHBAIOTCS AHANTOTHYHO.

=1, umm

Hocmamounocms, Ha croponax ABC (puc. 1) nansl Touku A , B, C,
Tak, 4To
AC, -BA, -CB, -1
BC, -CA, -AB,
Tpoeenem otpeskn A4, u CC,.Ouu nepecekyrces B Touke 7. ITycts
BB, ne npoxomuT Yepe3 31y Touky. [IpoBeiem depes Hee npsaMyio BB,
(B, npunamnexut AC). Tlo yenosmio (1) umeem
AC, -BA, -CB, =
BC, -CA, - AB,

4

()

Ha3 (4) u (5) momyanm
cB, _ca,

AB, 4B,

Hrak, B, u B, copnajaiot, 4To H TpebOBAIOCH 10KA3ATh.
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63. TeopeMmul Hessl v Menenas

Bmopoii cnocoé
Heobixodumocms. JloxaxeM, 9T0 eClid OTpe3kH A4, , BB, u CC| nepe-
cekalotes B onHol Touke T, To
AB| 'C‘AI ' BC Lo
BC-ABCA
0603HauMM (pHc. 2)
ZATC, = LZATC =aq,
£C,TB= ZCTB, =8,
LATB=ZBTA=y,

ZACT =g
M3 A4TC, o Teopeme CHHYCOR
AT A
sing sina
oTKyda
AC, sinp=AT sin . (1)
M3 ABTC, no TeopemMe CHHYCOB:
__ B I
sin(180°~y) sinp’
OTKyoa
BC, sin = BT sin fi. (2)
Pasnenus paseHcTBO (2) Ha papeHCTBO (1), MOMyIHM
i ” BT sinp : 3)
AC, AT sina

AHANOrHYHO: U3 TPEYronkHUKOB BTA uCTA, :
%_ _CTsina

A B BTsiny @

H3 ACTB, n AATB,
&= AT siny

—, (5)
BC CTsinp

Iepemuoxue (3), (4) u (5), uMeeM
BC, -CA -AB, _ BT sinB-CT sino - AT siny _
AC,-A B-BC AT sina-BT siny-CT sinp

YTO M TPeBOBAIOCH NOKA3aTh.
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Fnaea V1. PopMyns: NAIHWMETPHH

Teopema Menenas
Mycts Tpeyronsuuk ABC nepeceveH NpAMOIi, He MapALTENRHOM CTO-
posie AB u nepecexateif ase ero cropotsl AC 1 BC COOTBETCTBEHHO
s Touxax B, u A, ,a npamyio AB srouke C,, Torza

Zorhade iy )

ITepauiii cnocod
[Tporeaem MpaMyo /, mapamieib-
Hylo cropone AB u obosHauum D
TouKy nepecevenus B, C, ¢ npamoit/
(puc. 3). Tpeyronsuuku B AC, w
B,CD nonoGust:

AC, _AB,
Puc. 3 CcD BC :
W3 nonobusa tpeyronsaukos 4, BC, u A,CD:
£D 4G
C,B BA,

INepeMHOXas TTOWIEHHO 3TH 1BA PABEHCTEA, MOJIYYHM
AC, AB -AC AC, -BA, -BC
—L = i) =1
C,B BC-BA C,B-AC-B A

Bmopoii cnocot
MycTs npsaMas [ nepecekaeT cTopoHy AB tpeyronsHuka ABC B Touke
A, (puc. 4). OboznaauM

ZAC,B, = ZAC,B=a, ZCB A =P, LCAB, =v.

W3 tpeyronsunka AC, B, 1o TeopeMe CHHYCOB

4C,_sin -
B A sina’
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63. Teop Yesw u M

M3 tpeyronenuka CB 4, :
%=sin_y‘ 2)
C4, sinf

TMepeMuoxum paseHcTra (1), (2) M aHANOTHYHOE [UTA TPEYTOMBHU-
Ka BAC , momyauM:

AC, -BA, -CB, _sinB-sina -siny _
B A-C,B-CA, sina-siny-sinf
4TO ¥ TpeBoBaNOCh TOKA3ATH.

H eme!

HMokaxem TeopemMy YeBsl ¢ MOMOIIRIO
TeopeMel Menenas:

Mo Teopeme MeHenas IS TPEYTOIbHH-
Ka ABA, n npamoii CC, (puc. 5):
AC, -BC-AT
CBCA-TA

OTKyIa

AC, CA-TA @
CB BC-AT'

INo Teopeme Menesas wis Tpeyronbuuka A4, C u npamoii BB,
CBAT-AB_
B, A-TA, -BC
OTKYyZA

CB, TA -BC @
B A AT-AB

Iepemuoxus (1) 1 (2), momyunum

OTKyna

9TO H T]JCGOBBJ']OCh JOKA3aTh.
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64. Ykpouenue chopmynei lepoHa

Bea dopmynt [epoHa «BXOI B TeOMETPHIO BOCTIPEILEH»:
a+b+c
S =yplp-a)p-b)(p-c), p=——.

Tem He MeHEe, IKOIbHBIE Y4eOHHKH NEOMETPHH 10 CHX TI0p HE 04eHb
MOYTHTENLHO K Helt OTHOCATCS, a B yuebHuKe «[eoMerpua 7—9» J1. C . Ata-
HAacsHa H 1p., 3aHABIIero Ha Beecolo3HoM KOHKypce y4eOHHKOB o Mare-
MarHKe Ui cpefHeit obueobpaoBate/ibHON wWKobl B 1988 . moderHoe
MECTO, 3T0if (hopMYITEL BoODIIE HeT.

Brison 2ot opMyIEL, KaK BUIHO, ACATHIETHS He BXOIW B LIKOJb-
HYIO TIporpamMmy, 1 yueOHHK reoMeTpui Kucenega nasain ero B BUjIe 3aa-
YU € MOMOILIBIO TEOPeMBl O KBAIPATE CTOPOHEL, Nekaluei MpOTHB 0CTPOro
yrna. Tyun nan dbopMyToi Crylamich, ¥ yxe CIeIylonmit yaeOHHK Uit
wKoa «DnemMeHTapHas reometpis» H. A. Tnaronesa (4. 1. — M., 1954)
ybpan 3ty dopMymTy, 3aMEHHB ¢ HaXOXIeHHeM BEICOT TPEYTONBHUKA M0
TpeM cTopoHamM. PopMyny «Bo3pomin» yiebHHK «[eomerpus 6—8» mon
penaxumei A. H. Konmoroposa, Ho, IpaBo, He 3HAI0, YTO XIET ee nocie
COKpAIlCHUA B LIKOJE YaCcOB MATEMATHKH. A Beab dopmyna Tepona —
NPEKPACHBIH MOIMIOH [T ANreGpsl H TPUTOHOMETPHH.

PaccMOTpUM B Ka4ecTBe YIPAXKHEHMA: MyCTs S — miolans npaMo-

1
YIONIBHOTO TPEYTONBHHKA ¢ KaTeTaMu a W b. Toraa § = Eab.

Bo3HmKaeT BONPOC; KAK K3 MPON3BeAeHHA ABYX OYKBEHHBIX COMHO-
xuTeneit (@ v b) nonyyuTh NPUBRIYHYKD (hopmyny TepoHa, cocToANIYIO
13 UeTRIpeX COMHOXKUTENeH: p(p—a)(p—b)(p—c)?

TMonpoGyem nmpumenuTs Teopemy IMudaropa:

45 =a’bh? =(c’ wa’)(c’ - b’)
(¢ — runoTeHy3a paccMaTPHBAEMOro MPAMOYTONEHOTO TPEYTONEHUKA).

Hmeem

(c’ —a‘)(e:1 —b’) =(c-a)c+a)lc—b)c+b).
OueBHIHO, TAKOE PAIOKEHHE HA MHOXHTENH HENOCTATOMHO GHICTPO
npuBenet K suay p(p—a)(p-b)(p—c).
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64. Yrpouenwe hopmynei Fepoka

TIpHMEHHM «MPOBOLIMPYIOLIHIA HYJTb»:

a’ +b* -¢* =0.
Vnauno! [Monyyunn ynpaxHeHue no anrebpe Wi ceIbMOTo Kiacca:
BripaxeHue

4a’b’ —(a* +b —.:")2
Pa3NoXKUTh HA IMHEWHbBIE MHOXKHTEH.
Peenue
Hmeem
4a'b* —(a* +b" ~c?)’ =

=(2ab-(a’ +b? -c’))-(20b+(az +b? —cz))=
=(@+* —c*)(c* -@-")=
. =(a+b+c)a+b-c)b+c-a)a+c=b).
Dopmyna [epona pamom!

Tokaxem, yto J06yi0 (!) hopMyay IUIOIATH TPEYTONEHHKAE MOXHO
MpencTaBUTh B BHe (opMyssl [epoHa.

[lepsoe npedcmasaenue (aemma)
Ipencrasum dopmyy
S =2R” sin Asin BsinC (1)
B Biae opmynst [epoHa. MMeem
_a+b+e _2R
W e

. . ¥ A B.. .G
A C)=4Rcos = cos 2 cos =..
(sm +sin B +sin ) coszooszoosz

Hanee:
=Bt _ pin Bin O sinA)=AdRain = gin S oos 2,

e 3 gy

AHaNoOrHYHo,
p—b=4Rsin£sin£cos£.p-c=4Rsin£sin£cos£,
2 2 2 2 2 2
JHAYHT,
pp-a)(p-b)(p-c)=
o gl R i A B C
=44R1 R 2 L 2—C052—C051—wsz—=
S by s i i e
=4R*sin® Asin® Bsin’ C,

Lie/b JOCTHTHYTA.
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Mnasa VI. PopMynsl NAGHWMETDHH

Bmopoe npedcmasaenue
Toxaxem, 910 opmyny § =R- py e R — paguyc OnucaHHOM 0K-
DYEEOCTH, py; — HOJYIIEPUMETP OPTOLEHTPHIECKOTO TPEYTONbHHKA
H _H.H, MOXHO TipeficTaBuTh B BuIe Qopmynbt TepoHa, wiH, 4T0
+o xe, B BuIe hopMyasl (1), WIEHTHYHOCTE KOoTOPOI (hopmyJie TepoHa
Grina 10KA3aHA B IEPBOM MpeIcTaBIeHHH.
HMmeem

Pu =%R(s’m2A+sin 2B +5in2C) = 2R sin Asin BsinC —
nonyauan dopmyny (1), a 3HaunT, u npencrapieHue hopmyns [epona.

Tpemve npedcmagaenue
IokaxeM, ato dopmyay S = rp, Iie r — paguyc BIIMCAHHON OKPYX-
HOCTH, MOXHO TPEeACTABUTE B BHIE GopMyJinl [epoHa.
JlecTBUTENBHO,

r=4Rsini‘?sin Esing,
A et

a p=R(sin A+sin B+sinC}=4Rcos-;icos—gcos—§,
IHAYMT,
r+p=2Rsin Asin BsinC —

110 hopmyae (1) — momyuawim npencTarnenne (opmyiis fepona.

Yemaepmoe npedcmasienue

IMoxaxem, uTo hopmyny S = % MOXHO TIPE/CTABUTE B BHJIE (hopMy-

Jiel [epoHa.
JHeiicTBUTENBHO,
abc _8R’ sin Asin BsinC
4R 4R
nonyun dopmyay (1).

ITamoe npedcmasaenue
[MokaxeM, 4to dopmyny
s=Law, -mn,
2
rae W, — TouKa nepeceyeHus GuccekTpucst yria BAC c onmcanHoli ok-
pyxHoctsio, M, 1 N, — npoexuuy T0ukH L, (Touky nepecedeHus Guc-

cekTpuch AW, co cTopoHoit BC) Ha ctopont AC u AB, MOXHO TipeicTa-
BUTE B BHae hopMymet [epoHa.
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64. Yepowenne dopmyns lepona

TIpumMernm hopMyTy 3anauu ApximMena i gopmyny M, N, =1, sin A.

Hmeem
MW, -AW, =ﬂ-LAJ, sin 4.

2 cos —
2

ATtakxel, =;‘£cos ; . 3HaguT,

+c
S=l-9ﬁ<_}7.£wsévsiﬂﬂ=
2 2 msi b+e 2

=%-4R’ sin Bsin Caind = 2R sin Asin BsinC;
Illecmoe npedcmasaenue
=LabsinC.
2
JlelCTBUTENTRHO,

%mmc:%-w sin Asin BsinC =2R" sin Asin BsinC.

Censmoe npencrarienne

S=r(p-a).
YuuThIBas, UTO
A A r
r= et 0 e
. =P8 3 g b
TO 3a0aHHYIO (DOPMYITY CBOIUM K TPETbeMY NMPEACTABIEHHIO,
Bocemoe npedcmagaenue
§=28,:5;

(3meck 8, — miowans TpeyronbHuka W W,W,, §, — nnowans Tpe-
yronsuuka K, K, K, tae K, — TOYKH KacaHus BIMCAHHOMN B TPEYro/b-

HHK ABC oKpyXHOCTH).
JeHcTBHTENEHO, MOCKONEKY

i
Sy =R-§,a S

2R’

TO 3a7aYa CBOIMTCS K TPETHEMY NPE/ICTABICHHIO.
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Inasa VI. opMynbl NAaHUMETPHN

Meeamoe npedcmasaenue

:p : 3 = p_sz‘r I S!
P-ap-b)p-c) pp-a@-b(p—0) pp-a)p-b)p-c)

Hrak,
Se— 5 um S = pp-ap-B)p-0)
pp-a)p-b)(p-0)’ ’

lecamoe npedcmagaenue

TMockonsKy

TO ¥ 9TO NPEACTABICHHE CBOINTCSA K TPETHEMY NPEACTARICHHIO, & SHAYHT,
M BRIpaxaetca opmysioi TepoHa.

Odunnaduamoe npedcmagaenue
_lgs 2 A
§=5(@ -0 yte 7.

JleficTBHTENBHO,
a* —(b-c)* =(a-b+c)a+b—c)=2(p-b)2(p—c).

Vuureigad, uTo

A -a

ctg —=——,
8 2 r

I0Ka3sBaeMyIo hopMYyITY 3amuIlieM B BUIE:

1.4 h=citp-a-L
S—44(p by(p—c)(p a)S,HJm

8* = p(p-a)(p-b)(p—0).
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64. Yupowenue dopmynsl Mepona

Jleenaduamoe npedcmasienue
a’ sin BsinC

2sind

Jlerko cBomuTes K 4eTBepTOMY npenctaenenmio. M ata dopmyna —
Toxe Gopmyna [epoHa.

So=

Tpunaduamoe npedcmasgaenue
2
A
be ca ab
raed, d, ,d, — paccrosnus uHueHTpa I 10 BepuinH A, B uC tpeyronsHu-
Ka ABC.

Kaxmyio u3 npoGeit GopMyIIbl JOMHOKHM (H pasiesnM) Ha %sin A,

=1,

%sinﬂ,%sinc“ Momyaum
AI* sin A+ BI* sin B+CI* sinC =8

(8 — rrowans Tpeyronsuuka ABC).
TMockonsKy

sin = sin — sin —
2 2

HMEEM

A B (¢
1g —+cig —
WM r (cg2+cg2+ctg2]

rep

Haiipure ewe oaxy hopMyny ruioniaay TpeyroabHHKA U JOKAKHTE,
4TO €& MOXHO 3amucaTh B Bune copmynsl [epona. CaMocTosTensHo,
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65. ®opmyna Apxumena

Wmeertca B Buny dopmyna AK = '52j ,rie K — npoexuys Touku W,

Ha cropoHy AC Tpeyronstuka ABC (W, — To4ka nepecedeHus GHCCeK-
TpHCH yria BAC ¢ onMcaHHOH OKPYXHOCTBIO).

@opMysia, UMEIOLIAs CAMOCTOATENBHEIA XapaKTep, MPULLTIA B Teo-
METDHIO B CBSI3M ¢ TeopeMoii Apximera:

TpeyronsHuk ABC BrivcaH B okpyAkHOCTh. Touka D) — cepenuHa ayru
CAB, K — npoexuus Touxku D Ha cropony AC. Torna CK = AK + AB.
Hoxkaxem dopmyny Apxumena.
D A 2
Ilepabtit cnocoli
IMockonsky CK = AT, 10 1o Teopeme
Apxumena (puc. 1)

CT=AT+AB=%HAK=CT=%.

'R Bmopoii cnocob
M3 tpeyronsanka AWK (puc. 2):

W AK:AW-cos-i‘i,

A W3 tpeyronbHuka ACH
AW = Msin[C+ i;;}

3Hauwmr,

A.K=2Rsi.n[c+£)cos£=
2 2

= R(sin(C + A) +sinC) =

=RsinB+Rs‘mC=%.
Puc. 2



65. ®opmyna Apxumesna

Tpemuil cnocol
Onycrum 13 Touku W nepnenmukynsap WT Ha npaMyio AB (pyc. 3).
Mockoneky AW — 6Guccextpuca ymia BAC, o WT = WK. Ilpamoyrons-
Hble Tpeyronsiukn CWK u BTW papwl, 3HaunT, CK = BT, O6osHauyum
CK = BT =t.3amerum, uto AK = AT . 3nagur, b—t =c +1, oTciona

r-gn,{x b- r_&

Ay

Yemeepmuiii cnocol
Ha npsimoit AC (puc, 4) otnoxmm orpesok CD, pasHsii ¢. Toroa
AD = b+c¢. JDokaxem, uto DW =WA.
Teiicraurensio, ADWC=AAWB (CW =WB; AB=DC=c n
ZDCW =180°=ZACW = ZABW), snauut, DW = WA, m&aoaa'remo oT-

pesok WK Gyner memuanoit B tpeyronsiuke AWD u AK -EAD —bzﬁ.

Hamwii cnocofl

O6osnauum AK = x,CW, =W, B=y (puc. 5). Ilo reopeme [Troremes
JUIA YeThIpexyronkHuka ABW,C:
ybiyc=a-AW,,
a-AW,

b+c

Ilockombky Tpeyronsuuk AKW, nomo-

Gen TpeyronbHuky CW M, TO

OTCIONA y =

¥ &,
AW, 2x’
e AW 1aAW (b+c) b+c
2y g a-AW, 7
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Mnasa VI. opMynsl NA3HUMETDUH

IHecmoii cnocod
INponomxum WK 1o nepeceveHMs ¢

OKPYKHOCTHIO B TouKe E (pHc. 6). [Tpo-
pefeM ED|| AC. Tpaneunma CEDA —
pasHobenpenHas (U EC = wAD), otpe-
30Kk KA paseH cpenHel NMHWH 3TOMH
TpaneumH. [Tockonsky

EW | AC,aDW 1 AB,
10 LACB = ZEWD (yrael ¢ B3aUMHO
NEPNEHAHUKYIAPDHBIMH CTOPOHAMH),
MO3TOMY

ZLZEWD=Cu ED=AB,
ED+AC _c+b

AR

akKA=

Tlpeanaraetcsa HaliTH elle CIOCOOR! IOKA3aTENBCTBA.
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66. MonbiTKa «yNpaBAATL» UMNPOBU3ALME

Kak MOXHO G5U10 YOeIuTECA, JANeKO He KaKIbii HOBBIIH criocob aoka-
3aTe/ibCTBa (POPMYIEI (Ia ¥ He TobKo dhopMyibt) ouesuaeH. [TosToMy BeI-
3RIBAIOT OCOOBIN MHTEpEC NOKA3aTE/LCTBA 3apaHee npeapekaemMsle, Humo-
cTpaumeif momgoGHOro CiIydas MOTYT CYAKWTh JNOKA3ATENLCTBA (HOPMYJIhI

1 Selotated

—_—t—p—=—,
h, b h r

CMBICTT «YTIPAaBJIEHHSA» COCTOMT B ClienylouieM. BHayane ecrecTBeHHO
BBIPA3HTHL HEMOCPEACTBEHHO BLICOTY PA3THYHBIMM crlocoﬁaMu a 3ateM

KOMIOHEHTBI, BXOASIINE SCDOTHOIHEHHC-?E{MH% )
Hepswiii cnocof
Ilockonmeky
DT P G N
h 2S'h_ 28 .&, o
1 1 1 a+b+ec _2p |1
T0—+—F—=——— ==,
h, h h, 28 28 r
Brmopoi cnocob
TMockonsky

h, = bsinC;h, =asinC:h, = bsin 4,

) GO O | 1 1 1
oo L

—_———= + + =
h, h, h_ bsinC asinC bsin A

_ 1 . 1 5 1 L
2Rsin BsinC 2Rsin AsinC  2Rsin Bsin A

"n’;os“’cos‘ﬂcosg
_sin A+sin B+sinC _ 2 2 2 =1
" 2Rsin Asin BsinC 16Rsin _mgsmgcmAmsmc r
2 2 2 2 2 2
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Mnasa VL. Dopuyisl NNGHHUMETDHH

Tpemuii enocol
Mocxoasxya=2Rsin A, b=2Rsin B.c =2RsinC, 10
1 =i=2RsinA L=2Rsin8 _l_=2RsinC

KA ko 280 . PO

“i+i+£_=2x(sin,4+sins+smq=l
£ r

h, h 28

(cM. Bropoit criocob).

Hemeepmutii cnocof

_rp-a(p-bH(p-0) _ pp-a)(p-b)(p—c) _ S
Sr? Spr? prt

Ismuiit cnocod

he
TMockonbky § = 22¢
7 4R

1.4 1 U 1]:

,ka=£,3ﬁam,

2R
e e i e
h, h, A be ac ab

- 2R(a+b+c) _ 2R(sin A+sin B+sinC) = 1
abe 28 r
(cM. BTOpOH criocob).

ITlecmoii cnocod
Bocnonbayemes dopMynamu

s=.2'-AW, .MN, MN =1, sin 4,

b+c
2<;4:bes'-‘i
2

AW, =
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66. [lonbiTKa «yNPaBNATE» UMNDOBM3ALNER

Hmeem:
£ PN TS T, SR N =
h, h, h AW -MN,  BW, M,N, CW,-M.N,

= d + b + e =
b+cA_2bc -cosi-sinA besin 8 absinC
2c055 b+e 2

_2R 2R 2R 2R@+bte) 1
be ac ab abe r

Cedvmoii cnocol

Yuarem, uto §=R-p, (p, — NOIYNePHMETD OPTOLIEHTPHYECKOTO
Tpeyronsiuka H H, H,).

Lol

1 a b ¢
—f—rf—= — e o =
h, h h. 2Ro, 2Rp, 2Rp,

p 2p

“R(H,H, +H,H, +H,H,) Rlacos A+bcos B+ccosC)
Vuureisas, yro OM, = Rcos A,O0M, = Rcos B,OM ; = RcosC, nmeem
Rt 2p v
2

h, b, h_ aOM, +bOM, +cOM,

=2
K
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67. OcropoxHo! TpeTuii cnoco6!

Peyr noiiner o nonynsapHoit hopmyie
i % d, -d sing,

KOTOpas YHTAETCH TAK: TLIOILA/b YETHIPEXYTOILHUKA PABHA TIONYNPON3-
BeJIEHHIO IHATOHANEH Ha CHHYC YI/IA MEXIY HHMH.

Mepeaniii cnocoli
Jloka3aTenbeTBO MEPBHIM criocoboM 061Ien3BecTHO: 0603HAYNM OT-
pe3ku auaroHaneit (puc. 1)
A0 =m;0C =n,0B=[,0D =1.
YuuThiBadg, 9To

B
c sin(180°—g) =sin g,
HMEEM
S S, =L mrsingS, = Lmising
¢ 2 2
Si 8, =%n!sincp;S., =%msinq1

A D
Puc. |

TMockonsky
§=5 +8,+58,+5,,

Ay =-;-sin o(mt +ml+nl+nt) :%sinq(m(r+l)+n(: +0)) =

=2£sinq;(f +I)(m+n}=%d1 -d, sin ¢

Bmopou cnocol
QueBHIHO, UTO (pHC. 2)
8o =S +8 pps
Mycrs AE v CH BBICOTH TPEYTOJIb-
HUKOB ABD u BCD.
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67. OcropomHo! Tperwii cnocof!

S=%BD-AE+%BD-CH=%BD(AGsin 9+0Csin )=

=%Bﬂsin cp(AO+OC'}=% BD. ACsin g

Tpemuit cnocol

Mycrs ABCD — naHHbI 4eTH-

pexyronbHHK (puc. 3). Bokpyr

ITOTO  UYETHIPEXYTONBHHKA OMH-

weM napawenorpamMM KLET . Ero

UIo1ANb BABOE DONIbILE YeTHIPeX-
yronsHHKa ABCD, a 3Ha4uT,

1
S soco EESM =

; =-;-LK-KT-simp==

% AC-BD-sin ¢,
Onnako! Takoe HOKA3aTeNBCTBO BEPHO TONLKO A bINYKAO20 He-

MbPexyeosbHuKa.
Jlokaxem, uyto hopMy/ia BEpHA M /I HEBBIITYKJIONO YeTHIPEXyTOIEHHKA.,

Yemaepmbiil cnocod
Tycts ABCD — naHHbH HEBLITYKIILIH YeTHIPEXYTONBHHK ¢ JHaroHa-
nsaMu BD n AC (puc. 4). Umeem

S,x=%CH-BD, sm%u:.an,

Slan =%BD(CH +AE) =

BD(COsin ¢+ AOsin @) =

M|

e,
== BDsin o CO+ AO) =
5 o )
=%AC-BDsinq>,

910 B TpeGOBaJIOCh IOKA3aTh.
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68. MNaTtbh cnoco6oB foKa3arenbCTBa

tdopmynbl lamunbTOHa

Tamunsrod Yuneam Poyan (1805—1865) vpnaHackuii MaTeMaTHK,
uir.-kop. IletepGyprckoit AkameMMH Hayk, B TPU rofa yMesl YMTATH,
B 10 Jier cran cryuenTom, B 12 et 3Ha1 12 9361K0B. B 910M Bo3pacte n3y-
Y1 Ha IATHHCKOM sA3kiKe «Havanas Esxnna.

OcHOBHBIE paGOTEI OTHOCATCS K MEXaHHKe M Teopuu InddepeHIHaTL-
HBIX YPABHEHMI, BEKTOPHOMY aHaIH3Y. [AMIIBTOH BBEJI TEDMMH «BEKTOD».

@opmysia [AMHITETOHA, 0 JOKA3ATEIBCTRE KOTOPOI MOMIET pevb, 1iH-
POKO M3BECTHA TeM, KTO YBIeKAeTCs BeKTOPaMH.

Bosiee 11oapobHO 0 Heil YuTaTENh MOXET O3HAKOMHMTBCH B KHH-
re arTopa «KoopnWHATHRI M BEKTOPHRIH METO/L PeHIeHHA 3amads
(Kues: Acrapra, 1996).

Iars cnocoGoE ToKa3aTeIbCTBA IHAMEHHTOM (HOpPMYIIBI TyDIHKYIOT-
C#l BIIEPBRIE.

Dopmyna [AMUAETOHA UMeEET BHI

OH =0A4+0B +0C, (1)
rae O — UEHTP OKPYXHOCTH, ONMHMCAHHON OKOMO TpeyroisHuka ABC,

H — T04Ka nepecedeHus BRICOT TPEYTOJILHUKA (OPTOLEHTD).
JHoxaxeM GopMysTy pazHEIMH crIocoBaMH.

ITepswiit cnocoi
Hwmeem (puc. 1):

OH =04+ AH

AH =20M,
(mokaxmre!), a Roli
20M, =0B+0C,

Puc. | OH =0A+0B+0C,
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68, MNatk cnocofos gokasarenscrea Gopmynsl FAMUNBTOHE

Bmaopoii cnocoli
OH =0A+AH.
JHoxaxem, 4To
AH =0B+0C.
Jist 3TOFO PAvIOAIM BEKTOP AH
1o BekropamM OB u OC.
AH =a.0B +BOC. (1)
Crienaem napaienbHbrit nepetoc Bektopos OB 1 OC Ha BexTOp 04
(puc. 2). lposems HE||OC w HD|| OB, nonyumum pomt AEHD:
AH = AE + AD.
[okaxem, uto AE = OB, TTyeTh IMaroHATH poMOa epeceKaloTea B TOY-
ke N.Iockoneky £LANE =90°u £ZNAE = ZM 0B wOM, = AN (M, —
€epe/iiiHa CTOPOHb! BC), 10 TpeyroNEHAKH ﬂE uOM, B paBHEL, 3HAYHT,
AE =0B. AnanoruyHo nokassipaered, yro AD = 0C. UTak,

AH =EB+0_C, oxomarensio OH =0A+0B+0C.

Tpemuii cnocof

|- (o 00) -

=vR? +R* +2R* cos2 A = Jzk’(l +cuEA_) = 2Rlous 4 =|E|

(BOCHIONB30BATHCE HOPMYIIOl WI =2Rjcos A)).

Hrak, |(TB +0_C| =Wl Ho cyumaﬁﬁLO_C €CTh BEKTOD 25)\?., KOJLUTH-
HeapHBIi U cOHANpaBieHHbit ¢ AH , noatomyOB +0C = AH.TlockomsKy
AH =0H -0A,100B+0C =0H -04,

3HAYMT, O_A +t)_B +O_C' = O_H

Hemeepmbiii cnocot
W3 ycnosua cienyer, uro AH - BC =0, uiu

(o_H—OA)(oc-EE)=u. (0

OB’ =0C",7008 -0C =0wm

(o_cw_a)(o_c—cﬂzo. 2)
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Fnasa VI. Popuynsi NASHHUMETDHM

Burgresm paserctsa (1) ¥ (2) nowieHHO:
(oc-oB)(or —o?—ﬁ"é—o"f‘):o. 3

AHATOTHYHO, U3 YCAOBHIk BH-CA =0,O_C2 =0_A1 CNeNyeT paBeHCTBO

(04-0oC)(0H -04-0B-0C) =0. @)

BexropHbie papeHcTsa (3) H (4) 3anuiueM Tak:
BCi OH—EJ}—ﬁ—oﬂﬂ,
CA(OH -04-0B-0C) =0,
npuaem BC #0,CA = 0.
Ecau gonycTHTh, 4T0 OH -0A-0B-0C 0, To u3 MOAYYEHHBIX CO-

OTHOIIIEHUH CIeayeT, YTO 3TOT BEKTOP MEPHeHIHKYIAPEH KAKIOMY H3
BekTopoB BC u CA, wro HeBoaMmoxHo. [Tostomy OH =0A+0B +0C.

Iamutii enocol
Bocronbayemcs cBoificTBOM Touku D, cuMmeTpudHOi Touke H oTHO-
cuTenbHO cepenuHnl BC (puc. 3). [IpemiaraeM 1OKA3aTh CAMOCTOSTENb-
HO, 4TO 3Ta TOYKA IHAMETPAILHO MPOTHBOMOMOXKHA TOUKe A.
A Hrak,
- HD = HC+ HB, HA= HO +0A.

MNockonmeky A0 =0D, 10
=il
HO=5@+HD),I

H0 = 3 (3H0+04+0B +0C),

b orkyna OH =0A +0B +0C.
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69, Popmynbi [NA ABYX

nepneHanKYNApHbIX MeAnaH

JlaBHBIM-[2BHO 11apa NepreHINKYIApHBIX MeIHaH (m, 1 m,) 6bina
3aneHCTBOBAHA B 3aja4e:

Ecii nBe MeIHaHBI epneHAnKYIApHEL (m, Lm,), T0

a* +b* =5¢*
(a, b,c — croponsl TpeyronbHuka ABC).

OHa, 372 3a7a4a, oBouula MHOTO 3aIaYHHKOB H JaXe Nonaia B 3a1a1-
HHK rof pegakuuei M. M. Ckanasu. Kak Bapyr okasanock, 4To y Hee
€CTh... IETH: CJIH MeIHaHa /m, TePreHINKY/IAPHA MeaHaHe m, , To

2(ctg A+ctg B)=cigC.
Ioxasats, Ja e ognum criocobom! M nokasamu!

Hlepaniii cnocob
PapeHcTBO @’ +b° =5¢%, 3anuiieM, NPHMEHHB TEOPEMY KOCHHYCOB:

b? +¢c? —2bccos A+a’ +e* —2accos B=a® +b* —2abcosC+4c?,
Wi ~2becos A—-2accos B =—-2abcosC+2¢?,
win be cos A +accos B =abcosC—c’.

Paznenim Ha 2.8 (S — nnowank TpeyronbHuka ABC). Hmeem
becos A accos B _abcosC ¢’

besinA acsinB  absinC 25~

TMonyynm
2

ctg A+ctg B=cth—c—.
ch

Hoe = h, (ctg B+ctg A). UMeem
}l Ll

(3

ctg A+ctg B=ctgC—-
orciona 2(ctg A +ctg B) =ctg C.
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Fnasa VI. DopMynbl NNAHHMETDHK

Bmopoi cnoco6
Hueem
¢? =a® +b* —2abeosC,
orciona 2abcosC =a* +b* —c*. To yeiosuio
4¢? =a® +b* —c?,wm2c? =abeosC.
3HauMT,
4R? .2 sin® C =4R" -sin Asin BcosC, win
cosC __2sinC__2sin(A4+B) _
sinC sin AsinB sin Asin B
_ 2(sin Acos B+cos Asin B) _(cos B cosA)

+
sin Asin B sin B sin A

wimctg C =2(ctg A +ctg B).

Tpemuii cnocolb
Hmeem
a® = b +¢? =2becos A, wmma® = b +c¢? —4Sctg A.
Orciona
b +c’ -a*
A="
= as
AHaTOTHIHO,
2 Lot B2 & +b? —c?
i i PR A e S
- 5 as
Torna
Tyel b +a’ +b7 —c? | _2-2d" _4d
2ctg B+c i 4t - =
%2209 ;{ as a5 45
Ho
b+t -at 4d’
cgd=—"— — =——=2ctg B+c :
g as s (ctg tgC)
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Inasa VII. leomeTpuyeckue HepaBeHCTBa

70. Camoe 3HaMeHUTOE HepPaBEeHCTBO

Peun umer o HepaBeHCcTBe
R22r
(R ¥ r — COOTRETCTBEHHO PATHYC OTTMCAHHOMN W BITUCAHHOM OKPYKHOCTH
B TpeyronsHuK ABC).

Jlymaro, 9T0 B LIKOJIBHYK «OJIHMITHAIHYIO» TEOMETPHIO 3TO HEPaBEH-
cTBO npuo nocne Buixona kKuury /1. O. [Hknapckoro, H. H. Yenuoea,
M. M. Arnoma «M36panikie 3a1a4 U TeOpeME! JIeMEHTApHOH MaTeMa-
THKH» (Mocksa: [ocynaperseHHOE W3NATENBCTBO TEXHUKO-TEOpETHYE-
CKoi nTepatyphl, 1952).

TloaToMy nepasim cnocoliom GOKA3aTeNBCTBA GyIeM CUMTATh CIoco,
TIPHBENEHHBIH B KHUTE.

Hrak, nycrs y, Wy, — coOTReT-
CTBEHHO BIMCAHHAS M ONMCAHHAS
OKPYXKHOCTH TpeyroibHuka ABC
(puc. 1).

Janee MOCTPOMM «YIBOSHHEIH»
TpeyroasHuk A4 B, C, . Ero cropoHs!
MapaUIEIbHEL CTOPOHAM TPEYrOJib-
HUKa ABC W TIPOXONAT yepe3 Bep-
1UMHBL TpeyronsHuka ABC.

H]JDBEJ.I.EM KaCaTclIbHAIC K OK~-
PYXHOCTH Y , , NAPAIENBHEIE CTO-
poHaM TpeyronbHuKa A, B C, . O1ti
KacaTeJIbHbIC ONPEICIAT HOBBIH
TpeyronbHuK A, B,C,.

Tpeyrombauku A4, B,.C, u ABC
nonobHel, k=2 — koshdHuHeHT
nopobus.

Puc. 1
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Mnasa VIL. TeomeTpH4ECKME HEPABEHCTBA

locxomeky TpeyronbHMK A B C, JIEXHT BHYTPH TpEeyrolbHHKa
A.B.C,, to paauyc R' OKDYXHOCTH, BIHCaHHO# B TpeyronsHuk 4 B C,,
ne Goasie pammyca R OKPYXHOCTH Y,, BIIHCAHHOW B TPEYrONBHHK
A,B,C,,Te.R<R

MMockoasKy

k=2, ToR' =2r.

3naumrT, 2r < R.

PapeHCTBO OOCTHraeTcs TONBKO B TOM Clly4ae, KOIla TPEYTroJAbHHK
ABC npaBuIbHEI.

Bmapoi cnocob
Bropoit cioco6 npewnaraet B. B. TpaconoB BO BTOPO# YacTH KHHUTH
«3a1a4H 10 IUIAHHMETPHH»: OH aHATIOTHYEH nepsomMy criocoby (B. B. Ilpa-
conoB. «3anaun mo raaHumerpuns. — U, 2. — Mocksa: Hayka, 1991).
Myere M, , M,, M, — cepemuHE CTOPOH TpeyroibHuka ABC (puc. 2).
TMpy rOMOTETHH ¢ LIEHTPOM B TOUKE IepecedeHHs] MEIMaH TPeyroNbHHKA

ABC u koadduimeHTOM TOMOTETHH % ONUCAHHAA OKPYXHOCTb y Tpe-

yrofkHHKa ABC NepexoouT B ONMHCAHHYI0 OKPYXKHOCTB Y, TPEYrONBHHKA
M M.\M,.

Tak Kak OKpYKHOCTb ¥, nepe-
CEeKaeT BCe CTOPOHEI TPEYTONBHH-
Ka ABC,To MOXHO TOCTPOHTE TPe-
yronsHUK A B,C, co cTropoHamu,
napamieTbHEIMH CTOPOHAM Tpe-
yronsHuKa ABC, 1a KOTOpPOTo OK-
pyxHocTh y, Oyler BIMCAHHOM
OKPYKHOCTBIO.

ITycth r M 1, — PATXHYCHI OKPYK-
HOCTE#H, BITUCAHHEIX B TPEYTOMBHH-
K ABCwn A B,C, ;:Rv Ry, — panny-
CHl OKpYXHOCTeH y ¥ v, . AcHO, 4TO

r<n=R, =%R.

3HaunT,
R=12r.
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70. Camoe 3HaMBHMTOR HEPABEHCTBO

Tpemuii cnocob
B tpeyroneanke ABC nocTpouM OKPYKHOCTh JEBATH Touek. Kak mu3-
BECTHO, €€ paluyc paseH -'23 Iposens xacatelibHble K Hell, Napauleib-
HEI& CTOPOHAM TPEYroNbHHMKA ABC, NOMyduM TPEYTONLHHK, NMONOOHEIH
TpeyronbHUKY ABC, Wi KOTOPOTo 3Ta OKPYXKHOCTb GyaeT BrUCcaHHOIM.

CnepoBaTesHO, g zr

Yemeaepmbiit cnocol
BroTt criocob qaerca 6e3 KOMMEHTAPUEB — OHM UITHIITHH.
o dhopmyne Ditnepa
OI* =R -2Rr.

3uaunt, R’ —2Rr = 0, wm R = 2Rr.

; Hamudi cnocols
IMockoneky
. e o o e R (ST o
r=4Rsin —sin —sin—,asin —sin —sin—< -,
2 2 2 2 20 \%
TORZ2r,
Lllecmoii cnocod
JokaxeM HepaBeHCTBO
Or <y +hy +h, < gx.
JeiicTBHTENBEHO,

i |
h+h +0 ) —+—+— (29
(e +hy ‘)(h h k]

(] ] e

(1OKa3bIBAETCA C TIOMOTIIBIO HepaBeHCTRa KON [UIs TpeX MONOKUTE Th-
HbIx uncen). Ho

Lo Bl e s 2Dk
St it e e i o )
i ok CAST 2528 A8y
Takum obGpazom,
h, +hy +h 297,

Hokaxem, 4To

m, +m, +m, S%R.
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Tnasa VIL. Feomerpuyecine HepaseHcTea

A Iyets M, — cepenuna cropoHsl BC
OCTPOYFOJNIBHOTO  TpeyronbHuka ABC
(puc. 3). Torna

m, <OM, +R.
0
Ho OM, =%AH (H — opToleHTp Tpe-
c M, B yrompuuka ABC) u
Puc. 3 AH =2Rcos A.
3HauuT,
m, +m, +m_< R(cos A+cos B+cosC)+3R.
Tockoneky

cos A+cos B+cosC < % (noxaxwure!),

Tom, +m,+m, s R-2+3R=2R.
2 2

Hoh, +h, +h. < m, +m, +m_.3Ha9MT,

9 <h, +h, +h, s%R,mezZr.

A Cedvmoil cnocob
(aemop cnocofia — B. A. Scunckui)
[lycTh OKPYXHOCTh, BITHCAHHAS B TpE-
K yroneHuK A BC, KacaeTcs CTOPOH TPEYToib-
K Huka 8 Toukax K, K, K, (puc. 4).
Obosnaunm AK, = x,BK, =y,CK, = z.

Acno, yto
% K & _—a+b+c _a-b+c __atb-c
Puc. 4 S STramgEr T Aiimiery ) Ao oy

(a, b,c — ctopount BC, AC, AB). Otciona cnenyet, utoa=y + 5 b=2+x;
¢ =x+y. [lonynepumerp p = X +y + Z; TUIOWA/b TPEYTOIbHHKA
8 =oyz(x+y +2);
panHyc ONMUCAHHON OKPYXHOCTH R = l QM
4 orx+y+2)

=

CaHHOI OKPYXHOCTH I = ——.
Jx+y+z

 PATHYC BITH-
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70. Camoe 3HAMEHMTOR HEPABEHCTBO

Hepasenicto R = 2r 5KBHBATIEHTHO HEPABEHCTBY
1 GH0+9GEHR) L, VB2

R L}
4 Jxpzx+y+2) VxX+y+z
KOTOpOE B CBOIO 0Yepe/lb IKBHBAJICHTHO HEPABEHCTBY
(x+y)(y +D)(z+x) 2 8xyz,

Ifie X, ¥, 2 — MONOKHTENbHBIE Ynena. HepaseHCTBO NOKa3bIBaeTCA ¢ Mo-
Molkio HepaseHeTBa Komm: x +y 2 2,/ xy.

Bocwsmaii cnocob
HepaseHeTBo R = 2r 3a1MiieM B BUIE:

i L (1)
Py P 2
(p; — NonynepuMeTp OPTOLEHTPHYECKOTO TPEYTONBHHKA).

TlocneaHee HepaBeHCTBO OYEBHIHO, TAK KaK ;i — 7O NOAYNEPHMETD
tpeyronbHuka M, M, M, . TTocKonbKy M3 BCeX TPEYTOILHHKOB, BIMCAH-
HBIX B TAHHEIH OCTPOYTONBHBI TPEYTONBHUK, OPTOLEHTPHYECKHH Tpe-
YTONBHHK MMeeT HauMeHBIIHIA TIEpHMeTpP, TO HepaBeHCTBo (1) mokasa-
HO, & BMECTEC ¢ HUM H R = 2r.

Baecmo desamozo cnocoba
B 1960 roay eiuuia kuura Keesckux yaureseit A. M. Ajisenmrara 1
B. H. Benouepkosckoil «PeiieHne 3anad 1o TpUroHoMeTpums. MHorne
VUUTENS XOPOILIO 3HAIOT (MIIH 3HAIH ) 3TO UCTHHHOE nocobue Juis ORnaje-
HUA METOOMKOIH TpUroHoMeTpHH. C 0COOBIM YIOBOJNBCTBHEM ILIHTHPYIO:
«[Mpumep 19. Nokasars, 410 B THOOOM TPEYTOJILHHKE OTHOIIEHHE
panMyca BIMCAHHOM OKPYKHOCTH K pagHycy ONMCAHHON OKPYXKHOCTH

1
HE NIPEBOCXOAHT 5

Pewenue. B xaure ,,3anaqu Mo MaTeMaTHKe W YU3HKe, laBaBIInecsH
Ha NpPHEMHEIX HenbTaHusX B 1957 rony”, ManaHHON# MOCKOBCKHM
(husMko-TexHUuecKMM HHCTHTYTOM (Mocksa, 1959) nmoMmelueHs! reo-
MeTpHUecKHe pelleHus 3Toll 3anaun (c. 47—51). OTu pemeHus uHTE-
PecHBI, HO HOBOJLHO MCKYCCTBEHHBI, 4 MepBOe U3 HUX 3aHMMaeT Do-
Jiee Tpex CTPaHHULL M couepxuT 4 yeprexa. Mexny TeM...»

... Jajnee CMOTPH MATkIH criocof!
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71. Bnarogapsa KapHo

PaccMOTPHM HepaBeHCTBO, KOTOpOe «MMeeT NMpaBo» GbITh KOJUIEKLIMOH-
HbIM, Garogaps npumMeseHMio thopmyasl KapHo:
OM, +OM, +OM; =R+r.

Hrak, nycts Tpebyercs HoKa3aTh HEPABEHCTBO:
m, +m, +m, < %R

(m,, m,, m_— MeIMAHBI TPEYTOILHUKA ABC, R — panuyc onucaHHOH
OKPYXKHOCTH).

Hepagenctso B kuure B. B. IIpaconopa «3anayu no niaHuMer-
pu» (Mocksa: MIITHMO, 2001), orMe4eHO NOYETHBIM 3HAYKOM «»
H JOKa3LIBaeTCs Tak: B HoMepe 10.5 BHaYane A0KA3bIBAETCH C MOMO-
LIBIO BEKTOPOB HepaBeHCTBO

2
mf +mf +m: s g;;
(MNe 10.5, a). 3ateM (Ne 10.5, 6) paccMaTpHBagMoe HEPABEHCTRO OKA3kI~
paeTcd Tak: «[JocTaTouHo J0KA3aTh, YTO

(m,+m,+m.)" <3 (m? +mi +m?)

e

(CM. IPHIOXKEHHUE K TIT. 9)».

Ilpedaazaemen emopoi cnocol
Iycrs M, — cepemuna ctopoHsl BC Tpeyronbhuka ABC. W3 AOM| A
(puc. 1): AM < OM, +0A, nmam, < OM, +R. Auanoruuso,
m, <OM, +R, m. SOM, +R.
3HauwT,
m,+m,+m, S R+r+3R=4R+r.

R
Ho r € —, 3HauuT,
o 2
R.9
m,+m, +m, < 4R+—==R,
C M, B ’ 2 3
Puc. 1 YTO ¥ TpEOGOBANTOCH NOKA3ATh.
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72. XopoBoj HepaBeHCTB

Xoposoos — TaHOK... coBpaHbe Mosone-
## 0Doero mona Ha BOMBHOM BO3IyXe A
TUTACKH C TIECHAMH.

Baadupmup Jas «Tc ii cavsay

«3aneBanoii» TAKOro XOpOBO/IA ABIACTCS, HABEPHOE, CAMOE MOTYJIAp-
HOe HepaBeHCTBO UIA YIJIOB TpeyrolsHuKa ABC:

: slnAsinBsin( < :
o e s k|
(A, B,C — yrasl TpeyrojisHHKa).

Jlymaro, 4To YYHTENS MATEMATHKH BIEPBBIE MO3HAKOMWIHCH C HHM,
KOTfa BeILLEN B cBeT dhyHIaMeHTANbHEIH « COOPHMK 3a0a4 MO CneLHanb-
HOMY Kypcy anemeHTapHoit matemarukus I, C. MoneHosa (Bropoe u3-
aanue Beinmo B 1960 romy). Ho mokasarenscrsa B cOopHMKe He GbITO,
MO3TOMY OCOGYIO MOMY/IAPHOCTL HEPABEHCTBO MOMYYIIIO MOC/E BHIX0A
KHHIM KueBckux yaureneit A. M. Aitsenrara u B. I. Benouepkosckoii
«Pewenue 3anay no tpuroHomerpum» (Mocksa: Yuniearns, 1960):

«..MBl XOTHM OOpaTHTh BHHMaHHEe HA OJHO HEPABEHCTBO, CBS3bI-
Balolllee MEMEHTLI TPEYIOJbHHKA, KOTOPOoe HHTepecHo camo 1o cebe,
¢ GoneLuoit 1ob30# MOXeT GbITh NPHMEHEHO NPH JIOKA3ATEILCTBE ApPY-
THX HepaBeHCTB. Peub HeT 0 HepaBeHCTBAX:

i<a = 8 G e

b 7
f——; Sin—=S——; sin—=< 5
2" 2be 2 2ac 2" 2ab
JokaxkeM, HanpuMep, NepBoe U3 3THX HepaBeHCTB. [ JoKa3aTeb-
cTBa yI0OHO BOCMONB30OBATHCS TEOPEMON KOCHHYCOB, HOO0 OHA CONEPKUT

TOJILKO OIHH YTOJI TpeyroibHuKa, MMeeM

sin

A
a* =b* +¢? —2bccosA.mxynacosA=b—l2£bc—f—H

. A [i—cosA _ 1, b*+c’-a? Ja’ —(b-c)* ’a’ a
sin— = =_|- 1= = S, —=
2 2 2 2be 4bc dbe  2.bc
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nasa VII. TeoMeTpHYECKHE HEDABEHCTBA

Joxa3ap 3TH HEDABEHCTBA ABTOPH! MPELTATAIOT MX TIEPEMHOXHTh,
TOTYYHM
oA BB abe ek A
sin — sin — $in — £ ——, WIM SIN — SIN — 5N — < —,
2 2 2 Babe 2 2 2- 8
Bmapoii cnocod
Bropoii crioco6 6511 0MyGIHKOBAH BIIEPBEIE B KHUTE « TpHyM( IIKOTE-
HOIl reoMeTpHH»:
JlokaxeM BHauane, 4To

sinA-s'mBScos’% 88}

[eitcTBuTenbHO, HepaBeHCTBO (1) 3amHIneM B BME:
2sin A-sin B <1+cosC,
cos(A—B)—cos(A+B) < 1+cosC, cos(A-B)<L
AHATOTHYHO JOKA3BIBAIOTCA HEpaBeHCTRA

sin BsinC < cos’ g, 2)
sinAsinCScoszg. (3)
TMepemuoxum nepaserctsa (1), (2) u (3). omyuum
sin® Asin® Bsin’ C <cos’ gcos’ gms’ %,

AR e B G A BONE
- 8in — 8in — COS — COS — CO§ — < COS —COS —CO0S —
Rsmzsmzsmzcoszcoszc 5 > 3 2,.
sl By Conil
Zgingin =<
sm25m25 S8

Tpemuii cnocol
Ecnn npumennts hopmynsl R = 2r U r = 4R sin gsin g sin -g— , TO 10-
Ka3bIBaeMOe HepaBeHCTBO OYEBHIHO.

Yemeepmouid cnoco

sin§= ‘(P_b;c(P_C)

(a, b,c — CTOPOHBI TPEYTONLHHKA, p — TOIYIIEPHMETD).

TokaxeM, 9410
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72. XopoBog HepageHcTe

smﬂ:\{mm Ja -9 _ [6-b—0
2 4be 4be 'I‘J be
AHaNorv4HO,

J(p 99 ;€ J("' )

3HauwuT,

B inC_-9@-8(-o

sin— sm sin —
2 2 abe
Janee umeem

=065 3 ((0-0+~b), o575 1050,
2
Msg, win Mpﬁ 1

AHANOrHYHO,

M

V-0 1 Jp-9@-a 1
a 23 b
IMepeMHOXas MOWIEHHO, MOMYYHM
(p-a)(p-b)(p—c) .1
abe 3
4TO ¥ TPeGOBANTOCH JOKA3ATS.

L]

oo |

Iamoui cnoco6
C momotsio HepaseHeTsa Kown (7 =2) HeTpyaHO I0Ka3aTh Hepa-
BEHCTBO
8abe < (a+b)(b+c)a+c).
IMockonbky a=2Rsin A, b=2Rsin B,c =2Rsin C, umeem

64 sin ;icus ;ism Bcosgsmccosc <

2 2 2 2
< 8sin A+ch—A_Bsin—B+Ccos—B_Csm——A+ccos—A_C.
2 2 2 2 2
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Tnasa VIL. leomeTpuyeckmne HepaseHcTea

Tax xak

. A+B C B+C A . A+C B
sin

=C08 —, §i ——— =08 —, Sil —— =C05s —,

2 2 2 2 2 2
& A-B __B-C __A-C

sl B
TO 8 8in — sin — 8in — < C0S —— 0§ ———COSs ——.

Hocos

268

o | 2 2 2

A-B B-C A-C
2

sl,cosTchosT < 1, mosToMy

gsin2sin Zsin€ <1, wmsin AsinBsinC < 1.
2 '3 2 338

HTecmoid cnocob




72, XopoBoa HepaseHcTs

Sy
Hepagsencrso cos A +cos B +cosC <
[Nepsbiit ecTecTBeHHLIH COCO0 NOKA3ATENBCTBA 3TONO HEpaBeHCTRA
OCHOB&H Ha TOM, 4TO

cosA+cosB+cosC=]+4slndsingsinggl-n-éi-l:l
e B2
PaccmoTpuM BTOpOit criocod, npeacramieHHsii 3. [ TormaHoM M
3. A. CxorneLioM B KHMTe «3a0a4a OlHa — PEIeHHs PA3HBIE: ITYCTh OKPYX-
HOCTD, BITHCAHHasA B TpeyronbHuK ABC kacaercs cropon BC,CA, AB coot-
BETCTBEHHO B TOUKaxX 4, , B, ,C,.Torna £A, IB, =180°—C, tne ] — uHUEHTp.
Bocnonp3yeMmcsi COOTHOIIEHHEM

IA, +1B, + mz z0.
Monoxum I4, = IB, = IC, =1.Tak kak
‘IA, 1B, =-cosC, IA, -IC, =-cos B, IB, -IC, =—cos 4,
TO TOC/E BO3BEEHHS NTEBOMH YaCTH HEPABEHCTBA B KBA/PAT, MONYYUM

cos A+cos B+cosC < %

DTiM XKe criocoboM aBTOph! B KHMTE « PelileHIe reOMeTpPHIECKHX 3a-
a4 aHATTHTHYeCKHM MeTonomM» (Mockea; Tpocpemmenue, 1979) nokassi-
BAKOT CAEAYIONILYIO 3a7auy:

Joka3ats, YTO W11 BCAKOTO TeTpasipa

tcos o, 32,
i=]
TAC €L, 0Ly, ooy O, — BEJIMYMHBL IBYIPAHHbIX YIIOB TeTpasiupa ABCD.
JlokazareascTso

Iycre cdepa, BnMcaHHad B TETPadp
ABCD, kacaetcs ero rpaHei cooTBETCTBEH-
HoBTOUKax A4 ,B,,C, D, (puc. 1). O6o3Ha-
uyuM O — ueHTp cdephl, panuyc ee GymeM
CYMTATH PABHBIM 1.

M3 cooTHOUIEHUA

OA +OB, +0C, +0D, )’ 20,
(04, +0B, +0C, +0D,)

BBIYMHCJIMB CKATAPHBIA KBaIPAT, MOJYy4HM

icosai <2

i=l

IMpennaraeM HalTH elle cocoObI KOKA3aTeILCTRA.
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73. 0 camom 3ameyarenbHOM CBOWCTBE

OPTOLEHTPHUY4ECKOro TpeyroibHuKa

W3 Beex TpeyroJIbBHUKOB, BITUCAHHBIX B JAHHEIH OCTPOYTOILHBIH Tpe-
YIONBHUK, HAHMEHBITTMM NEPHMETPOM 06/1a/1aeT TOT, BEPIUMHBI KOTOPO=-
TO COBMAAIOT ¢ OCHOBAHHAMH BEICOT JAHHOTO TPEYTOMbHUKA.

Haseproe, HMeHHO TaK Briepshie GOpMyTHpoBanach npobieMa opro-
HEHTPHYECKOTO TPEYroIbHHKA HEMEITKHM MateMariukom [epmardom [1gap-
1eM (1843—1921). M3 MHOTHX H3BECTHBIX crocobOB BeiGepeM 1Ba (nepBbiit
NPHHALIEXHUT ABTOPY JT0# KHUIH, BTopol — npodeccopy H. A. Hapomsc-
KOMY, TIOMeIlIeHHRIH B «MartemaTrueckoM npocseiucHuns» Ne 10 3a 1937 ).

Iepeuiii cnocob

Jlemma 1. Ecii M3 BepIIMHBI OPTOIGHTPHIECKOTO TPEYTONLHHKA TIPO-
BECTH MEPIeHINKYIAPE! K CTOPOHAM TpeyronsHuka ABC, To 0Tpe3ok, co-
EIHHAIOIIMA OCHOBaHHA NEPICHANKYIAPOB, PABCH IOYIICPHMETDY Py
OPTOLIEHTPHYECKOTO TPEYTONBHHKA.

JloKa3aTeahcTRO

Tlycre otpeaok H, F, nepneHanKynsa-
pen otpesky AC, orpesok H, F, nepnex-
OHKYIApeH oTpe3ky AB (puc. 1). Boxpyr
ueteipexyroibinka H, F, AF, MoxHo
ONMCATH OKPYXKHOCTh, IHAMETD KOTOPO#H
" papeH oTpesky AH .Torna

B
S F,F, = AH, sinA=~§—.

A

5
Mockoneky p, = E‘TO

FF,=pg. (1)

Jiemma 2. Ecnn uepes NMPON3BONBHYIO TOUKY CTOPOHBI TPEYIOJIBHHKA
ABC mipopecTH TepneHIMKY/IPE K JBYM IPYTMM CTOPOHAM, TO JUTHHa
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73. 0 camom 3aMe4aTenbHOM CBOACTBE OPTOUEHTPHYECKOTO TPEYTONbHIWKA

OTpe3Ka, COeTHHMAIOIIETO OCHOBAHHSA NIEPIIEHIHKYIIAPOB, GyIeT He MEeHb-
1Iei MoMynepHMeTpa p, OPTOLIEHTPHYECKOTO TPeYTOMbHHKA.
JokasarenpeTeo
Boapmem, Hanpumep, Ha cropoHe BC Touky F (pHc. 1) 1 nposenem
neprieHmiKynApsl FQ, u FQ, k croponaM AC u AB. Torna
0,0, = AFsin 4;

sin A — nocTosHHAN BeTMYHHA, a IVTHHA oTpe3ka AF Byner HauMeHbIIeH,
ecnu o1pe3ok AF neprenankynspen orpesky BC. Orciona 0,0, = Fi F,,
HIH

00, 2 py. (2)

IMepexoaum HEMOCPEACTBEHHO K TOKA3ATENBCTBY TEOPEMEL:
H3 BCEX TPEYTONLHHKOB, BIHCAHHBIX B JAHHLIA OCTPOYIOJLHBIA Tpe-
YrOJIbHHK, OPTOUEHTPHYECKHI HMeeT HAHMEHBIHI NepuMeTp.
JlokasaTensCcTBo ¢
PaccMOTpHM TIPOHM3BOJILHBIH
TpeyroiikHUK MFN, BriucaHHhIT
B OCTPOYIOMEHEI TPEYroJbHHK
ABC (puc. 2). [NocTponm To4kn L
0 E
u E, cummerpuunsie Touke F oT-
HOCHTENEHO COOTBETCTBeHHO AC 2
U AB. Dnuna nomanoit LMNE (6] T B
paBHa [IEPUMETPY 2p TPEYTOJb- Puc. 2
Huka MFN.Q Q, — cpennsis -

Hus Tpeyronsiuka LFE, mostomy 0,0, = % LE.Ho wmna LE we Gonbiue

M

nnuHbL TomMasoi LMNE. CnefosaTensHo, JUTMHA oTpe3ka 0,0, He 6omb-
1Ie noynepuMeTpa p TpeyronsHuka MFN, 1o ects
00, <p (3)
CpaBHuM BeIpakeHus (2) 1 (3), momyuaem
Py 00, <p, win py < p.
3HaK paBeHCTBAa Gyler TOIA W TONBKO TOMA, KOIAA TPEYTONBHHK
MEN Byzer oprouenTpuyeckuM. JeiicTBHTENLHO, B ITOM CiTydae (puc. 2)
ZFNB =C (nokaxure!), # MNF =180°-2C, ciepoBaTekHO,
LMNE =180°-2C +2C =180°,
T0 ectb MNE — npamas JIuHWA. AHATOTMYHO NOKA3BIBAETCH, YTO
ZLMN =180°, a 310 o3Hauaer, yro ntomanas LMNE cornanaer ¢ otpes-
KoM LE.
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[nasa VIL. Feomerpuyeckue HepaBeHcTea

Bmaopoii cnocod

Ilyete XYZ — npoHsBONBHEIA Tpe-
A YIOJILHHK, BIMCAHHELIH B OCTPOYTONBHEIH
Y, TpeyronbHUK ABC (puc. 3), Touka O —
LIEHTp ONHMcaHHOMN OoKpyxHocTH, R — pa-
4 Iuyc IToit okpyxHocTH. OGosHaynM S,
§,, §; — miomagM YeThipeXyrolkHHKOR
AYOZ, BZ0X, CXOY cOOTBETCTBEHHO.
O6o3HauYHM yroa Mexay otpeskamu 04 u

YZ xak ¢ Torna

s, =-;-R-YZsinq)s%R-YZ.

AHaNOrHYHO,
s, s%‘xz, s, s%R-XY.

Torna
S, 48,48, < —;—R{X}’+.&2’+YZ)=Rvp,,

e p, — MOMYTIEPHMETP TPEYTONEHUKA XYZ,
3Hayut, S < R-p,_ . Torna

R-py <R.p . vwmapy <p_.
3nak papeHcTBa GyeT TOTAa M TONBKO TOTAA, KOTAA TPeyrombHUK XYZ
By/ieT OPTOLICHTPHYECKHM.
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74. He BCcAKUIA TpeyronbHUK

MOXeT 6bITb PA3HOCTHBIM

Kak H3BeCTHO, pa3sHOCTHBIM TPEYIOJAbHHKOM HA3IBIBAIOT TPEYIO/ib-
HHK, CTOPOHEI KOTOPOTO COCTABIAIT apH(MIMETHYECKYID MPOTPECCHIO:
U151 oTIpefeeHHOCTH b2 a = .

HokaxeM, 4T0 HE BCAKHI TpeyroibHHK ABC MoXeT OBITh pasHOCT-
HBIM, @ TONBKO TOT, ¥ KOoToporo £A4 < 60°,

ITepsuuii cnocod

S bty kil i
2 p-a \ pp-a

Ho J(p-b)(p-c) 5%(p—b+p-c}=%a,p=%a;p—a=%a.3ﬂa=ru'r,

Hmeem

tggs\g,mynaaisw.

Bmapoit cnocob
IlycTs CTOPOHEI Pa3HOCTHOTO TPEYTrONBHHKA OYIYT a, a+d, a+2d. To-
[ I10 TeopeMe KOCHHYCOB
(a+d)* =a* +(a+2d)* -2a(a+2d)cos A, oTKyna
2a(a+2d)cos A=a’ +a* +dad +4d’ -a’ —2ad -d’ , orkyna

a® +2ad+3d* 1| a* +2ad+3d*
cos A= =— ~ ;
Z(a2 +2ad) 2 a'+2ad
OuesunHoO, 4TO
2 2
a +3ad+3d >1,
a’ +2ad

1
MO3TOMY cosAaE, cenoparenbo, £A<60°, uro n TpeboBanoch

HNOKa3aTh.

18- 61744 273



Fnaea VIII. Crepeometpus.
KonnekyuoHHble 3agauu

75. OHM Gbinu nepBbIMK

Borpoc o peleHuy 3ana4 MHOTHMH COCO0AMM B CTEPEOMETPHH He
MeHee BaXeH, YeM B IUtaHuMeTpuH. OIHAKO 5Ta JOCTATOYHO NpocTast
MBIC/Ib, K COXKANCHHIO, HE HAIIA CHCTEMATHYECKOTO MOATBEPIKIEHHS B
yueGHO-MeTOTHIeCKON THTepaType, XOTA MOMBeKA HA3A BELIAIOIIHECH
kuenckue menarory f. O. Aisernrar 1 B. IT Benouepkosckas B croeii
KHure «Poss’d3aHHs 3anay 3 MATEMaTHKH B cepefiHill mkomi» (Kues:
Pamancbka mxona, 1957) mepBHIMM NPONEMOHCTPHPOBATH METOMHKY
TIOMCKOB ATETePHATHBHLIX PELISHHH B CTEPEOMETPHH.

PaccMoTpUM O/IHY M3 TAKHX 3azad.

3anaua. [TocTpouTs yron HAKIIOHA BHICOTHI NMPABKIBHOMN TPEYIO/ib-
HO# MUpaMuIbl K GOKOBOI rpaHH.

JaMeTHM, YTO KaXIblif M3 cnocoGOB pelleHHs MOXET TOKA3aThCH
MHOTOCJIOBHBEIM ¥ TyGIMpYIOIIUM OquH Apyroit. YTo6u u3bexars sToro
00OMaHYHBOIO BIIEYATJIEHUS, B KAXIOM M3 crocofos Oyier BhiencHa
TJIaBHAA MBICITH PELIIEHHS.

h
ITepeuviii cnocob
(nepnenduicyasprocms
dayx naockocmeli SOE u SBC)

Yroi MeXIy HakJIOHHOM M IUI0CKoC-
ThIO €CTh OCTPBIH YTOJ MEXITY HAKTOHHOMH
W TpoeKLHel ee Ha 3Ty rtockocTs. [Tyetsb
SABC — paHHasA NpaBWIbHAS TPEVIOib-
i Ha# nupamuna, 0 — UEHTP OCHOBAHHA,

OK — nepneHoMKyiasp Ha rpans SBC
(puc. 1).

274



75. OHu BeinK nepebiMm

JlokaxkeM nepneHAHKYISIPHOCTE IUocKocTeit SOE u SBC (E — cepe-
nIuHa otpeska BC).

Heiicreurensro, BC L SO n BC | SE, 3uaunt, BC nepneHmMKymnsap
K iockoeti SOE. ITnockoctn SBC npuHamnexuT npsamas BC, nostomy
10 APH3HAKY NepneHIHKY/IsPHOCTH IBYX ILIOCKOCTEH, 1utockocts SCB
TIepIeHAHKYIApHA K iockocTi SOF, 3HaumT, neprieHauky/sp OK K on-
HOM M3 [IBYX B3aHMHO MePHeHIUKYIAPHEIX IUIOCKOCTeH, MMEIoIHX 00-
myio To4Ky O ¢ Ipyroif IVIOCKOCTEIO, LIETHKOM JIEXKHT B IPYroi Iiockoc-
TH H Tiepecekaer npamyw SE nepecedeHHs 3THX TUIOCKOCTeH, 3Ha4MT,
SE — npoekums SO Ha rpanb SBC 1 yron OSE — HCKOMEIH.

Bmopoii cnoco6
(u3 moyku O onyckaem nepnenduxyanp OK u doxaswigaem,
umo SK npunadaexcum anogeme SE)

M3 uentpa ocHosanus, Touku O, onyctuM nepreHapkynsp OK Ha
rpaib SBC (puc. 1). Yepea touku § ¥ K nposenem npamyio SE (E npu-
HamexuT pebpy BC).

Noxaxem, uro SE — seicora rpasu SBC.

HedicreutensHo, BC | SOu BC 1 OK,3nauut, BC neprieHINKyIapHO
K riockoct SOE, cnenosarensho, BC L SE.

Tpemuii cnocoG
(_\"C',-‘!Oﬁ‘h‘t‘} HA3I0EEM 220 t*H.-I:']'HHM{?JH{?HH(’{‘KN.-\!»)
B mnockocty TpeyronsHuka SOE nposenem OK L SE. J[lokaxkem, uto
neprneHauKy/sp OK Gyner neprneHARKYIAPOM K TUIOCKOCTH SBC.
Heitcreurensuo, BC L SE u BC 1 S0, 3naunr,

BC L. SOE w OK L BC,
a 3HA4YMT, M Iockoctr SBC.

Hemeepmuoiii cnocol
(coedunum moyku S u K)
Onyctum nepnesaukynap OK Ha ruiockocts SBC W COeTHHHM TOYKH
§ n K. NokaxeM, 9ro npamas SK L BC. [leficTBUTENBHO, TOCKOIBKY
OK — neprieHaukyisip K wiockoctr SBC, To 1o 06061meHH0i TeopeMe o
Tpex NepreHIHKyIApax. ..

ITameui cnocob
(pasexcman yeiose OSB u 05C)
Tlockonsky £OSB = £0SC, o Touka O npoekTHpyeTcs Ha GHccekT-
pucy yra BSC.
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Fnasa VIIL Crepeomerpua. KoaneKuMoHHbI@ 3a0auu

& Hllecmoii cnocod
fompezox KE)

M3 Touku O onycTHM nepreHAMKYAsp
OK na mmockocts SBC (puc. 2). Coenu-
HUM To4KH K, B 1 C, onycTHM neprieHIn-

Kynsip OF:

A ‘V B CE =BE.
s ITo Teopeme o Tpex NepHeHANKYIAPaX
/£ EK 1 BC.3uauut, EK npHHALIEKHT BbI-
(55 cote SE paBHODEAPEHHOTO TPEYTOIBHU-
Puc. 2 ka SBC.

Cedvmoii cnocoi
(asicoma OK npavoyzoasiozo mempasdpa SOBC)
H3pecTHO, YTO BEPLIMHA IPAMOYTOIBHOTO TETPA3/IPa IIPOEKTHPYETCH
B OPTOLEHTP ocHOBaHKA SBC, 3HaunT, Touka K NMPHHAIIEXHT BHICOTE
SE TtpeyronsHuka SBC.

276



76. MpbLLKOK BbILIE rONOBbI

TpumenaTs hopMyay o6beMa NHPaMH/IbI
V= éa] a,dsin g

JUTA NIKOTbHHKA — TIPOKOK, TIOTOMY UTO OHa, 3Ta (hopMy”a «He 1o npo-
rpaMMes», A DOKa3laTh 31y GopMyay crocoboM, HOBEIM, HHYero ofliero
C M3BECTHEIM He MMEIOLIMM, HHI/E He ONyOIHKOBAHHEIM, 3TO NPLDKOK
elie «Kpy4es, YeM NepBHIi, PBIKOK, KOTOPHIM MOXHO NOP/IHTHCS.
Hrak;
cnocoll nepanii
(mpaduyuonsiit);

a,, @, — JUTHHEL CKpeLIH-
palonmxcs  pebep TeTpasupa,
d — paccTosiHue MeXIy HAMH,
@ — yron Mmexay Humu. [Iycts
B, ABD — naumblii TeTpasup u

BB, =a ,AD=a,.
JlononHuM ero 1o napame-
nermniena (puc. 1). O6o3naanm
V; u¥,, coorsercTBeHHO 00he-
MBI TeTpasnpa B, ABD n napan-
nenenmnena. Torna Vy = -é Vs

TaK KakK

1 1 1 1
3 3’ 5 A.K.‘ngHSAED IEVH'

Vi=-H-Syp=-H~S

TMockoneky paccrosiive d papHO PACCTOAHMIO MEXIY TPaHAMH
AA DD n BBC,C, 10V, =d‘5u.c.c- Ho S o = BB, - BCsin £B, BC.
TMockonbky BC = AD, £B, BC = ¢, 0

Snc,c = BB, - ADsin g,

thopmynaV = é a,a,d sin ¢ ioKa3aHa.
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Inaga VIIL Crepeomerpua. KOANEKUWOHHBIE 33A34H

A Tenepk...

Cnocob emopoii (1)
JIoKA3aTeALCTBO NO-HOBOMY!
PaccMotpum  Tetpasap SABC

(puc. 2). [1poeenem ceuenne FBC
yepes pebpo BC u otpesok FE, nep-
MeHIUKYAApHEI peGpam AS u BC.
fAcHo, uto FE =d.

PaccMorpum  Tetpasap SFCB.
ITposenem 4yepes Touky F npsaMyio?,
napaniensHyio BC ¥ onycTHM riep-
nenmuKysap SH, nanee. [lokaxem,
uTo SH, — BBICOTA 3TOIO TETPAdA-
pa. LA 3TOro AokaxeM, 4To 0Tpe3ok FE MepreHIMKYIAPEH IUIOCKOCTH
SFt. [lefcTBUTENEHO, TIOCKONBKY psiMas / Napauiensa BC, FE neprieH-
mKkynspHa ! u npsamas FE neprieHmuKynsipra SF, 1o orpesok FE reprien-
maKynspeH rockoceru FSH, , cenopatenbio, SH, nepneHIMKYIApeH FE.

Wrak, SH, L FE u SH, 1t, cienopatensto, otpe3ok SH, mepmeH-
JIKyJIApeH K miockoct FBC, win SH, — Beicota mupamumel SFBC:

SH, =SFsing

OGo3nayuM ¥ — obbem Tetpasnpa SABC, V| — obbem Tetpasnpa
SFBC,V, — obbem Tetpasnpa AFBC, Q — mnomans cevenus FBC. U3
TOUKH A OIYCTUM Ha NPAMYIO { TIepIeHAMKyap AH ,. AHATOrHYHO 110~
KasbiBaeTcst, uto AH, — Bricota Tetpasnpa AFBC.

AH, = FAsin ZAFH, = AF sing.

Hmeem
v, =%SH, <Q=%F.S"simp-Q, v, =%AH2 -Q=%FA<simp-Q.
Tockoneky V =V, +¥,,T0
V=%sincp-Q(FS+FA)=%BC-FEASAsin(p=éa,a,dsinq;
Tpsixok cocTosurcs!

Tpemuii cnocol
TpoBeneM Yepe3 KOKAYIO NApy CKpeLIHBalomxca pebep TeTpasnpa
ABCD cooTBeTCTBEHHO NMapa/ieisHble miockoctd (puc. 3). TonyduM
napawenermnen AFBHEDGC, nns koToporo pefpa HCXOIHOTO TeTpas-
apa 6yayT IHaTOHAIAMH TPaHe.
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76. MpsixoK BoilLE rof0RLl

Hokaxem, uTo 06BEM MOTyIeHHOT0 napatenenuneaa (V)

Ve =2143-CD~dsimp, (1)

riae d — paccrosHue Mexay npaMeiMu AB i CD, o — yron mexay ABuCD.
HeticTeurensHo, nockonsky AB|| EG w AB = EG, 10

Sicce = BG-DC-sin Z(DC, EG) = AB-CD sin g

Kpowme Toro, d — paccros-
HHe Mexny AB u CD, a 3sHa4uuT,
d — paccTosHHe MeXay Iioc-
KOCcTHMHM rpaHeld AFBH n
EDGC, 1. e. d paBHO BHCcOTe h
TapaJUIesielMnesd, OIyLIeH-
HO# Ha rpauk EDGC. [Toatomy

Vo =8 e b=

=%AB-CDsin o,

Dopmyna (1) mokasana.

Hoxaxem, 4To 0DBEM TETPA3MIPA COCTABRJIAET TPETHIO UACTh 06LeMa
napamnenemunena AFBHEDGC (puc. 3).

Paccmorpum tetpasup ADEC. ITycts AT ero Bbicora (Ha pUCYHKe He
u3obpaxaercs). Torna ero obpem ¥, :

1 11 1
Vl =_SD.‘.'D AT:’}‘ESM AT =EVH

3
(¥}, — obbem napamnenenunena).
AHaTOrIHO,
1 1 1
Vi=Visee =2Vns Vi =Veup =2Vas Vi =Vypue =7 Vn.
6 6 6
Toraa
4 1
Viser =V —(V; +V3 +V, 4V, ) =Vy _EVU =§Vn.

Yuursiast hopmyasi (1) u (2)

P =%V,, :;%AB-CD-dsin go=éAB<CD-dsintp,

410 M TpebOBAIOCH IOKA3ATS.
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[nasa VIIIL. Crepeomerpus. KonnekuuoHHbie 33a4u

Hemeepmbuii cnocol

B10T cocob MPeLTONIIH yIa-
uuecs. [TpuxoauTes ToJIbKO BOC-
XHLIATHCA YMEHMIO NeTeill (aHTa-
3HPOBATh.

Tycrs SABC — naHHBIH TET-
pasfip (puc. 4), AS =a,, BC =a,,
MN — obmmit mepneHIUKYIADP
JIBYX CKPEUIMBAKIINXCH NPAMBIX

A c SAwu BC (MN =d), p— yron Mex-
Puc. 4 ny npaMeivMu SA u BC.

Yepes Touxky M npoeenem otpesok B,C, napauienbHbiil u pasHbiii BC.
Tpeyromsruxu BMC n B, NC, papHoBemuKH. [lelicTBUTENBHO,

;e %BC-MN, S s =% BC,-MN = %BC-MN.

TMocKoaBKY 3TH TPeYIoILHHKH JIeXaT B OXHOH IUIOCKOCTH, 3akaBae-
Mo#i napannensHeiMH npameivi BC u B C, To NeprieHIMKy/IAp, OImy-
meHHL W3 Touky S Ha wiockocTs BMC coBnajgaer ¢ nepneHauKyis-
POM, ONYIIEHHBIM U3 TOUKH § Ha 1nockocts B, NC, . 3HauuT, 06beMbl
Terpasnpos SBMC u SB, NC, pagHsl:

V same = V.c.s..w. . (1
AHATOTHYHO MOXHO [10Ka3aTh, YTO
V ibew = VAC‘,S.H‘ (2

TIpuGaBuB JieBBIC W TPaBBIC
yacTH paBeHCTB (1) 1 (2), TOMY4HM:

Vssuc*'y.u :Vu.m:, +VJC,B‘N'

WIH Vg p0 :V.rs, NCA®
Hanee. 3aMeTHM, YTO MHOMO-
rpaHHuK SB, NC, A ectb yeThipex-
VIONBHAA MHPAMMIA ¢ BEPHIHHOM
N u ocrosanmeM SB, AC, (puc. 5),
TipHHeM d — €€ BRICOTA, NOCKOJIBKY
MN L AS, MN 1 BC,a B.C, || BC,
caeposarensto, MN L B/C,.
Torna

1
Vm:‘.u, :5' NH'SA.B. 5,

=%d-%ASABC-sin ZSMB, =éda.a! sing—

BOHCTHHY NMPLCKOK BHILIE TonoBs!!
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77. 06asTenbHan CKPOMHOCTb

crepeoMeTpuyecKuX eM4yuH

Jlaxe oneiTHBIR «6oeu» MoxeT He oOpaTHTh BHMMaHWA Ha 3agaqy
€ 3aBeIOMO CKYUHEIM H «3aHYIHBIM» YCIOBHEM:
TlonHas noBepXHOCTH KOHYCA B ABA pa3a Go/ibile NOBepXHOCTH BIHCAH-
HOTO B Hero mapa. OnpesenTs OTHOMenHe 00beMa Konyca K ofpemy mapa.
IpoBeneM ecTecTBeHHOe HOKAa3aTeNILCTBO METONOM BCMOMOTATENb-
Horo ajremenTa, [ycrs [ — uenrp wapa, K — TouKa KacaHus Liapa oc-
HOBaHMA KoHYCca (puc. 1). ObosHauwmM | — obpasyioias koxyea, R — pa-
JMYC OCHOBaHMS, F — PaIHyC 1apa, S, — MojHasA MOBEPXHOCTH KOHYCA.
§, =nmR(R+I). (1)
0O6o3Haumm oo — yron [BK . Torma:
R _rciga

R= = ;
o cos2a  COs2a

IMoncrasum 5TH BulpaxkeHus B (1):

m]=
cos2u

=nrictg ’a(l+ i }
cos2a.
Ilycrs §,, — MOBEPXHOCTS 1IApa.
S, =dnr,
Mo yenosuio §, =25, , 3HayuT,

S, =mnrctg a(rclga +

nriclg 1a[l+ )=2<4nr’,mm
cos2a
Lvcosdno oo 35, @)
cos2a

Iyets V, , ¥V, — cooTsercTBeHHO 0GbeMBl KOHYca M mapa. MMeem

V,= % nR* H (H — BeicoTa KoHyca).
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Inasa VIII, CrepeomeTpus. KoAneKUMOHHbLIE 33Aa4M

Mockoasky H =R tg2a,aV, =i;w’,m

e nR*Rig o _t82a _
SR e
3
o 2tga s 1 ; G)
4(l—tg zo.)tg ‘o 2tg 2c&(l--lg 1e(.)

Ianee pocnonbayeMmcs dhopmyunoii (2):

2
81g ;u=]+cos2a i 1 :]+l+tg i
cos 20 cos2a 1-tg *a
_l-w ‘atl+igle 2
1-tg *a I-tg 2o
TMoncrasuM B hopmyay (3):
e B U s, e R

Vo 8tgla(l-tga) 2(1-tg ) [
3HAYHT, OTHOMEHHE 0GbEMa KOHYCa K 06BeMy I1apa paBHo 2.
Yxe 1o Xomy pereH s BOIMOXHH 8apuauuu.

Ilepeas sapuayus
TlonyuuB COOTHOIIEHNE (2), BRIPA3HM (g %0, yepes cos 2a.. UmeeM

1+cos2o g 1-cos2a

T = §————, 0TKYIa
cos2a 1+cos 20

1
cos2a =—. 1
3 19
Haitnem Teneps cooTHOEHNE 00BeMOB. MMeem

3
v, =%ctg ‘atga, ¥, mgw’.

INpeo6pasyeM BEpaxenue clg *o tg 20, YIUTEIBas, UTO COS 20t =%:

sin2a
cos 2a

cig *a-tg2a =ctg ‘a-ctga

_1+cos20 cosa-2sinocosa -3
l-cos2a é

b
—sina
3
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77. OBGaATeNsHAR CKPOMHOCTE CTEPEOMETPHYECKMX IEMYYHMH

Bmopan sapuauus
(HHmyRUEa & anaioeusl)
TMocKoNBKY B YCIOBHH 3aIa9H Peyb HIET O COOTHOLICHHMH MEXIY T0-
BEDXHOCTAMM WM 0OBheMaMu, B TIEPBYI0 odepenb obpallaeT BHHUMaHHE

dopmyna obsema mapa ¥, =—;— w’,umV, = % S,,T. e. hopmyny obbe-
Ma MOXKHO BBIPA3MTh C MOMOILIBIO (hopMysiet nosepxHocTH (S, ). Henbas
71 06bEM KOHYCA BLIPA3MTE C IIOMOLIBIO ero noaHol nosepxHocTH? Ilo

aHaioruy ¢ (hopMyJIOH TUIOLIAIH TPEYTONLHHKA S = rp MOXKHO NpEero-
NOKHTE, 9T ¥, = r+x. Haitnem x. [Tockonbky

I =%1‘ER2H, N%nR’H:rx, OTKyZIa
nR'H _ xRV -R®

ir 3r ;
(nockonmsky H =+I* —R*).

Beipasum r yepes / u R. [To Teopeme o OHccexTpHce: % i WIH

AB’
r R
e Pl RAIE - RE Ry
P-R - 1

)

Pt —

oTciona
r(+R)=RJI> -R?,
1-R
=R |—. 5
i )
Tonctasum (5) B (4):
aR>NI? =R* I+R
e
3.4JI-R-R
OTKyIa
s 1
szIRU-‘-R):iSn"‘
3HauuT,
.y Slie il = (6)
Joben 3
(1o yeIoBHIO)
Hrak, HaiineHa opmyna
v
V. =§'Sn.l.'

Torna npennoxeHHas 3a0a4a PEIIAETCA B OMHY CTPOKY.
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Inasa VIIL Crepeomerpus. KonnekunoHHbIe 3aaauu

Tpemna sapuauus
(«Pempos)
CrpesieHse BRIPA3UTE 00BEM KOHYCA Yepes pajuyc BIIHCAHHOTO 1apa
H MIOHYIO MTOBEPXHOCTE 3aCTABIIO BCITOMHHTE JIeMMY 00 o0LeMe Tel Bpa-
UIEHHSA, PACCMOTPEHHYI0 B yueOHuke A. I1. Kucenesa, M3y4aeMyto B HIKo-
7€ AeCATWIETHAMHU 1714 BbiBofia chopmyn ofbema HIapa U ero vacTeii:

Ecim TpeyronsHuk ABC Bpaliaercsi BOKDYI' OCH, KOTOpas JIEXHUT
B TUIOCKOCTH TPEYTO/IHHMKA, TPOXOIUT Yepes ero BEPIIHHY 4, HO He nepe-
cexaet cTopoHsl BC, To 00BeM Tena, MOMyUYeHHOTO TIPH 3TOM BpallleHHH,
papeH MPOM3BENCHHIO TOBEPXHOCTH, 00pasyeMoil MPOTHBONONOXHOH CTO-
POHOIt BC Ha OIHY TPETh BRICOTHI h, ONYIIEHHOM HA 3TY cropoHy (A. I1. Kn-
cenes. «[eomerpus», — Y. 1. — Mocksa: [Ipoceewerue, 1964. — C. 83).

4 IMpencrauM  ofbeM  KoHyca ABC
(puc. 2) Kak cyMMy OByX 00BeMOB; 06BeM
Teja, MOMy4aeMOoro BPALIEHHEM TPeyro/lb-
HuKa AIC (] — 1IeHTp BIMCAHHOTO B KOHYC
mapa) u obrema xonyca CIB.

V, =V, +V,.
O6weM V', KoHyca paBeH
c B 1
Puc. 2 V, = 375

(S, — nomane ocHoBaHusA). A o6neM Tena BpamleHHA V| HaiineH no
nemme: V) =§r-S1 :
Ho §, — 310 6okoBas n10BepXHOCT KOHyca ABC, 3HaUMT,
1 1 r r
v, =§r-S, +§r-S, -——5(8, +S,)=3.5‘M..
JanbHeiilee — Kax ¥ B npeabiaymeM crocobe.

Tunomemuunoiii punar
Bee npensinyiye crocoGs HATAIKMBAIOT HA THIIOTE3Y:
Ecsu wap panuyca r BIHCaH B MHOTOTPAHHHK H BIIHCAH B KOHYC, TO
e A s

ALt

¥,,S, — obbem u nosepxHocTh wapa, ¥, , §, — obbem u noaHas no-
BEPXHOCTh MHOTOTPAHHHMKA, V, , S, — 06beM H MOTHAs TIOBEPXHOCTH

KOHYyca).
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77. 06anTenbHan CKPOMHOCTh CTEPEOMETPUYECKUX IEMUYKMH

JlokasarescTBo
Hmeem:
Vo _dnr’ _r
5, 43nr* 3
Bocrios3yeMcst opMyoi r = 3;’ 3Hawnr, ;—' L.
JHoxaxem, 4T0
L3 o
=

Hepewiit cnocod
AHATOTHYEH BHBONY (POPMYTEI IUTHHBI OKPYAKHOCTH WIH TUTOLIATH KpY-
ra; GecKoHeYHO YBeTHYHBas KOMYeCTBO BEPIIMH OCHOBAHWS NPaBIITLHOMH
N-YTONBHOMN NMAPaMKIBLL, BITMCAHHON B KOHYC, NEPEIEM K Ipeey.

ILnst Tex, KOTO He YCTPaHBaeT TOT Crocol, MpeiaraeTcs ele. ..

Bmopoit cnocod
(on haxmuyecku dyhaupyem paccMompennbii
mpemuii cnocod pewenun 3adawu)

2
Vo xki  HR ®

(/ — obpasyiomas koHyca, R — panuyc OCHOBAaHHS KOHYca, 1 — pamuyc
BrMcaHHOro mapa). danee

§= r
I H-r
oTKyna
HR >
= —— 2
" I+R @

Cpasuupas puipakenns (2°) u (1%), momyumm, 9to —% =

Tpernit cniocob HalAHTE CAMOCTOATENBHO.
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78. Npaman Iunepa u crepeoMeTpus

[prMeHeHMe TUIAHMMETPHH B CTEPEOMETPHH HE MPOCTO TIPUBBIYHO,
a ofs3aTeNbHO, YIHBUTH HCKYIIEHHOTO YUTAaTeIs ITHM OYeHb TPYAHO.
To nu geno — NPUMEHHUTH CTEPEOMETPHIO K IOKASATENbCTRY IUIAHHMET-
puyeckux Teopem! Taknx ciyuaes GyksanbHo Hanepedet. [Tostomy Kaxk-
JIOE HOBOE IIPMMEHEHHEe — CODBITHE [UTS HHTEPECYIOINXCS reoMeTpuel.
Tem Gonee, ecny 3To Kacaerca npamMoii Biviepa. [MpeapapuTensHo pac-
CMOTPHM HECKOJEKO 3anad.

3anaua L. Ilycts O — uentp cepsi, O, — ueHTp ceyeHHA cephl.
Hoxasatb, 4To 0Tpe3ok 00, — NeprHeHAHKYAAPEH MIOCKOCTH 3TOr0
CeYeHUs.

HokazarenscTso

B ceueHnn poBe/ieM Jipa uameTpa AB
uCD (puc. 1). Tpeyromsuukun OABuOCD —
pasHobenpeHtEie, a 00, — MenHaHa, IIpo-
BE[IEHHAS K OCHOBAHMIO 3THX TPEYTOMbHH-
kOB, [ToCKONBKY

00, LABu 0O, LCD,

TO 0Tpe30oK 00, TeprneHAUKYyIsAPeH. ce-
YeHHIO.

s Janaua 2. B TpeyronsHOH nUpamMuie
A SABC nnockue YIIel NpH BeplIMHe S
npsamsle. JOKa3aTh, YTO CKPeLINBAIOLIH-
ecs pedpa nepneHHKYNAPHEL
JloKa3aTeabcTBo
JIeiCTBATENBHO, TIOCKONBKY

4 = SCLSAnSCLSB

(puc. 2), To pebpo SC nepneHIUKYIAPHO
TpaHu SAB, 3HAYMT,

c SCLAB.
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78. NMpamas JiAnepa w CTEPEOMETPHA

3anaua 3. B tpeyronsHoii nupamuie SABC IUIOCKHe YIIEI TIPH Bep-
mmHe § — npamsie. Jokasats, 4To BepiivHa §, Touka M — UeHTPOHI
ocHoraHusl ABC W ueHTp O ONMMCAHHOM OKOJIO MHPaMM/IBI CHEPBI TTPH-
HAWIEXAT OTHOH MPAMOIi.

JloKA3aTeLCTRO.

B tpeyrosibHiKe ABC (puc. 3) npose-
meM Meguansl AK u CP. Tlockolnbky
ZASB =90°, To Touka P ecTh LIEHTP OK-
PYKHOCTH, OIIMCAHHOH OKOJIO TPEeYTOJIb-
HHKA ASB, sHaumT, no 3agave | oTpesok
PO nepneHOuKyIApeH TIocKocTH ASH.
Mo 3anaue 2 pe6po SC nepreHANKYIAPHO
mwiockocTH ASB. Takum o6pasom, oTpes-
ki PO n SC — napanielbHel  TOYKH P,
0, §,C npuHAIEXAT OOHOH IUIOCKOCTH.

AHATOTMMHO J0OKA3bIBACTCH, YTO TOY-
xu 0, K, §, A npunannexar ofHoii mioc-
KOCTH. ¥ 9THX IUIOCKOCTell ecTh ABe HECOBNANAONIME OBIIHE TOYKH S
1 0, moaToMy npsmas SO — JTHHHKA NepecedeHHs ITHX IIOCKOCTelH.

Teppoii IIOCKOCTH NPHHALIEXHT MefnaHa CP, BTOpoi — MelnaHa
AK ,3HauwnT, Touka M — TouKa MepecedeHs STHX MeIHaH — NPHHAUIE-
JKUT IBYM TUIOCKOCTAM, T. €. nepecedeHnio SO 9THX TUIOCKOCTeH, ITo M
TpebOBAIOCH I0KA3ATh.

3anaya 4. Ecaw B TpeyroisHO# mupamune SABC IIocKue YIB! NpH
BepUINHE S TIPAMEIE (TIPAMOYTO/IbHBIA TeTPasp), TO UeHTPOUA G TeTpa-
91pa NpHHALIeXKUT npaMoit SO.

JIeHCTRUTENLHO, 3TO TAK, IIOTOMY 9TO TOUKA G PHHAIUIEKHUT MPAMOiH
SM — MenuaHe TeTpas/pa.

CrepeomerpuyccKoe 10KA3aTeIbCTBO
Teopemsl 0 npamoil Ditaepa

PaceMmotpum npsaMoyronbHbeii Terpasnp SABC. O6o3naumum H — op-
TOLEHTp TpeyroasHuka ABC, M — ueHrpona TpeyronbHnka ABC, 0 —
LIEHTD OKPYXHOCTH, OIHCAHHOI 0KONO TpeyrombHuka ABC,Q — ueHTp
ciephl, OMUCAHHON OKOIIO PAMOYTOJBHOTO TeTpasapa SABC. Oproro-
HATBHO CTIpoeLMpyeM TouKy S Ha ocHoBanue ABC. Torna oHa crnipoenu-
pyercs B oprouenTp H,a Touka 0 — B Touky O (puc. 4).

TMockonsky Q0 nepneHamMKynsapHa wiockoctd ABC (3amaua 1), To
SH | Q0. INposenem uepes Toukn §, H, 0, 0 miockocts. OHa nepeceyet
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[nasa VIIL. CrepeomeTpua. HonneKUWoHHbIE 3a0a4H

nnockocTs ABC no npamoit HO. Touka M
MPHHALIEKAT IPAMOit SQ M IUIOCKOCTH
ABC, 3naunT, 1 npamoit HO. Taxum obpa-
3oM, Toukn H, M, O npuHamexar ogHoit
npsaMoit — npsmMoit Ditepa.
HokaxeM, 9T0
20M = MH

(OmATH Xe ¢ MOMOLIBI CTEPEOMETPHH).
PaccMoTpuM mogo6HBIE TPEYTOJBHMKH
SHM v QOM:

oM _ oM )

---)B

Puc. 4 A MS

CrpouM BCHOMOTaTebHBIA Mapavie-
nenunea ¢ ocHosanueM A4, BS (puc. 5), F — Touka niepeceyeHus maro-
Haneit npaMoyronbHika AA, BS. TTockonkky TpeyronbHuky ECM u SFM
nono6HEl, TO

SF FM _MS
EC MC EM’
IMockoneky
ISl
i
T0 M — LEHTPOMI TPeyroNbHHKA
ABCwu

MS |

EM 2’

Tlockomneky Q — ueHTp cheprl, ONU-
CAHHOH OKOMO Napajuie/ienHneia, To

Puc. 5 EQ=0S.Otciona
EM =20M + MS.
Toraa
ﬂ L 20M + MS =2,
MS MS

WIn 20M +1=2, 1w 20M = MS.
MS

VYuursisas paserctso (1), momyuum 20M = HM.
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79. CrepeomeTpuyeckan aHanorua

thopmynsl Iinepa

Dopmyiia Ditiepa 0 PaCCTOAHHH MEXIY LIEHTPAMH BIIHCAHHOMH B Tpe-

YIOTBHHWK OKPYKHOCTH H ONTHCAHHOM He MOXET He HPaBHTHCA:
OI* =R -2Rr.

OHa obnajaet Ka4yecTBAMH, KOTOPBIE YIOBIETBOPAT CAMOTO B3BICKA-
TENBHOrO 3cTeTa; ee hopMa, pasHooBpa3ne I0KAIATENLCTB, JOCTYITHOCTD
ZIa¥e BOCBMHKJIACCHHKY M, KOHEYHO Xe, IPHMEHEHHE.,

Kak 370 yacto GuiBaeT, B CTEpEOMETPHH aHANOT 3TOH (hOPMYITEI 0N~
roe BpeMsl HaltieH He ObUT, €CTH He CYUTATE CIISAYIOLIYIO 3aaqy:

B rerpasnpe DABC touka O — ueHTp onucaHHoii cdepsr, R — ee pa-
auyc, Touka 0, — LEHTP OKPYXHOCTH, OMIHCAHHOM BOKPYT TPEYTO/lb-
HUKA ABC,TouKa [, — UEHTP BIMCAHHON B 3TOT TPEYTONBHHK OKPYX-
HOCTH, R, ¥ r, — pamMycHl 3THX oKpyxHocTel. lokasars, 4To

I2 =R*-2Rr,.
JloKa3aTeNbCTBO

INockonbky oTpe3ok 00, MepreHIHKy-
nspeH mwiockoct ABC (puc. 1), To Tpe-
yronbHukn 00, Aw 00, I, — npaMoyTonb-
Hble. MMeeMm

04® =00; + A0},
01} =00} +0,I,
OTKyZa
OI} =04 - A0} +0,1} =
=R*-R}+0,1}.

IMo dopmyne Ditnepa WA TPEYTOIBHH-

Ka ABC

O, I =Rl -2Rr,.
CrienosarenbHo,
OI' =R*-2R.r,.
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Tnasa VIIL CrepeomeTpus. KOnneKUMOHHBIE 33834

XoT# yC/I0BHE 331390 He COBMAACT C MOCTARJICHHOM LEIBbI0 — HalTH
chopmyny O B MpOCTPaHCTBE, €€ BUI MO3BONACT HANSATHCA, HTO B HCKO-
Moii dopmyae SyleT bUrypuposars Belpaxerne R —2Rr.

& kR

HeckonpKo NeT Hasan B xypHaie «MaremaTMka B IKome» Gnlia
onybaukoBana (opmyna Jiopanna:
B npaBHIBHOM TPeyroasHOH mupaMuae
OI* =(R+r)(R-3r)

(O — ueHTp onwcaHHOrO Wwapa, R — pamuyc, / — LEHTP BITMCAHHOTO
mapa, r — pamHyc).
HeTpyHo MoKa3aTh, 910 BT GOpMY/TE! HANOMKHAET (opumyny Ditnepa:

(R+r)(R-3F)=R* -3Rr+Rr-3r’ =R* =2Rr-3r", (%)
B xkypHane (opmyna 10Ka3bIBATACH TAK:
JoKaszaTeILeTeo

Jloka3aTelbCcTBO MPOBEAEM JUIA CIy-

yas, KOraa UeHTp onucaHHol cdephl e~

JKHT BHYTPM nupamuisl (puc. 2). Iycts

SABC — npaBHIBHAA TPEYrONibHAA MTHPa-

muga, H — uentp ocHopanusa ABC, M —

cepenyHa AC, K — To4ka KacaHus BIH-

A B caHHO# B mupamuny cdeps ¢ GoKoBOiA
rpanbio SAC. Torna SM — BeicoTa 6oKo-

M Boit rpanu SAC u K € SM. fcho, 9to

c Ol =|R+r-4,
Puc. 2 re k= SH — BHICOTA TMPAMMIEL
CrefoBaTeNbHo,
OI =R* +7% +2Rr +h? ~2WR+7). ()

Buipasim h* —2h(R + r)yuepes Rur.Ilycte HM = x — pamyc oKpyxXHO-
CTH, BITHCAHHOI B paBHOCTOPOHHMI TpeyronsHuk ABC, torna AH =2x.
TMpsmoyroikHeie TpeyronsHHKH SKI u SHM monobHH, oTKyna

X ST
HM SM’

Mockoneky SI =h—r, IK =r,a SM =vh’ +x* (43 1pAMOYTONEHOTO
TpeyronsHuka SHM), To
h-r

Vx|

r
X
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79. CrepeomeTpuyeckan ananorus opmynsl Jiinepa

oTKy/a
r’(!xz+:r’)=x2(fsr——il')=.x1(h2 —2hr)=fl=r’,
HO3TOMY
h"z
2
£ i | 2
* Sk @
M3 IpAMOYTONBHOTO TPeYroNsHHKa OHA:
OH® =0A4* - AH? =R* -4x?,
€ IpYroif CTOPOHEL,
OH =SH-S0=h-R.
CnenosatensHo, (h—R)* =R* —4x* otkyna
4x? =2hR-H’. 3)
Ha (2) u (3) mmeem:
2
dhr_ 2hR-1?,
h=2r
2
Lo _2R-h, 4r® =2Rh—4Rr -k +2rh,
h-2r
oTKyna
h* ~2h(R+r)=—4Rr—4r*. @)
IMoncrasum (4) B (1):

OI* =R +r* +2Rr—4Rr—4r* =R* ~2Rr -3r?,

4TO W TpeboRaNOCk NOKA3aTh.
ByneM cuMTaTh I0Ka3aTeIbCTBO [l10paHia nepBbiM CocoboM M oKa-
xeM (opMylly (*) BTophiM crocoGoM (¢ MOMOIIBIO TPHIOHOMETPHH).

A

Bmopoii enocot
06o3HayuM (puc. 3)

ZHSB=a, ZHSE =,

d — paccrosHMe Mexay ueHTpamu O H [
cipep. OueBnaHO, YTO

SH=R+r+d.
OGosnauum SH = h. Umeem
HB=htga;
H£=mgp=fmcos§=-;-ﬁa,

—
| S R~ S

19 291



Fnasa VIIL Crepeomerpus. HonnexkuMoHHbIe 338344

r

h=r+——. (1)
sinp
h=R+Rcos2a =2Rcos’ a. (2)
Cpassnm BeipaxeHus (1) 1 (2):

2Rcos’ a =r[l+_i}
sinf

B nparunsHO# TpeyronsHOR NUpaMuIe

tga =2tgp 19
(noka3sars!).
INockoneky
d=|R+r-H= }R+r—(r+—]=‘R- "l
sin j
C/IeNOBATENBHO,
PG O ALy G R (Y
sinp sin’p g’

Vuursisas cooTHomeHwue (1%, nmeeM
OI* =R* -2Rr+r*(1-4)=R* -2Rr-3r?,

9T0 U TPeHOBANOCH TOKA3ATh.

Tlonbaysack aHanormeit, o6obmum dopmyny diopanna (hopmyny
Diinepa) g n-yroJbHOH NPaBHIBHOH MHPaMHUIEL:

oI =R -2Rr-r'tg '~
n

lepewiii cnocof
PaccMOTPHM  «CEKLHIO» N-YTONBHOM
nupamuel SHBA (puc. 4) (SH = h— Boi-
€OTa N-YTOMBHOW MUPaMIIbI).
OI=|R+r—AH
CrnenoBarte/ibHO,
OI* =R* +r* +2Rr + h* =2KR+r). (1)
OB03HATHM
HE=x;IK=r;
SE =k +x*; SI=h-r.
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79. CTepeoMeTpHHECcKan aHanorua Gopmynsl Jinepa

MpsamoyronsHble Tpeyroabiuki SIK u SEH nopobHi:
IK 81 r h—r
— = W — = ——,
HE SE x R +x?
r’(h’ +x’) =(h-r)’x%;

x}(W ~2hr)=h'r*;

e 5
=, 2
h-2r @
W3 AEHA
HA=—%_ OH=h-R=VR*-AH’ =
cOSE
n
HITH
: e
h -2hR+R*=R*- : 3)
cos? *
n
Cpapuum (2) u (3):
2
hr =(2Rk—h1)6052£;
h-2r n
r* =(2Rh—4Rr i’ +2hr)cos’ =;
n
rl
~h* +2Rh+2hr = +4Rr;
cos® ©
n
rl
K —20R+r) =~ —4Rr.
cos? X
n
INoncraruMm 3T0 BRipaxeHue B (1)
OI* =R* +r* +2Rr +h* =2h(R +1)=
2
=R*+r? +2Rr——L —4Rr=R’—2Rr+r’[l—sec’EJ=
ot ® "
n
=R?-2Rr-rig %
n!
4TO U Tpebopanock J0Ka3aTh.
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Tnaea VIIL. Crepeomerpus. HonnexunoHHsie 3aga4n

Bmiopoii enocoli
¢ NOMOULIO MPUSOHOMEMPLL)

OfosnaunM £ HSA=a; ZESH =p (puc. 4), d — paccToAHHe MeXIy
uentpamu O u [ cdep, i — Bricora mupamuasl. Torna k=R +r +d (3Hak
nepen d onpeHesisieTcs B3aHMHBIM pacmoyioxeHHeM UeHTpoB O u [).
Hmeem:

HA=htga; HE = htgp=HAcos ™,
n

OTKYIa C/IEIYeT, 4T0

t8p =tgacos ™.
B tpeyronsiuke SHE:
h=r+-,-r——-.
sinf
B tpeyromsuuke SHA:

h=R+Rcos2a =2Rcos a.
3HauuT,

1
2Rcos’ o = {l+;n-ﬁ]ﬂxmmymd |R+r-H= |R anpl

Torna

1 _p2 1 " 2 "1

& =R* -2Rr-——+ —R* —2Rr+2RA] 1-—_ |+ e
sinf  sin’ B sinf§
=R’—2Rr+r’((l - - it ]=

sm’ﬁ)coszu sin’ B

2
=R? —2;\'ir+il"[l—tg za }
tg°p

T e d* =R*-2Rr+r|1-

OTKYIAa H CIeOyeT HOoKasbiBacMas

g

¢opmyna.
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80. AneTepHartuBa Teopeme Yesbl

B CTEpeoMeTpuu

Ananorueif TeopeMbl YeBEl Ha INIOCKOCTH eCTh YC/IOBHE IlepecedeHUs
NpAMBIX B rpaHAx TeTpasapa (cm.: IL I1. Bess. «Teomerpis TeTpaeapar. —
Kues: PansHeska mikona, 1974. — Pasznen 84).

IpennaraeTcs MHAs 3aBHCHMOCTD, ATBTEPHATHBHAS «YCIOBHIO YeBhl»,

Mist Toro, YTobk! [BE NIPSIMBIE, TPOBE/IEHHBIE Yepe3 BepiunHbl A 1 D
TETPas3/ipa MePeceKalnch, HeoOXONMMO H IOCTATONHO, YTOOE! BEITIOIHS~
JIOCh COOTHOLIEHHE

S.u),c e Sm,r 1)

S,d.nia Sm,s

The A WD), — TOYKM nepecedeH s STHX NPAMBIX ¢ rparsMu DBC u ABC.
JLOKA3aTeILCTBO

Heotixodumocms. I1ycTs npamee AA, u DD, nepecexaioTcs B TO9Ke

0.Yepes 3TH nipaMele poBeneM mnockocts ADF (puc. 1). IouarHo,

uTO

D

Smic . CF 'Sy JCE

Sin,at BFACS oy VB

CrenoBatenbHo,
Sar =Swe _Swe _CF
Sur=Smp S5 BF
AHaOrHYHO I0KA3BIBAETCH, YTO
Swe _CF
Sy~ BF

TO eCThb BLIIIOJHAETCA paBeHeTBO (1).

Hocmamounacme. lonyetim, uto npaMbie A4, 1 DD, He uMmeloT 06-
uieil Touku. Ilycte npsamasn DA, mepecekaer ctopony BC B touke F,,
anpamas AD, — B Touke F,.
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nasa VIIL Crepeomerpis. KonnekuuoHHbie 3apayn

TousTHO, 9TO

TO €cTh £=£. Orciona BF, = BF, w touku F, u F, cosnagaior.
BF, BF,

CrenosarenbHo, npsameie A4, n DD, nepecexaiores.

MoXHO MoKa3aTh, UTO YC/IOBHEM TepeceueHHs npamuix A4, , BB, ,
CC,, DD, B 0HOIT TOYKE ABAASTCA BLUTONMHEHHE LA KaXIBIX IBYX M3
HHX ycrnoBus (1).

3anaua 1. JokasaTh, 970 MeIHaHbI TETPA3Apa NEepeceKaloTcs B OAHOM
TOUKe.
JloKa3aTeabeTBo
Mockoneky Touku D, u A, — uentpounsi rpateit ABC u DBC n o~
miany TpeyronsHukoB AD,C, AD, B u DA C, DA, B pasHbl, TO yTBEpXIe-
HHe 3a1a4H J0KA3aHO,

Janaua 2. Ha rpausx ABC, DBC, DCA, DAB terpasapa DABC 3ananbl
cooTBeTcTBeHHO TOUKH D, , A , B, ,C, . OHH cOEIMHEHBI CO BCEMH BEpPIIH-
HAMH rpaHel, KOTOpLIM NpuHamiexar. [Lnomanu kaxnoro u3 noyyeH-
HBIX TPeYroJIbHHKOB B CYMME ¢ IUIOIIANBIO TPaHH, KoTopast HMeeT 06-
VIO CTOPOHY C 3THM TPEYTONBHMKOM, paBHbl. JloKasats, 4To npAMbIe
AA,, BB, ,CC,, DD, nMeioT o61Iyio TOUKY.

JoKkasarebeTBO
[Iokaskew, uro npsivbie A4, u DD, nepecexaiores. Tlo yerosmio (puc. 1)

S, "'S,mlc =S5, +SAD,J =5, +Sm.r =8, +Sps =§,
e S, , §, — mnomanu rpaueit DAC u DAB; S — noiiHas noBEpXHOCTh
Tetpasjpa. Otciona

S 5
Su,c =Sm,c =‘§-S1 $S,m,s =Smls =‘3__Sz-

TloncraHOBKA NOCHeIHMX PAaBEHCTB B ypasHenue (1) mpeoGpasyer ero
B TOXIECTBO, UTO JOKA3LIBAET YTBEKICHHE 3a0a4H.
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B0. AnwTepHaTusa Teopeme Hesbl B CTEPEOMETPHM

3anaua 3. B rpausx rerpasnpa DABC samansi toukn D, , 4, , B, ,C, , xo-
TOpBIE COEAMHEHbI CO BCEMY BEPIIMHAMH rpaHel, KOTODEIM NpHHALIe-
#aT. OTHOIDEHHMA TUIOIIAASH KAKI0r0 H3 NOMYYEeHHBIX TPeYroNbHHKOB
K IUTOLIANM IPaHH, KoTopas MMeeT OBIIYI0 CTOPOHY € TPLYIOJIbHHKOM,
pasHbl. [lokasars, yto npameie DD, , A4, , BB, ,CC, uMel0T OBLIYIO TOYKY.

JlokazaTeabCTeo

OGo3nayuM S, U S, — TUIOIANH TpaHeii cooTseTcTBeHHO ADC M

ADB.Wmeem (puc. 1):

S,w,c =SAD,I Salas Esa,w
i

ClIeH0BATEIbHO, BEITIONHASTCA Yeaosue (1).

Jagaua 4. Jloxasars, uto B Terpasape DABC npamsie DI, Al , BI,,
CI,,rne I, 1,,1,,], — MHUEHTPEI COOTBETCTBYIONIMX IPaHEH, Nepeceka-
J0TCS B OIHOM TOYKE, CCAM NPOM3BEACHMA MLTMH MPOTHBOMOMOKHEIX
pebep paBHE! Mexy co6oit.

JokazareascTo

HMoxkaxem, uro DI u AI, nepecexatorca. IlycTb r ¥ r, — pammychl

OKDYKHOCTEH, BUCaHHEIX B TpeyronsHuku ABC u DBC. Mimeem:

28 o =r-b, 28, ,=r-c, 2Smlc =r-b, 28, =" ¢
(bu b,cuec, — nannb pebep coorserctBenno AC u CD, AB n BD).
TMoncTapnsas 2TH BHpaxeHusa B (1) U yuurhiBas ycnosme be, =bc,
noay4uM TpedyemMoe yTBepRKIeHHE.

Janaua 5. [lokasaTh, 9TO YEThIPE BBICOTHI TETPA3APA MepeceKaloTCa
B OMHOM TOYKE, eC/IH MPOM3BeIeHHS KOCHHYCOB JIBYIPAHHBIX YIJIOB I1pH
CKpelIHBaoIMXCH pebpax pagHEL

Jloka3aTeascTBo

Tyete H — npoexums sepiunHel D Ha rpaHb ABC,a H, — npoexuus
sepuinHbl A Ha rpaib DBC. Mo TeopeMe Mpo IUIOLIAxh NPOSKIIHH TTo-
cKoit huryps umeeM S, =5, |COS @, , L€ ¢, — JIMHEHHDIH yrom ABy-
rpalHoro yria c peGpoM AC.

Hanee sanuuem: S, =S, -C0S ¢,,T1€ ¢, — IHHEHHBIN YTOI ABY-
TPaHHOrO Yriia ¢ pebpoM AB; Sy, - =S, €08 @3, THE @3 — JIMHeHHBIN
YIOJl ABYTPaHHOTO YINIa ¢ pebpoM CD; Sy 5 =S py "COS @, THE O, —
JIHHEHHBIN yroJ AByrpaHHoro yria ¢ peGpom DB.

IMoncrarnss atu cooTHomeHu: B (hopmyny (1) 1 yuuTbIBAs YCnOBUE,
MONMYYMM YTBEPXKICHHE 3a0aUu.
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81, Ceyenue oaHO — cNoCoObI pasHbie

Yenorue 3anauu «0BMaHYHBO» TIPOCTO!

ITnockocts nepecekaeT 6oKoBEe pefpa MPABHILHOM YeTHIPEXYTOMNb-
HOM NHpaMHIB! B TOYKAX, PACCTOAHHA OT KOTOPLIX [I0 BEPUIMH PABHEI 4,
b,c,d. Jlokazars, 9To

Ho cTout «uyTh-uyTh» MTEpenucaTs HHave GYKBeHHOe PABeHCTBO:
@he _ p4d
ac bd

KaK acCOIMATHBHO BO3HMKAET cpaBHeHWe ¢ (opmynol GHCceKTpHCh

BHYTPEHHETO YI7Ia TpeyTOnbHUKa: [, = :icos g .CpabarsiBaer!
+C

(]

Ilepssuii cnocob
Iycts SABCD — npasunbHAs 4eThIPEXyroibHasg nupamMuna (puc. 1).
PNQM — ee cedenue maHHOM ToiockocTeio, SN =a, SQ=5, SM =c,
8P =d.Tlycts SO — BhICOTA TMPAMMUIbI; 0. — YIOJ MEXJIY BRICOTON MHpa-
MHIBI H GOKOBEIM pefpom:
o = £ZNSO = 2050 = £ZMS0 = £PS0.
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81. Ceyenne opHo — cnocobbl pazHbie

IMycts npsiMas SO nepecexaet ceueHue PNQM B HexoTopoit Touke 0, .
Tlockonsky SO — Guccextpuca yriob ASC u BSD, 10 SO, — GuccexTpuca
TpeyronsHukoB SNM u SPQ. Torpa no dopmyne miMHb GUCCEKTPUCHE

[’. 2bc A}
a:—cosi HMEEM

b+c
2bd 2ac
= _coso = , =——cosa,
b+d atc
mma.l_+l=l+l,mumcﬁomoc1,n0m3m.
ac b d

Bmaopaoii cnocoli
O6o3HauuM S yg, =S, Sosp =82, Sysp, =535 Spso, =54
aS0, a

Hmeem —- = —L == orciona
S, bSO, b
SRt )
a
S, aS0, a
Banee L =—L =— orciona
5, ¢S50,
A 0)
a
S, aS0, a
=—L="orciona
S, dso, d
S, =—-. (3)
a

aTCIoaa

S, +8, ac
§,+8, bd

Yuureisas cootHowenus (1), (2) u (3), momyanm
Sﬁﬁ
o O
bs, , ds, bd’
a a

a+c ac | B il g |

—_—— Y, e s

b+d bd b d
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Inasa VIIL. Crepeometpua. KonnexuywoHHsle 3agaum

Tpemuii cnocob
IycTs 6GoxoBoe pebpo nupamuae pasHo /. Torma

SN -43%; s—g=§ﬁ; 5M = 5C; ﬁgﬁa (1)

CornacHo YCIOBHIO MpuHamnexHoctH todek N, O, M, P opHo#
TUIOCKOCTH, HMEEM

ﬁzafﬁ«rﬁﬁﬂm, roec +B+y =1 2)
VYuyuteisas coOTHOMIEHUA (1), momydnm:
gﬁﬁ=u-£ﬁ+ﬁ-£§§+r£fﬂ.e.
! I 1 !
50-2254+# 58+ 1 5C. 3
R T T 4

3ameTnm, 4to SB+SD = SA+ SC, a sHauuT,
SD=SA-SB+5C. )
CpasHupas nipasele yacTd opmya (3) u (4), nosyuum
e PSR, Y SC=54i-5B+5C,
d d d

oTKyZa
B B_b=_1, X
d d d
OTKYyna
d —d d
=—; p=—; v=-. (5)
b ¢
TlogcraBuM rnoay4deHHBIE BLIPAKeHUS B BRIpaKeHHs (2)
d d d d d d | e L
Z—Z+Z=)orkyma —+—=1+—, —f—=——,
abcL Mac+b"n"acdb

YTO ¥ TPEBOBANTOCK AOKA3AT.

Yemaepmbili cnocot
Mycts NM nepecekaer AC B Touke P (puc. 2). ITo Teopeme MeHenas
s AASO n npamoit NM:
AN - SO, -OP

Ns00P4 T
AN-S0, _ AP )
NS00 OP
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81. Cesexne 0AHO — cnocobbl pasHble

Io Teopeme Menenas wis ACSO u npamoit NM:
CM-SO,-OP _
MS-00-PC
OTKYyZA
CM-S0, _PC -
MS-00 OP
Mycrs b — Goxosoe pedpo. [Tpubasum (1) u (2):

(AN CM].SU AP+PC _ AC+2PC _ 20C+2°PC

NS MS)0O OP OC+PC OC+PC
OTKyna
AN CM _250, g b-NS  b-MS _250,
Ns s 0,0’ NS Ms 00’
b, b 25 .,
NS Ms 00
L+L)=2M=z&
NS MS 0,0 0,0’
OTKYna
1. 1 259
v us w00 e
AHANOTHYHO,
1ogonks 1 280
s Snsel el 4
05 ES b-oio @
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I'naea VIIL. Crepeomerpua. KonnexumonHsle 3agaduu

CrefoBaTensHo,
1 1 1 1

—+ +—.
NS MS 0S LS

3amevanne: Ciydaif, korna NM || AC win QL || BD He ciioxeH u jaer
Te Xe pe3yasratsl (3) 1 (4).

Tpennaraem HaiiTy eme cnocobbl 10KA3aTENbCTRA.
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82. MeguaHb! TeTpasgpa

Onsith aHANOTHS. AHATOTHS MEX/IY MeHAHAMM TPEYTOMBHHKA W Me-
IHAHAMHA TeTpasapa.

OTpe3ky, coeMHAIONIME BEPIUHHEl TETPA3Apa ¢ LEHTPAMH THKe-
CTH NPOTHBOMOMOXKHKIX TPAHEH, mepeceKalTcsa B OTHOM TOYKE, Hend-
el Kakasil U3 HUX B oTHOINeHUH 1 : 3. DTH OTpe3KH HA3LIBAIOTCS Me-
IHaHaAMM TeTPa’apa.

. Hepeawiii cnocod

IMycrs M — cepennna peGpa BC terpa-
anpa DABC (puc. 1). Orpesxu DM n AM —
MemuaHsl rpaHeit DBC u ABC, G', G" —
LeHTponIs! TpeyronbHukos DBC u ABC.

TMockonsky

MG": MA=MG':MD =1:3,

TO oTpe3ok G'G"napauiencH pebpy AD u

paBcH %AD. O6o3HayMM (' TOUKY nepece-

yeHua MeauaH AG' u DG”. TpeyroibHUKY
GG'G" m GAD nonobHe 1
GG:GA=G"D:GD=G'G": AD=1:3.

Hraxk, orpeskn G'A u G"D nenstcs B TOUKE nepecedeHus G B OTHOIIE-
Huu 1:3,

AHJIOrHYHO JOKa3LIBAETCA, 9TO H OTPE3KH, COSTHHAIOLIME BEpIIH-
HEl Bu C ¢ uenrpounamu rpaneit ACD u ABD, nepecekaior otpesok DG”
H JIENIAT €ro TaKKe B OTHOIUEHHH 1:3, H MOTOMY NMPOXOMAT Yepe3 Ty ke
TOUKy G.

Bmapoi cnocol
{onucannsii napatteienuned)
Yepes ckpelusatoumecs pebpa rerpasnpa DABC nposesem napan-
JeneHsie rockocty. Momyunum napamienenunen A4, BB DD, CC, , onn-
caHHEI BOKpYT TeTpasapa DABC (puc. 2).
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Fnasa VIII. Crepeometpus. KonnexkuunonHslie 3agaum

c Jlemma. [IMaroHans onucaH-
HOTO Napa/Uie/ieITHIIeNa nepece-
KAET O[HY H3 IpaHeil B ec LCHT-
pouze. [loka3aTs.
JokazarenscTno
MposeseM  aHaroHaibHoe
ceueHmne A4, C,C. Emy npuHan-
nexar orpesku AC, u CN,
(N, — cepenuna o1peska BD).
Orpesok CN, spnseTca Me-

Puc. 2

D nuaHoit B TpeyronsHuke BCD.
Dra Me/IMaHA TIEPeceKaeT Ina-
TOHANL Mapasienermrnena AC,

8 Touke 0. W3 nono6us tpeyronsHukos N,0C, u CQA cnenyet, 4to

CQ:ON, = AC:N,C, =2:1.

CrenoBarensHo, Touka Q — UeHTPOMN TpeyronsHuka CBD.
Menuana terpasapa DABC NpHHALIEXKHT IHATOHATH OMHCAHHOTO

BOKPYT HETO NMapaiieienunesa 1 paBHa % 3TOH AUATOHAIH, 4 MEAHAHBI

TeTpas/ipa MePeceKarTCs B OAHOM TOYKE — TOYKE NepecedeH s THATO-
Haneil ONMCaHHOTO Mapa/UIeNeTHTea.
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Tpemuii cnocol
IMycts M u K — To4KH nepecedeHus
MeHaH TpeyronsHukos ABC u SBC B Ter-
pasnpe SABC (puc. 3). Torna
MT : MA=1:2, KT :SK=1:2.
MockoneKy oTpeskn MS 1 AK nexart B
OTHOM TUIOCKOCTH, TO OHM MEPeceKaloTes
(B Touke E). IMycts
AEEK =p:q,;SE:EM =m:n.
Torna

WS amMeeg, M o
m+n 3(m+n) I(m+n)




82. Meauaus TeTpazapa

3HAUMT,
gt
p+q Hm+n)’
2p 2m

Np+q) Hm+n)

orciopaq:p=1:3,30auut, m:n=3:1L

AHAJIOrHYHO JOKa3LIBAETCA, YTO OTPE3KH, KOTOPhIE COEIHHAIOT Bep-
muHE B u C ¢ TOYKAMH nepeceveHHs] MeIHAH TIPOTHBOMONOKHEIX Ipa-
Heit, enaTcs B OTHOIEHHH 3 : L

Hemesepmutii cnocod
IMycte X — mpow3BonbHasA Todka. Toraa MMeeT MecTo 3aBHCHMOCTh

W:%{ﬂa,ﬁm_m, R%(ﬁff&ﬁ) (puc. 3).

'BhIMTeM NOWIEHHO 3TH PABEHCTEA, MONYIHM
KM =154
3
1o 3naunt, yro KM||S4 u KM :SA=1:3. [TockonbKy TpeyroabHHKH
EMK w EAS nonobHel, TO
ME :ES = EK : AE = MK : AS =1:3.

AHAJOTHYHO [I0Ka3bIBAETCH, YTO OTPE3KH, KOTOpHIE COEOMHAIOT

BepmHHE B 1 C ¢ TOYKAMH MEPECEYEHHA MeHaH NPOTHBOIIOIOXHBIX

rpaHei, mepeceKarT OOHH U3 JAHHHIX oTpe3KoB AK unu SM BTouke E
W JIENATCH 3TOH TOYKOMN B TAKOM X€ OTHOIIEHHH.
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83. Teopema YeBbl... B CTEPEOMETPUM

«[lepecexaloTcs WK He NepecexalnTes?» — BONPOC B CTEPEOMETPHH
BCTPEYAETCS OCTATOYHO YACTO XOTA OBl H3-3a CKPeIIMBAIOLIMXCS TIPS~
MBIX: HATIDHMEP, BBICOTHI TETPA3Ipa MOTYT M He NepeceKaTbes (CpaBHHTe
¢ TpeyronbHHKOM), K coXaneHnio, 31ech «IUIaHMMETPHYECKAN» TEOPEMA
YeBbl HE TOMOXKET.

OnHako...

3anaua. B 6okoseix rpanax SBC, SAC u SAB tetpasnpa SABC npose-
ZieHbl GuccekTpHcHl 84, , SB, , SC, cooTseTcTBeHHO. [loKasaTs, 9TO mps-
muie A4, , BB, n CC, nepeceKaloTcs B OJIHOM TOUKe.

[lepauiii cnocod

Tax kak nipameie A4, , BB, u CC, npHHAIUIEXAT OAHO# IUIOCKOCTH, TO
BO3HHKEET BO3MOXHOCTH MPUMEHHTH Teopemy Yers (puc. 1). Jdocra-
TOYHO IOKA3aTh, UTO
AB, -CA, - BC, @
BC-ABCA

*)

[o cBoiCTBY GHCCEKTPUCEL:
AB, _AS C4 _SC,

BC, BS
CA SA
INoncTaBuM 3TH 3HAYEHHA B COOTHOILIEHHE
(%), monyunm
AB, -CA -BC, _AS-SC-BS _,
BC-AB.C,A SC-SB-SA

1

3HauMT, npaMeie A4, , BB, nCC| nepecexa-

10TCS B OQHOM TOYKE.
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83. Teopema Yesbi... B cTepeoMeTpUM

Bmopoi cnocob

JokaxeM 3anaqy Oe3 MPUMEHEHHST TeOpeMBl YeBsl.

Omnoxum Ha GokoBbix pebpax SABC pasHele otpeaku SD, SE, SF
(puc. 2). Tycre SA4, mepecekaer EF B Touke A,, SB, mepecexaer DF
BTouke B,,SC, nepecexaer DE B rouke C,. Tak kax 4, — Guccextpuca
paBHOGenpeHHOIO TpeyronsHnka ESF, 1o SA, — MelnaHa, 8 3HauuT,
Touka A, — cepenuHa EF. AHaNOTHYHO I0Ka3kIBaeM, 4To B, — cepen-
Ha DF,C, — cepenuna DE.

Hrax, otpesku DA,, EB, n FC, — menuannl TpeyronsHuka DEF,
4 JHAYMT, NEPEcekaloTcs B OQHOH TOUKe (Touke M),

Takum obpasom, riockoctit SA, D, SB, E u SC, F umerot obuyio nps-
Myt SM.

IMycrs npamas SM nepecekaer mockocts ABC B Touke (. Touxa Q
NPHHAVIEXHT MocKoCTAM ABC u SDA, , Tak Kak Q e SM, SM e(5DA,).
3Ha4uT, ToYKa Q NpHHAWTEXHT 00LIeH NpAMONH 3THX IUIOCKOCTEH, T. €.
Q € AA, . AnanoruuHo nokassisaercs, yroQ € BB, nQ eCC,.

Taxum obpaszom, npsiMeie A4, , BB, u CC, umMelot oburyio Touky Q.

A
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84. MpamoyronbHbIN TeTpasap

Kak Knoxpgaitk aHanormii

Ynrrare/iu, 3HAKOMBIE C KHUTAMH aBTOPA, HABEPHAKA 3AMETIUIH “OXOTY
3a aHanoruamu». He Gymy npuBommuTs BHOBE criosa IlItedyana Banaxa «Ma-
TEMATHK — 3TO TOT.. H T. I.». CKaXy TOIBKO, 4T0 oBpallieHne K aHATOrMH
BIIOJIHE ECTECTBEHHO — 3TO MYTh B HAYYHBIX MCCIEIOBAHMAX H B METOIMKE
NpenogaBaHus MateMaTHKH. CaM YIMBIAIOCE, 910 [0 CHX 0P He 06paTi
JIOJDKHOTO BHHMAHHSA Ha AHAJIOPMIO MEXIY NPAMOYTOIBHBIM TPEYTONIBHN-
KOM H NpAMOYToNbHKIM TeTpasnpoM. Ocofoe BHUMaHHe — MpOCTPaHCT-
BeHHO# Teopeme [Indaropa. Ho, Kak roBopHTCsA, 1O NOPSUIKY.

3anaua 1. B npAMOYTOMLHOM TPEYTONLHUKE cos” o +cos” B =1, e a

H P — OCTpBIE YIJIBI TPEYTONBHUKA,
JlokaszaTeascTso obMeH3BecTHO.

3anaua 1°, B npamoyronsHom Terpasupe DABC rpauu DAB,DBC, DAC
obpasyor ¢ ocHoBaHueM ABC yrisi o, b, v. [lokasats, uto
cos’ a +cos? B+cos?y =1
[okazarenscTso
Jlemma. TTyers o, B, ¥ — yisi, 06pa3soBaHHBIE IPSMOI d ¢ TPeMs B3a-
HMHO NEpneHIHKYIAPHEIME NIPSIMEIMH. [loka3aTs, 4To
cos® a +cos’ B+cos’ y=1.
JleHCTBHTEIEHO, €C/IM Ha 3THX TPEX B3aHMHO MEPEHIHKYTAPHBIX

NPAMEIX IOCTPOHTS NPAMOYTO/NLHBIN napamienenunen ¢ pepaMu a, b, ¢,
TO €10 AHArOHANk d BRIMHCAETCA o hopMyne

d* =a’ +b* +c’.
Hoa=dcosa;b=dcosB;c =dcosy. 3naunrt,
d? =d’(.'.:oe:2 a +cos’® B+cos? -,r),

uin cos’ o +cos® B+cos’ ¥ =1,
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84. NpamoyronkHbii TETPa3ap Kak Knosaank aHanorui

Mepenaem K sanave 1°(puc. 1).

INockoneky Touka [ MpoeKTHPYETCH
B oprouentp H rpanu ABC, To nuHeii-
HBIE YTJIBI IBYTDAHHAIX YIJIOB IPH OCHO- \
BaHHMM 06pa3yloTcs BHICOTAMH COOTBET-
CTBeHHBIX rpaHeil, Hampumep, ZDEC =y.
Mockonbky ZEDC =90°, TO

ZHDC = £DEC =¥.

3HauMT, OBAa APYIHX aHAJTOTHYHBIX
AUHelHBIX yrna pasHel B (ZHDB) u o
(£HDA). Bricota DH obpasyer ¢ TpemMs
nepreHIuKyIapHEME mpaMeiMu DA, DB, Pue. |
DC yrawi a, B, 7. TTo nemme

-

cos? o +cos’ B+cos’ y=1

3anaua 2. [nowans NpAMOYTOABHOTO TPEYrojibHUKAE ¢ KaTeTaMi

aw bpaBHa %ab.

Janaqa 2°, O6beM NPAMOYIOIBHOIO TETPA’Apa paBeH éabc (a,b,c —
pebpa npu BepiunHe D).
Vicazanue. Ipumenums gopmyay V =éa,ald sin ¢ (a, ua, — ckpewu-

gaiowuecs pepa mempasdpa, d — paccMoARUA Medcdy HUMU, ¢ — yeol
Mexcdy Humi),

3anaua 3. B NpsAMOYroJEHOM TPEYTONBHMKE C KATETAMH @ U b MMeeT
MECTO PaBEHCTBO

Lo éiibeed
P

(h— BEICOTA, ONYLIEHHASA W3 BEPIUIMHEI IPAMOTO YTJia).

8=

Iepeanui cnocob

[lycts £CBA = o (puc. 2). Torna <
G h ,b=—h—u a ku b
sin a cosa
1,1 _sina+cos’a 1 P . M
et sy K o :
Puc. 2
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[naga VIIL. CrepeomeTpua. KonnexkuynoHHsie 3agayun

Bmapoii cnocob

Jauaua 3°, B npamoyronsHoM Tetpasnpe DABC Gokossie pebpa pas-
HEl @, b,c. Buicota DH = h. [lokasats, yT0
1 Lol 1
e
ITepevait cnocol
O603HauuM yriabl Mexxay Beicotoit DH u peGpamu DA, DB, DC (puc. 1)
uepe3 a,f, y cootBetcTBenHo. Torma

DH h h
cosg =——=—3 =—;CO8y=—
B g e
Mo memme:
cos?® a +cos® p+cos’ y =1,
(L L
Mua—2+b—2+;*z—~=l,
S O 1
omna;z—+bz+;;=}17.
Bmopoi cnocoli
Hmeem:
Loy Hisbenad b et i’
TR e e v
a b ¢ a‘b’e
_4(8,2+S,2 +Ss)_5_1_ 1
36r? o R’

rae Gel1a mpUMeHeHa npocTpalcTeeHHas Teopema [Mudaropa (cMm. Hike):
Sl +8;+8; =57

3anaua 4. B npamoyronsHoM Tpeyronsauke ABC (£C =90°)

BC=\[4B-BH,.

3anaua 4°. B npaMoyronsHoM Terpasape SCAB (ABC — ocHoBaHuE,
SH — pricoTa)
Ssin =S snc* S aa-
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84. MpamoyronsHelil Terpasap kak Knoupaiik avanoruit

}Il]KﬂIlaTE.ilb(‘:TBﬂ
Ilo TeopeMe o TUIOMANM TNPOEKLHH
wiockoi Guryps! (puc. 3):

SAH-U (l}

ST cos

(¢ — yron mexay rpavsimu CAB u SAB).

cos Q= S—"“’ (2)
S.{E‘
Moxcrapum (2) B (1):
&L S S anc
SSM

OTKyna S.]s.u =S 5c S up-

Teopema ITudaropa
Myers S, =85, 805 = 8,50 =
8§ 15 =8 (Q — BepuMHA NPAMOYTONLHOTO
TeTpasnpa QABC) (puc. 4). Tpebyercs no-
Ka3aThb, 4T
S +8; +8] =5".

ITepewiii enocotd
O6osnaynm QA =a,0B = b,0C =c. Hmeem:

AC® =a* +¢2, CB* =c* +b*,BA* =b* +a°.

Hanee §, =%b,S, ='a2—c,.5‘1 =%.0603Halmm¢=AACB:

S=%AC-CB»sinqx o))

_aret+ b rer0iab, ¢’

EJ(a +c )(b1 +¢ ) .J(a +c )(.\!a2 +c )

e +c=)(s= )

_ ’azbz U T SRS 3 4(S12+S:+S:)
| (@) ) | T T

L
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Tnaea VIIL. Crepeomerpus. KonnekunonHbie 3agaqn

orciona (o opmyne (1))
2 S? slh
s =%AC-CB-2—-—W=JS? +S1+52,

410 M TpebOBATOCE HOKAJATE,

Bmopoii cnocoli

S= Sl ‘5= S} T SS 2
cosa’  cosp’  cosy
S+87+8]

cos’ a +cos’ B+cos’ y = =1

Sl

3anava 5. Panuyc OKpy:XKHOCTH, ONMHCAHHOH OKOJIO NIPAMOYTOJIBHOTO
Tpemmmm:ﬂ:zida’ +b%.

3anaya 5°, Paguyc OnMcaHHOH OKOJIO MPAMOYTOMBHOIO TeTpasapa
cthepsl paseH R =§v'a’ +b* +c?.

Viasanue. Jonoanume mempasdp do napaineaenuneda.

D B mpsAMOYroMkHOM TPEYIOIbHHKE HaW-
Gonbluas CTOPOHA — TMMoTeHy3a. B npa-
MOYIOJIBHOM TeTpasipe HaubOJbILIYIO TUI0-
LIAME HMEET TPAHb-THITOTEHY34: B TeTpaspe
DABC — rpanb ABC. CpaBHWM, Hanpumep,
totomuany rpareii ABC u DBC (puc. 5):
i B S s 'c0s LDEA=S8,, .
3Hauur, S, > S ppe-
3aMeTHM, YTO 1A JOKA3ATEe/ILCTBA MOXK-
c HO TIPHMEHHTb MPOCTPAHCTBEHHYIO TEope-
s My Tuaropa.

Janaua 6. B npamoyromsHoM TpeyronbHuke ABC (£C =907
c'>a’ +b.
.’Inuaja're.‘lbcrso
Wmeemc > auc > b.TTepBoe HepaBeHCTBO YMHOXHM Haa’ , BTopoe Ha b
H CITOXHM:
c-a’>aa’; c-b'>b-b*; e(d +b’)>a’ +b* e’ >a® +b°.
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84, NpaMoyronbhbii TeTpasap kaw Knonpaik avanorui

3anaua 6°. [lokasaTs, YTO B IPAMOYTOJIEHOM TETpasape
S5 >8] +5; +57.

JL0Ka3aTeIhCTBO
Mo aHanorHu ¢ NPAMOYTOIBHHIM TPEYTONEHUKOM S > 5, §>5,, |
5> 8, wm
8- 8F 82 8,825 82 8.8 585,
3Hauur,
S(S2+8]+83)>8} +5; +5;.
Tockoneky

82 +8}+8! =5105" >8] +5; +5],
4TO W TPeGOBANOCH I0KA3ATh.
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Imaea IX. MnaHumeTpus.
KonnekuuoHHbie 3agauu

85. CeHcayMoHHan HaxoaKa

reoMeTpuyeCcKmux apxeonoroe

TMepeas 3anava ObLUIa H3BECTHA ele APXHMENY (€€ TaK U HA3BIBAIOT —
«3anaua ApXuMenar):

«CyMma K6adpamog ompe3xos, Ha KOROphie moKa nepecexenus de-
AUM B3GUMHO neprenouKysaphsie xoposl, paska keadpamy duamempa
OKPYNCHOCTIUS,

B HeMHOTo MHOM BHIE 3Ta 3ajiaya BCTpeyaercs B ApenHedl MHunu
(«3anaua [Mapamagucsapu»):

«/loxasams, umo 60 enucanHOM Hembipexyeonvhuie, duazonan Komo-
PO20 63AUMNO NEPHEHOUKYAAPHY, KEAOPAMNbIL KOPEHs U3 CYMMbl Keadpa-
moe dnun 08yX NPOMUGONONONCHBIX CINOPOH PABEH JUaMempy OKpY@cHOCMU,
ONUCAHHOU BOKPYZ IMOZ0 HEMbiPeXyeoabHUKar,

3a gBagUATh MATH CTONMETHIH CBOETO CYIIECTBOBAHNA 3a/1a4a (B OTHOM
WJIH B IPYTOM BHIE) HEOMHOKPATHO PEIIANAach, IPHIEM MHOTHMM CIIOCO-
6aMu M HUYEro HeoObIYHOTO CeroHsa MLl OBl B Hell He YBHIEIM, eClH
GEL.. BypHane « KpanT» («3anaunmk ,, Ksauta“s, No 582) He nosiBunack
HOBas aBTOPCKadA 3anada;

«B oxpyarcocmb ¢ uenmpom O 6RuUCan HeMuiPexyeoibHuK ¢ 83aUMHO nep-
nenduryiapHoiMu duazonaiamu. Jokazams, ¥mo paccmosnue om movKu 0
00 cmopons Yembipexy20abHUKa PasHo IHe dAuHB NP 0N~
HOUi CMOPOHbL>.

VIMBHIO He TONBKO BHEIHEe CXOJICTBO 3a1a4, HO M CXOICTBO pellie-
HHI B K&XI0M M3 crioco00oB. [JeiiCTBUTEeNEHO, CMOTPHTE CaMH.
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85. CeHcauMOHHAR HAXDAKAE NEOMETPHYECKHX APXL0N0T0B

3adaua Apxumeda. Ilepesiii cnocod

Tycts AB n CD — B3aMMHO TleprieHIn-
KYJAPHEIE XOPAB! OKPYKHOCTH C LIEHTPOM
Ou pamiycoM R (puc. 1). HyxkHo moxasars,
yro BC? + AD? =4R* (310 paBHOCHILHO
YTBEPKICHHIO 3aaTH ApXHMENa).

Ilposenem mmamerp CE. Ilockoibky
ZCBE =90°,a yrinl CAB u CEB paBHeI, TO
£ACD = £ECB,otkyna AD = BE.

Torma, M3 NPAMOYTOIBLHOIO Tpe-
yrosnsuuka CBE: BC? + BE* =CE?, win
BC? + AD* =4R*, ut0 u TpeboBanoch
[0Ka3aTh.

Jadaua «Keanmay. Ilepasiii enocod
" Iycth, ADBC — 4eTHIPEXyTONBHHK
C B3aMMHO NEPIEHIMKYIAPHBIMH IHA-
TOHANAMH, KOTOPHIH BIHCaH B OKPYX-
HOCTBL ¢ LeHTpoM O (pHc. 2).
Mycts M — cepenuna BC, Torna UiMHa
oTpe3ka OM sisnseTcs paccTosHMEM ot O

1o BC. Hyxwo nokasats, ywro OM = % AD.

[Mposenem auametp CE. AHATOTHYHO AOKAIATE/ILCTBY 3a0a4d ApXu-
mena, uMeeM: AD = BE. B npaMoyronsHoM TpeyronsHuke CBE orpesok

OM — cpenusis InHMsA, oaToMy OM =%BE,‘TTO M TpeGoBaNIoCh.

Jadana Apxumeda. Bmopoi cnocob

B paneHeiieM coxpaHuM 0003HaYEHHs
nepsoro criocoBa (puc. 3). [1posenem xopmy
AE, napamensayio CD. Toraa AE L AB, 10
ecth £ EAB=90°, orkyna EB — nuamerp
okpyxkHocTH. [Tockoneky CEAD — BiicaH-
Has Tpanewus, 10 CE = AD.

CnepnosatefbHO, W3 IPAMOYTO/IBHOTO
TpeyronsHuka ECB:

EC* +BC* = BE?,

10 ecTh AD? + BC? =4R*, uto u Tpe6opa-
JIOCh HOKAa3aTh.
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Tnaea IX. Mnanumerpun. KonnekumoHHbIe 3aaa4m

Jadaua « Keanmas. Bmopaoi cnocoi

[posenem xopay AE, KoTopas mapan-
nensHa CD (puc. 4). U3 tex xe coobpa-
KEHUIR, 4TO W MPH JIOKA3aTENBCTRE 3314~
4y Apxumena uMeeM, uto £B — nuaMeTp
OKPYXHOCTH.

Orciona  chAenyer, 4To TPeYroJbHHK
ECB — npamoyronsHsiit. [lycte M — ce-
pemsna BC (OM L BC), tornaOM — cpen-
HsAs MHUS TpeyroibHika ECB (nockomnb-

n'OE=08),anomMy0M=%EC.

HonmEC:AD,mxynaOM=%AD, YTO U TPEGOBANOCH NOKA3ATH,

3adana Apxumeda. Ipemuii cnocol
Tycre LACD =0 (puc. 5). Torna £CAB =90°—c. CnenoparesbHo,
H3 TpeyronsHuka ACD, no cleAcTBHIO W3 TEOPEMBI CHHYCOB, HMEeM:

AD=2Rsina,
a U3 TpeyronbHiKa CAB —
BC =2R sirl(90°—u) =2Rcosa.

A
D Toaromy
AD* +BC* =
=4R* sin* a +4R? cos® o =4R?,
yT10 M TpeboBaNOCk 10KA3aTh. *
c \—/8
Puc. 5

Jadava « Keanmas. Tpemuii cnocod
Iycts ZCDB =a. (puc. 6). Toroa

[BOM:%-ABOC:&,

W 3HAYHT, W3 MPAMOYTOILHOTO TPEYTOIb-
HHUKA BMO wmeem:

OM =0Bcosa =Rcosa.

Janee,
ZACD =90°-ZCAB =

=90°-2ZCDB =90°—«,
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85. CeHCAUMOHHAR HAXOAKA TEOMETPHYECKMX APXEONOroB

Mo3TOMy M3 TpeyronsHuka ACD, no cieacTBHIO M3 TEOPEMBI CHHY-
COB, HMeeM, 4TO
AD=2Rsin ZACD =
=2Rsin(90°-a) =2Rcosa,
T0 ecth AD =20M ,uro u TpeboBaNOCh IOKA3ATh.

3adaua Apxumeda. Yemeepmuii cnocof

IMycrs H — OpTOLEHTP TPEYTONLGHHKA il

BCD (puc. 7). Tlockomeky BA LCD, 10
D

H e BAnTouKa A ABgeTcs TOUKOM nepece-
YEHHA MPOAOJIKCHHA BRICOTHI C OIMHCAHHOH
OKPYXKHOCTBIO, 4 O3TOMY OHA CHMMETPHY-
Ha Touke H orHOcHTENEHO cropoHnl CD. H
CnenosarenibHo, AD =DH. C B

Ilo m3BecTHOMN (OpMYyJIE TCOMETPHH
‘TPeyronbHHKA HMeeM:

DH? =4R? — BC?. Puc. 7
Cnenoparensho, AD? + BC* =4R*, uto u Tpe6oBanoch 10Ka3aTh.

3adava « Keanma». Yemeepmiviii cnocol

Ilycts H — OpTOLEHTP TPEYTONBHHKA

BCD (puc. 8). Torna (cM. 10Ka3aTeECTBO
sana4un Apxumepa) AD = DH.

[Mycts Touka M — cepennna BC. Hc-

TIOIL3YA W3BeCTHLIH dakT reoMeTpHU Tpe-

YrOJILHMKA, MOAY4nM, 4to: OM = %DH.

Ciieniosarensto, OM = %A.D, 9T0 W Tpe-

BGoBaNOCh JOKA3ATE.

BosHHKaeT ceHCAllMOHHAA THIOTe3a: 3afaga ApxuMela M 3azada
«KBaHTa» — TOXIECTBEHHRI — 3TO OJIHA M Ta e 3ana4a! [comeTpus
TpeyroJibHuKa moarsepxkiaaet aro! [lelcTBHTENBHO,

s Keaera
4R’ ~BC? =DH? = AD? =DH* =40M*.

3ARAYS APYHMEAR
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86. 3apaya 1. C. logmunosa

Dra 3anaga nosswiace B 1961 roay 8 kuure [, C. Tionmunosa «3ana-
4u Be3 uncnoBsIX AaHHEX» (Mocksa: Yunenruns, 1961). C tex mop oHa
«HE CXOIHT ¢ S5KPaHOB» LIKONLHEIX, paifOHHEIX OTMMITHAL,

Ee momynsapHOCTb MMONIEPKHBAETCH KOPOTKHM YCIOBHEM, BOZMOX-
HOCTBIO chopMynupoBath obpaTHbIE YCTOBMSA, 2 TAKXKE HECKOMBKHMH
CIocoBaMH perneHHii.

Otpesok, COETHHAOIHA CepeIHHB OCHOBAHHI TPATelliH, PaBeH HX
NoaypasHoCcTH. ONpeneTHTh CYMMY YITIOB TPH OCHOBAHMH.

Iepeuiit cnocol
Jhadmuwios J. C.)

B_M IMycre M u N — cepenussi ocHOBaHwMi
m BCw ADtpanenyun ABCD (puc. 1). Hmeem
v < AD=BC _
A F N E D 2

Pac. 1 =AN~BM =DN -CM.

Ipopens BF || MN ||CE, monyuumM
MN = BF =CE = AF =DE,

/D= ZDCE = % LCEF, /A= ZABF = % £BFE, otxyma

ZA+ 2D = ; zBFE+% ZCEF=¥=90“.

Bmapoii cnocod
Tposenem ME || ABw MK ||CD (puc. 2).
B_M Torna B TpeyroneHuke EMK
EK = AD-BC =2MN,

a 910 3Ha4MT, yto LEMK =90°, cneno-
A E N K D BATEJIBHO,

i ZE+ZK =90°u LA+ £D =90°,
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86. 3apava [. C. Nwamunosa

Tpemuii cnocob
O6osnauum (puc. 3) BM = MC =x, v B MC L
AN =ND=y. Ilposenem EA||MN, PAVER T
KD|| MN. B1u nipsiMbie TIEpeceKyT mpsi- o
My BC Tak, 4TO YCTHIPEXYTOJIBHHK %
AEKD — mapamrenorpamm, npudem 4 Pyr N D
BE = MN =KD (KaXmsit 3 OTpPe3KoB Puc. 3

paseH y —x). Tycts ZBAN =a, ZCDN =p. [1oCKONBKY TPEYTONBHHKH
EBAw KCD pasHobenpenusie, 1o £EAB = o, 3ua4uT, ZEAN =2a.Ana-
noruuto, ZKDN =2p. M3 napamnenorpamma: 20, +2p =180%a +f =90°.

Yemaepmuui cnocod £
Hocrpoum tpaneumio ABCD o Tpe- B,
yronsuuka EAD (pm:. 4). Mycrs BC =a;
EM

AD = b. Torn; E = N Ilyete EM =x, A P~ D
3HAYHT, Puc. 4

T SN T, i 3 T

b b-a 2 2

i 5y

B tpeyronsuuke BEC EM = %BC, 3Ha"MT, ZE =90° 4 B TPEyronbHH-
Ke EAD ZA+ 2D =90°.

Tameui cnocob

[poBeneM BK || MN (puc. 5). Tlo- E
CKONBKY MN =—— 4 (BC=a, AD=b) u B
M
A.K-b ,10 AK = BK ,a 3HavuT,
2
1 A KN D
A_N:ENHEN=-2~AD, Puc. 5

cienosarensto, ZE =90°, a sHauut, L4+ 2D =90°,

Hlecmaoii cnocoli
B rtpaneunn ABCD nposenem CF || AB
HCE || MN (pwuc. 6). Joxkaxem, uro B ACFD
CE — MemuaHa
1

CE=—FD.
2

Puc. 6
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naea IX. NMnauumerpus. KonnekyuoHHbIE 3a8a4m

HeitcrsurensHo. [yers BM = x; AN =y.Torna
FE=NE+FN=x+y-2x=y-x; ED=y-x; CE=y-x,
SHAYHT,
CE=%FD}{AFC’D=90°,

cllenoBaTensHo, £LF + £D = LA+ £D=90°,

Cedvmoi cnocod
B_M C [Ipou3peseM CHMMETPHIO Tpanelnuu

OTHOCHTENLHO TOYKH N — TmOmyuuM
AN PN tpaneuuio D,C, B, D (puc. 7). O6osna-
DN/ D yum BM = MC =x; AN = ND =y. TIpo-
“' pelleM mnpamyio BKC, napaiienbHyio
MN ,npuuem BC, =2(y-x),a AK =y —x.
G M B IMockonbKy
Puc. 7
£DD,C = £D,DC =B,
10 £BD,C, =0 +J, a MOCKOJBKY
AK:%BC, n BK = KC,,
To o +B =90°, wm LA + £D =90°.

TpemnaraeM CaMOCTOATENIBHO HAHTH elle Crocolbl pelIeHus ITOM
3alayM.
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87. MNopaxenue unu nobega?

H nopaxenbe ot moGeIkLl TEL CAM He
[OJIKEH OT/IHYaTD.
B. Macmepuax

Bra 3agaYa Monasack MHE B CEMHMIECATHEIX Tofax MpONUIOTO CTOJE-
THA... B rasete «KoMcoMonbekas npapia» — ObUT OOhABIEH KaKOH-TO
KOHKypc. Y ycnoBHe M penieHHe NpUBIEKIO MeHs (IIPUMEHSUIACh BCITO-
MOTaTe/IkHas OKPYXKHOCTB), HO TOJNBKO TEIePh 3HAHHE €€ KaK TeOPEMBI
NIPMBEJIO K HHTEPECHRIM nocnencTeuam. Mrak,

OKpYXKHOCTB, BIIHCAHHAA B TpeyroJbHHK ABC, KacaeTcs cTopoH AB u
AC B Toukax N u M, K — Touka nepeceyeHusi GucceKTpHchl yria B
¢ npsamoit MN . Jloxasars, uto £BKC =90°.

JloKazaTeascTBo
TMockonbky I — MHLEHTD TPEYTOJIBHH-

ka ABC (puc. 1), o ZBIC =90°+§.
ZKMC =180°-2£AMN =

S 1300{90% ﬁ) =900+ 4
2 2

(£ZAMN nerko HaxomWTcs W3 paBHODe-
peHHoro TpeyronsHuKa AMN). [NockonsKy
ZKIC =180°-£BIC =

=180°{90°+i)= pdN
2 2
TO

ZKMC + ZKIC =90°+ g +90°— ; ~180°

M BOKpYT 4eThipexyroibHuka CMKT MOXHO ONHcaTh OKPYXHOCTh.
Tlockoneky ZIMC =90°, To IC — nuaMeTp 3TOl OKPYXKHOCTH, a 3Ha-
auT, ZBKC =90°.
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Fnaga IX. Mnawumerpua. KonnekumoHHble 3anaum

[Monpo6oBan NPONO/KHTL MOHPABHBIIYIOCH 3aayy — TMPOBECTH
6uccexTpucy yriaa ACB, kotopas nepecekna npaMmyio MN B Touke U
(puc. 2). Kak cnenosano oxugars, £BUC =90°, OKpykHOCTb, IIPOX0-
nsmast gepes Touku C, K, U, B ¢ nnamerpom BC HanmpamwBanack caMma
coboit (puc. 3) ¥ crasa HaMOMHHATE CHTYALIHIO C OPTOLIEHTPHYECKHM
TpeyronsHukoM. C oproueHTpudyeckuM? Tonbko B JaHHOM ciyyae
Gyner He TpeyronsHuk H| H, H, ,atpeyronsiuk KUK ,rie K| — Touka
KacaHWs BIHCAHHOM OKPYXHOCTH cTopoHoit BC. AHanor yCHIMBAI-
CHl BO3MOXHOCTBIO ONMCATh OKPYXHOCTE OKOJIO YETHIPEXYIOJBHHKA
KIK, B! A nanee Bce GbUIO nenoM TexHukn: £ UBC = /#UKC (oHn onn-
patorest Ha ayry UC), ZIBK, = ZIKK, (ouu ommpaiores Ha nyry IK ),
snaunt, ZK, KT = 2UKI, cnegosarensHo, HHUEHTP | GydeT MHLEHT-
poM TpeyronsHuka KUK, ! (Pasencteo yrnos KUI w K UI — noxasa-
TENBLCTBO AHATOTHYHO,)

MoxHO hOpMYTHPOBATE HOBYIO ABTOPCKYIO 3a11a4y:

BrivcaHHas B TPEYTOJBHUK OKPYXKHOCTb KacaeTcs cTopoH BC, AC, AB
B Toukax K, K,, K,. Buccexrpucet yros B u C mepecekaioT NpaMyio
K, K, srouxax V uU. Jlokasats, 4To TpeyrofbHHKH ABC u K, UV umeior
obuMit HHUEHTD.

A
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B7. Nopamenue unu nobepa?

YuuThipas peiieHMe 3a1aduM, 0 KOTo- A
POM pevb [UJIA BHIINE, S PACCYMTHIBAN...
Onnaxko!
VCNOKOMBIIKCH, 9 «C YXKACOM» YBHIEN
MTHOBEHHO® (!) 10Ka3aTeNbCTBO:
Yeruipexyronsuuk BK VK, — nens-
toua! 3uauut, BV — OGuccekTpuca yria
K,VK, (puc. 4). H sce!

H Bee-taxu, He 3abymeM o LM KHH- K
TH: PEIIHTE 3a0a4y Cuie OIHUM criocoGom. K
W Toraa npuaeTCcs ONMMCEIBATE OKPYXKHOCTH.
Bort reneps Bee!
c K B

Puc. 4

w * &

Korna 370t cioXeT GbU1 HATIMCAH, 5 HEMPONU3BONbHO O6GPATHIT BHU-
MaHHe Ha KOHUOBKY npeanciaosrs kK kHure M. @, lapriruna «leo-
meTpusa. 9—11 knaccel. 3agauHuk» (Mocksa: [ipoda, 1997).

«HapepHoe, KaXnas colepxaTelbHasd reoMeTPUYECKas 3aaua Mo-
XKeT OBITh HCTOYHMKOM LIEJIOTNo psja HOBHIX. JUIA 3TOr0 C Heil Halno He-
KOTOpPOE BpeMsA «IOBO3UTECA», TOCMOTPETh C Pa3HBIX CTOPOH, MOMpPO-
6osath nepedpasupopaTts, 0606IMTE. B pesynbrate yIHBHTEIbHBEIM
06pa3oM MOXeT BO3HHKHYTh HOBasd, COBEPIIEHHO He 10X0Xas Ha «po-
aurtensa» 3anaga. Hanpusep, Bo3sMeM TYT ke 3anavy Ne 255...».

A nocMorpen Ha 3anaqy Ne 255. Bro 6b1a... 3ana4a H3 «KoMcoMonKu»!

— Mucruka?

— Humre 1 o6paimere!
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88. PaHTazuu Ha TeMy OfHOM 3aaauu

PaceMoTpuM 3anady, KOTOpas «pachalaeTcs» Ha JBe;
B npAMOyTONBHYHO Tpalel |0 ¢ OCHOBAHWAMM @ W b BIHCAHA OKPYX-
HOCTh. JI0Ka3aTh, 4TO IUIONAE TPATISLIHE PABHA ab.

B C Iepasii cnocod

Iycts B Tpanmeumu ABCD (AB L AD)
BC =a,AD = b (puc. 1).

Tposenem CH L AD. ObozHaunm r —
panuyc okpyxkHoctH. Torna

\ 2r+CD=a+buCD=a+b-2r.
ul TMockoneky HD = b—a, 0o u3 ACHD:
A H D ;

Prc. 1 (-0 +@2r)* =((@+h)-2r)",

unn b =2ab+a® +4r* =(a+b)’ —-dr(a+b)+4r?,

WIH2r = _2_?% , 3Ha4MT, iowans S Tpaneuun ABCD paBHa
a+

Bmopoii cnocob
Iyers 0 — ueHTp BrMcaHHOH B Tpanewmio ABCD okpyxHocTH (puc. 2).
Torna ZCOD =90°, Mpoeenem OK L CD (K — ToYKa KACAHUA OKPYKHOCTH
u cropoHsl CD). Tlycte M u N — 109K Ka-

B M Fod caHHA ¢ ocHoBaHMAMH. [TocKombky
MC=CK, ND=DK,
K CK=a-r,KD=b-r,10
0 r’ =(a-r)(b-r),wm
r®=ab-ar—br+r’,
oTKyna
A N D o O it b,
Puc. 2 a+b a+b
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88. ®aHTa3uM Ha TEMY OAHOMA 333K

Mepsas dpanmasia. Mockoneky AD =5, p M C
TO HABEPHSAKA HA CTODPOHE TPANelMu Cy-  y
LIECTBYET HeKoTopas Todka X, 4To IUo-
ATk TMPAMOYTOMEHOTO  TPEYTONbHHKA i
AXD papua TooBHHe TUIOWAmM Tpame- L
LIHH [‘;—b} Haiinewm ee. \
OnycTuM 13 ueHTpa O NEPNeHINKYIAp A V. D
OF na cropony AB (puc. 3). Ecin XA =a, Pic. 3

10 EX =a-r,Tak kKak EA=0N =r.

Bmopas dianmasus. Moxer OuTB, OT-
pesky XD npHHALIEXHT LEHTP OKPYKHO-
i, Touka 0, u torna XD — pasHofess-
mwas?! [locrasneHa Bropas 3agayal

JokaxeM, 94To 9TO TaK.

IMposenem npsmyto OD (puc. 4), koto-
pas mepeceder cTopoHy AB B Touke Y.
Pacemorpum Tpeyronshuku MOC u YEO.
TMockonsky FO=0M w £YOE = ZMOC
KAaK YIJIHL C B3aHMHO MepHeHIHKYIAPHE-
MM CTOPOHAMM, TO 9TH TpeyroibHuky pasusl u YE = MC =a—r,T. . TOY-
Ka ¥ coBnagaer ¢ Toukoi X, a 3Ha4YMT, (haHTA3UA OKA3ANACH PEAIbHO-
CTBIO! TOUKa O MPHHALTEXUT oTpe3Ky X[ — paBHomensel Tpaneuu.

MBI ONY4HIH BO3MOXHOCTE PELIMTH MOCTABIEHHYIO 3a1a49y
mpenmsim cnocobom:
TpeyronsHuK XOE (puc. 4) monoGeH TpeyronsHUKY XAD:
r_a-r

—=—_"sgr=ab-br; r:ﬂ; S =ab.
b a a+b

Hemeepmotii cnocol
IpuMeHUM TpHTOHOMeTpHIO. Ob03HAYNM £ X DA = a. Torna

s AXEO: tg £ZXOE =L wrntga =2=".
EO ¥
3HauuT,

=8 s ar =ab-br; r =£; S =ab.
r a+b

=B
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Fnaga IX. Mnanumerpua. HonnekumoHHbie 3a034M

OnpeneneHue TOYKH X MO3BOMAET JOKA34Th BTOPHIM CIIOCOGOM, YTO

XD — papHonessIAA:

Bmopoii cnocod-A
Hmeem (puc. 5):
S o0 =%.§’=S2 +5,+85,.
Syacp =285, +8, +(S5,=5,)=
=5, +5,+5,,
A N D
3Ha4yHT, XD — paBHOmeNAIIas.

Tpemuit cnocodi-A
Tycrs ZCDA = . Toraa ZODN =%.Hmeeu (u3 AOND)

@_r
R lion
JIEJIEQ,
2g %
tga = 2a= 2
I=tg?= p—pf1-—L
2 ’{ (b=r’
Ho us ACHD (puc. 1)
2r
tga=—0:.
& b-a
IIpupasnseM sripaxenus (2) u (3)
2r 2r

b=a .. f 5.k )
(b—r{l—-{b_r)z-]

TMony4yum
rl r!
b—a=(b-r) 1- 1 b—a=b-r- -
(b-r) b-r
OTKyZ#a
yoab
a+bh’
Haiinem otpesok AX:u3 AAXD
AX =b-gZ.
lg2
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88. GaHTaIuM Ha TEMY OAHOR 3a[a4M

M3 dopmyssi (1), yunrsisas Gopmysy (4),

AX=b—" amAX =b—8%b__,
b-r ab

I o d
a+b

3HavuT,
s =-1»-AX»AD=—21-ab,

LI
caenoparenbHo, DX — papHomensuas.

[IpennaraeM HAWTH HOBBIE CBOHCTBA PABHONEIALICH.
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89. Bo3eegeHune Ha TPOH

B kuure «Cobpanne reoMeTpUueCKHX TeOpeMs U 3agaub» (Cocra-
putens E. Tpxesansckuii. — Mocksa, 1901), yenosre H moKa3sarelb-
CTBO paccMaTpUBaeMoit 3a1auM BRITIIANENO TaK:

«OKO0JI0 paBHOCTOPOHHErO TpeyroabHHka ABC onuueM OKpYX-
HOCTh W Ha ayre BC BoasMeM Npou3BoabHYo Touky M. loka3ats, 410

MA=MB+ MC».

Hepawaii cnocol
«[Iposenem xopay CD|| MB,xoTopas nepeceder npamyo AM B Tou-
ke F (puc. 1). AADF u AMFC — paBHOCTODOHHME, ITOTOMY UTO

= ZADC = ZABC =60°,
ZDAM = ZBAC =60°,
ZLFCM = £BDC = £BAC =60°,

M £ FMC = ZABC =60°,
a [MoToMY
AF = AD = BM,FM =CM
c 4 u AF + FM = BM +CM’

wid AM = BM +CM».
Puc. |

3anava, MoxeT ObITh, OCTANach He3aMeYeHHOM, ey Gkl Ha Hee He
obpatun eHHMaHue A. M. Moctoso# B kaure «Pasnnynsie crniocobu
JIOKAa3aTeNbCTB B Kypce FeOMeTPHU BOChbMIIeTHel mKonki» ([Tocobue
nns yuureneit, — Mocksa: ITpocpemenue, 1965). Ox npusen He-
CKOJBKO CITOCOBOB JOKA3aTENbCTE, YTO B TO BpeM# (Ia H ceiiuac ToxXe)
OBLTO ABNIEHHEM, M, 51 AYMAl0, BIEPBEIe, IPUMEHHI K 3TOHA 3a1a4e Teo-
pemy IMronemes! (Cm. crocob 13.)
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89. Boasepenue Ha TpoH

Bmapoii cnocob
(v A. H. Mocmosoeo o nepesiit)

OrnoxuM Ha oTpeske MA orpesok MD = MC. Coenunum Touky D
¢ Toukoii C (puc. 2). PaBHoGeapeHHEH TpeyronsHuk DMC ¢ yroM npu
pepuniHe DMC, papHEM 60°, 6yIeT paBHOCTOPOHHMM, T. €. MC = DC. Kpo-
Me Toro, £LBMC = £ADC =120°.

K Ttomy xe AC > DC. CienoBatensHo,
AADC = ABMC (o ueTBEpTOMY NpH3HA-
KY paBeHCTBA TPEYTONEHUKOB) M AD = MB,
3HauMT, MA = MB+ MC.

Tpemuii cnocof
BHOBB OT/10KMM Ha otpeske MA (puc. 2)
otpe3ok MD, pashbiit MC. Jlokaxem nHaue,
4eM BO BTOpPOM criocobe, yro 4D = MB.
Bocnonbsyemes BTOPBIM NPH3HAKOM
PAaBEHCTBA TPEYTONBHHKOR!
DC = MC, £ZADC = £BMCu £ACD = £BCM
(nockoneky £DAC = ZCBM) u LACD = ZBCM.

Yemeepmuiil cnocod
Otrnoxum AD = MB (puc. 2). iMeeM nepBhlif TPU3HAK paBeHCTBA
TpeyronbHuKoB ADC u BMC: AD = MB, AC = BC KaK cTOpOHBI paBHO-
CTOPOHHEr0 TpeyroisHuka, H £DAC = ZMBC kak snucaHHbie, 0N~
palowmecs Ha omHy ayry. M3 paBeHCTBa TpeyroJbHHMKOB CHENyeT:
CD = MC, 1. e. ADMC — pasHoOeapeHHBI, a Tak xak ZDMC =60°, To
ADMC — paBHOcTOpOoHHMIM 1 DM = MC.

Ilmeait enoco
Ha nponomxkenun BM

(puc. 3) OTIOKHMM OTpe30K B
MN, pasuwmiii MC (MOXHO
nponokute MC u Ha ee
NPONOKEHHH OTIOXHUTE OT- N
Pe3oK, paBHbiil MB). Tak Kak
ZBMC =120°,
e A\_./C

W PaBHODEIPEHHKIH TPEYTO/Ih=
Huk CMN Gyger paBHOCTO-

DOHIHM. Puc. 3
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[naga IX. Mnauumerpus. KonnekunoHHbIE 330a4K

Hanee, AAMC = ABNC (AC = BC, MC = NC u ZACM = ZBCN, Tak
KaK KaXIBlil U3 HHX ABIseTcs cymMMolt yrios B 60°u ZBCM). U3 pa-
BeHCTBA TPEYroJALHHKOB CTeyeT, 4To

AM = MB+ MN = MB + MC.

Ilecmoii cnocod
Crie/ias JAOTOMHHTE/IBHEIE TIOCTPOSHHMS NMATOTO cnocoba, BOConb3y-
emca geTBepThiM (1) npusHakom. Tak Kkak

AC> MC u AC = BC, MC = NC, ZAMC = ZMNC =60°,
T0 AACM = ABCN. JansHeiiiiee O4eBHIHO.

Cedbmoii cniocol

Tlo aHanoruy ¢ NPEABLAYIIMMH TTO-
CTPOEHHAMM NTpoao/LkumM MB 3a TO4KY
B (puc. 4) n otnoxuM NB = MC. Toukn
Au N coennumM.

Mockonsky AC=AB, MC=NB u
ZACM = /ABN xak yrasl, gomon-
HADIIHECA OJHMM M TeM Xe YIIOM
ABM 1o 180°, tpeyroneHuku ACM u
ABN pasHul. M3 paBeHCTBa 3THX Tpe-
YIONBHHKOB clenyeT: MA=NA, T. e.
AANM — paBHOGenpenHwiii. Ho
2 NMA =60°, 3Ha4mur,

MA=MN = MB+BN = MB+MC.

Bocemoii cnocod
Kak u B mepBoM ciryyae oTnoxuM MD = MC (puc. 2). [lponomxum
CD no nepecedeHHs C OKPYXHOCTEIO B To9Ke E B coemnunm E ¢ A.
Kaxk yxe 6uu10 nokasaHo Belmne, ZACE = ZBCM, a, cienosarelbHO,
AE = MB.Ho AADE paBHocTOpoHHHI (nokaxure!), u AE = AD.Hrak,
MB = AE = AD,1.e. MB= ADwn MA= MB+ MC.

A 1t —od duamutii cnocois
Tak kak UAE = UMB (puc. 2), To coenunns B ¢ E, nomyaum BE || MA.
[T02TOMY MOCTPOEHKE MOXHO HayaTs ¢ nposeneHus BE || MA wiu ¢ nipo-
penerus EC|| MB (necarsiit cmocob!).
MOXHO BOCTIONB30BATECA NApa/UIeIEHEIM TIEPEHOCOM WK CBOHCTBa-

MM GOKOBBHIX CTOPOH JBYX paBHOGeapeHHbix Tpaneumii MBEA u CMBE.
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89, BoasegeHue Ha TpoH

Jeenaduampiii cnocol E
Iponomxum MB 3a Touky B u or1-
noxum ME = MC (puc. 5). CoeuHHM
E ¢ C. PapHobGeapeHHBIH TPEYTONBHHK
MCE,y xotoporo yron CME paseH 60°,
6ymet papeH paBHocTOpoHHHM. [Ipo-
peneM BD||CE;Torna, cOEIHHUB TOY-
k¥ D u C, mony4yusm napaienorpamm
ECDB (BD||CE w BE||CD, Tak kak
ZBDC = £ BAC =60°).
3uauurt, BE =CD.HoCD = AM (n0-
Kasarb!), a moaToMy D
MC = ME = MB + BE = Pue. 5

=MB+DC = MB+ MA.

M,

W HakoHen, otnasas gokHoe A. H. Mocrosomy, mpuseneM crioco6,
BIIEPBBIE, MO MOEMY MHEHMIO, MM TIPE/UIOXEHHbIA: IPHMEHEHHE Teope-
Ml [Tronemes.

Tpunaduyamsiii cnocol
Tycrs AB = BC = CA =a. Torna no TeopeMe Iltonemes (puc. 4)
MA-BC = MB-AC + MC - AB unu MA-a= MB-a+ MC -a,
otkyga MA = MB+ MC.

Crniocofsl pellieHns 310 HeOOLIKHOBEHHOM 3a0a4i Ha 9TOM He OKOH-
yummcek. B kuure 3, I [ormana 1 3. A. Croneua «3ana4a oHa — pelue-
Husl pasHbie» (Kues: PamaHcbka mKkona, 1988), 6bUIH NpeaiokeHs! e
NATH COCOBOB, CpeiH KOTOPbIX OBUI # cITocob ¢ MPHMEHEHHEM TEOPEMBL
[Nronemes. PaccMOTPHM OCTATBHBIC YETHIPE.

Yemvipuaduamuii cnocol
Otpesku MA, MB uw MC sasnsiotca
CTOpOHaMHM TpeyronsHHKoB AMB 1 BMC,
B KoTOphix ZAMB=60° u £ZBMC =120°
(puc. 6). IIpEMEHHM K TPEYTONBHHKAM
TeopeMy KocuHycoB. OGo3HauuM AB =a,
MA=x, MB=y, MC = z. YauThHIBasA, 4T0

ct.vsG(}"=l u cosl20°= -1 J
2 ]




[naga IX. Nnanumerpua. HonneKyMoHHbIE 3aga4m

ToTyHM
@ =x?+y?—xyp;a’ =y + 7 +yz
BbiuTeM M3 IEPBOro PaBEHCTBA BTOPOE, HMEEM:
x? -z —yx+2) =0,um (x+)(x -y -2 =0,
OTCIONA X =Y + 2.

Hamuadwamsii cnocol
Tak kak orpesku MA, MB w MC sBIAKTCH XODIAMH OKDYXHOCTH,
OMMCAHHON OKOJIO TpeyTOMEHUEA ABC, TO MX JUTHHEI MOXHO BHIPA3HTH
yepes R — paamyc 2TOif OKDYMHOCTH, BBEIA BCIIOMOTAaTeILHEIH YIOaX
ZBAM =o. Umeem

x =2Rsin(60%a); y =2Rsina; z=2Rsin(60°—).
TomyauM TOXIECTBO sin(60°+u) =sina +sin(60°—u ), Koropoe IoKa-
34Th HETPYZIHO, 4 3HAYNUT, X =y + Z.

Lllecmuaduameti cnocof
TInowank yeTnpexyroisHuka ABMC BuipazuM 1BYMS criocobaMu.
Ilyets ZANB =, roe N — TouKa nepecedeHua oTpeskos AM u BC.

Torma nuowmanks yersipexyroisHuka ABMC pasHa %ax sin @. C apyroi

CTOPOHEI, IUIOMIAAL 3TOTO YeTHIPEXYTONbHHUKA PaBHA CYMMe TUIola-
neii tpeyronsHuKoB ABM u ACM . HetpynHo noka3saTs, 4to ZABM =g,
a LACM =180°-@.[ToaTomy

5o R e

—ax sin @ =—ay sin @+ —azsin(180°-p),

3 ¢=zaysingts (180°~9)
OTKYIa X =) +Z.

Kax coppemennbie reomerprl, 3. A. Ckoner 1 3. I [orman He Mor-

JIW He NPEUIOKUTb FTeoMeTpHYeCKHe npeobpasopanud. Mrak, nosopor!

Cemuaduamuii cnocol

Crioco6 HanoMHuHaeT BTOPOH ¢roco0, Ho...

OrmnoxuM Ha otpeske MA otpesok MD, pasHeiit otpesky MB (puc. 6).
TNockonbky LAMB =60°, To TpeyronsHUK BDM sBIseTcs paBHOCTOPOH-
HuM. TpeyroisHMK 4BC T0oXe paBHOCTOPOHHHIA, TToBepHeM TpeyroiIEHHK
BCM roxpyr Touxs B Ha 60°TaK, utobsl Touka C coBnana ¢ Toukoil 4. Toraa
Touka M coBnanmer ¢ Toukoii D 1 orpe3ok MC COBMECTHTCA ¢ OTpe3koM A,
Hrax, DA = MC.Tlosromy npu mo6om seibope Toukn M Ha myre BC umeem
MA = MB+ MC.

332



89. Bo3sefeH1e Ha TPOH

Ho ¥ Ha 3TOM «BOIONA» CMOCODOR HE OKOHYMIICH.

Bospenenye 3a0a44 Ha TPOH KaK OIHOM 13 IYYIIMX B MHOTOCTIOC00bE,
MPOMEOLUIO TOCIE CACAYIOMIETO 3aMedaTeIbHOro (PaKTa, BEI3BIBAIOIIETO
MOHAYATY HEIOYMEHMWE: I7IA NPOM3BoNbHOI TouKH M (Tereps Gyaem obo-
3Havarh ee To4Koii X) pepumna C ecTs TouKa W s TpeyronbHuKa AXB
(HarmomHuM, yTo TOYKa W — TOuKa MepecedeHHst OUCCEKTPHCH BHYT-
PEHHETO YI7IA TPEYTOMbHUKA ¢ OTMCAHHOM OKPYXHOCTHIO). Teneps BO3-

MOXHEI TIpuMeHeHHa opMynsl Jlarpanka o Guccextpuce, (OpMYIbI

2be A
BHCCEKTPHCHL [, = b—cosi, TEOpeMBl TPHINCTHHKA M, YTO, KOHEUHO,
+c

ocobeHHO paiyeT aBTopa, @pumS:%AWAMN‘

Hrak,

Bocemnaduyamptii cnocol
(ananoe gopmyas Mazpanwcal} =be—be, )

Mycrs X — npou3BoxbHas ToYKa OKpyxkHOCTH (pHc, 7), XL — Huc-
cextpuca yrna AXB (UBC = AC). IlposeneM N0Ka3aTebCTBO, AHATO-
THYHO BHIBOLY hopMy/El JlarparHka

2 =be-be,.

W3 nmomobus TpeyronsHHKOB XCA n

XLB:
x_xa
XB o XL

Obo3naunm XB=ag, XA=5b, XL=I,.

Wwmeem XC-1, =ab. Yuureisad, 910
LAXB =120°,2 XL = 2% cos60°,
a+b

HMeeM
x0. 280 1 obwnm XC=a+b,
+b 2
qT0 H TPCGOBMOCB JOKa3aTh.

Jeaamuadyammi cnocof
OBosxauuM XB =a, XA = b (puc. 8). fc-
HO, yT0 LAXB =120°, a Guccektpuca LX
paBHa:

XL =.2—aécos6{}°=£_
a+b a+b
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Tnasa IX. Mnanumerpun. HonnekyMoHHIe 3aaaum

Hanee:

LB =y. Umeem

O6osnaunm LC = z. Torna

XL-LC=AL-LB. (0))
OGo3Ha4HM CTOPOHY PABHOCTOPOHHErO TPEYronbHMKa p, AL =x,
ShUhp 2 Aigphl
A a+b'y a+b’
r]
=Xl abp ab

= .z
(a+b)?® a+b

orciona z-(a+b) = p*.

M3 AAXB: p* =a® +b* +ab, 3nauwr,

i 2
Za+b)=a* +b* +ab,vmm z=m;
a+b

a’+b’+ab _ab _(a+b)’ i
a+b “a+b  a+b

z+ XL = +b.

Jsaduameii cnocod

Ilycts X — MpoM3BONbHAA TOYKA OKpYXHOCTH (pHc. 9), Xd=5;
XB =a. Tpebyerca nokasats, 4ro XC =a+b.

06Go3HaYMM CTOPOHY PABHOCTOPOHHE-
ro TpeyronsHHKa ABC kak f, R — panuyc
OMMCAHHON OKPYXHOCTH, 2p, — MEpH-
MeTp TpeyroibHHuKa XAB, [, — HHIEHTD
TpeyroibHuka AXB, r, — paunuyc oKpyx-
HOCTHM, BIIHCAHHOK B TpeyronbHUK AXB.

TMockonsky C — cepennHa nyti AB, To

X1,-1,C=2Rr,,
HIIH, O TeOpeMe TPHITHCTHHKA,
1,C=AC=CB=tu Xt =2"'3”!5 .

Ho ry =((p, —t)tg 60° (LAXB =120°). 3nauwmr,

x1-28, )45

orxyna XI, =2( p, ~t). Toraa
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89, Bo3seaeHue Ha TPoH

Msaduamo nepastit cnocod

Hmeem (puc. 10)
25 ab
xw =_;n=—;
XL-sin X a+b

=labsin120°,

S__abJ' abJ'

abJ_ 3:2a+b)_ .,

XW =
2-3-ab

Jlsaduamn emopoii cnocob

Mposenem CK L XB (puc. 11).

TTo chopmyne Apxumena
AX + BX
P

KX = )

M3 ACKX:
KX
cos 60°

Yuureisas (1)
CX = AX + BX.
H nce!

CX = =2KX.

Jymalo, 4T0 3TO He KOHell.
Bugar, koponesa, BuBar!

B
X
A c(w)
Puc. 10
B
A C(W)
Puc. 11
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90. TpeyronbHUK ¥ KBaapar:

«MHo-0-r1e cno-o0-co-6ui!»

PaccMoTpuM KoHGbUIypaLuio:

Ha cropone kBagpata ABCD BHeulHe NMOCTPOEH NMpPAMOYTONBHBIH
TpeyrombHuK XBC ¢ mepemeHHOl BepIIMHON TouKoil X, rHmoTeHysa
KOTOPOTO COBMANAET CO CTOpoHOM KBanpara BC (puc. 1).

Iepsas 3ana9a
IIycte O — TOYKa mepeceyeHus aHa-
rouaneit keanpara ABCD. [loka3zarsk, 4To
XO nemwt yron BXC nononam.

B c Hepewtii cnocod
OnuuieM OKPYXHOCTB OKONO Tpe-
yronsHHKa BXC (puc. 1). D10it oKpyx-
HocTi npuHapiexuT toyka O.ITockons-
Ky BO =0C, 10

ZBX0 = LOXC.

Bmopoii enocof
Ha cropone kBanpara CD (puc. 2) no-
crpoum TpeyroasHuk CND ¢ yrnom CND,
paBHEIM 90°, paBHBIH TpeyroisHUKY BXC
TaK, 4To

£DCN = ZCBX.

Toraa Z£XCN =180°. Ecnu Ha cTopo-
Hax KpagpaTta AB n AD nocTpouTs Tpe-
D yronsHuku ADL u BKA, 10 4eThipex-
yronbHUK XNLK — KBanpar, a oTpesok
XO npuHaIIeXUT ero OIHaroHam, T. e.
K 4 L memut yron BXC nomonawm.

Puc. 2
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90. TpeyronsHuK 1 KBagpar: «MHo-0-rue cno-o-co-Bbi!s

Tpemuii cnoco

INoseprem TpeyronsHuk BXC okomo .
uentpa O ksanpara ABCD Ha 90° (puc. 3).
Torna ouxa X nepeitner B TouKy X, , Tou-
ka C — B TOUKY B, a TpeyronsHHK BXC —

B PaBHBII eMy TpeyronbHUK AX| B: B

£X, BA+ ZABC + ZXBC =180°. D

3uaunt, Touku X , B, X npuHamiexar

onHoli npamoit. Tpeyronsuuk X,0X —

paBHOGEIPEHHBI W TPAMOYrOMBHBIA X1 3 L
3naunt, XO nemut yron BXC nononam. Puc. 3
Hemeepmuui cnocod

Bsenem oGosnavenusa: £BXO =g, , £ZCXO0 = ¢, , ZXBC =a. Torna
ZXBO =a +45°, ZXCO = 180"—(& +45°) =135,

Tlo Teopeme cHHYCOB
0B ___ M., ~0C. wwid
sing, sin(a+45°)" sing, sin(135°-a)’

sing, _ sin(a +45°)
sing, sin(135°-a)’

3HAYMT, sin @, =sin ¢,. [ToCKOMBKY YI/IBL @, H @, — OCTPBIE, TO @, = ;.

Bropas sanaua
B TpeyronsHuke BXC mmuHE KateToB XB =g, XC = b. Haiity muny
orpeska XO.
Hepeawii cnocob
Paccmotpum noctpoenssit ksanpat XX, LN (puc. 3). Ero cropona
paBHa a+ b. 3HaumT, X0 = %(ﬂ%b}.

Bmopoii cnocof
TMyers XO = x, BO = % a* +b* . W3 Tpeyronsruka BOX 1o TeopeMe

KOCHHYCOB CJIEIyeT:

zl(a’ +b2) =g’ +x? -—2011!2:2:. 2x* -2\Rax+a’ —b? =0,
3 =£(g-i—bl, x=XO=%{a+b)‘
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Inaea IX. Nhanumerpun. KonneKumMoHKbie 3aaauu

Tpemuii cnocol
Ipoeenem muamerp OF OKPYXHOCTH, ONHCAHHON OKONO TPEYroib-
Huka BXC (puc. 4). O6osnauum £FOX = ¢. Torna

0X =x =0F -cos .

X TlocKoMbKY @=45°—B, rie B= ZXBC,
a0F =va’ +b*,10
B c x=va’+b’ cos(45°—B) -
P
=va’ +b* -ﬂ(sinﬂmosﬂ}:
0 v‘ i) —£(3+b).
Puc. 4 .,j' a2

Hemeepmuiii cnocod
Yernipexyronsiuk XBOC BnucaH B okpyxHocTh. [Toaromy umeer
mecTo Teopema [ronemes:
BO-XC +0C-BX = BC.0X,

wma® +b° -%(ﬂ+ b)=+a* +b* - X0,

N

orciona X0 =T(a+ b).

Iamwai cnocod
Hcnonsayem dopmyity GHcceKTpHCE /, Wis TpeyronbHuKa ABC

2be A
l,=—-cos—
b+e 2
(a, b,c — croposs TpeyronbHuka ABC, A — yron BAC).
B nanHOoM cnyuae XE (puc. 1) — Guccekrpuca yia BXC. XE = %%
a+

Tpeyromshuku XOC u XBE nonoGHH, OTOMY
X0 _ b .y, _aba+h)_ -f

b
@ XE ab2 R

Ilecmoii cnocod
Hcnonsayem asTopekyio hopMyity

s =%Au1 MN =%AW, 1, sin A,
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90. TpeyronsHuk 1 KBagpat: «MHO-0-rHe cno-0-co-Bei!»

ﬂusnauuomcuyqauS——ab' AW, = XO; MN =1, -sin90°= abJ__

a+b
3uam.xo_§_ﬂ'i‘l)_(a+b)‘r

Cedemoil cnocoli
Hcnonssyem dopmyny Apxumesa:
XC#XB 1., a%b.2 2

AW=XD= = = b_,._
! 2 cosds® 2 i (‘”)2

Bocwemoii cnocol

Hmeem XO = BCsin(45°+a. ), rne a = ZXBC,

XO—\J'a b —(cosa+s1na)-Ja 2 J‘Z‘L_b:—‘r(am
+

Meaambiii cnocold
PaccMOTPHM NPAMOYTOILHYIO CHCTEMY KOOPAHMHAT C LIEHTPOM B TOY-
ke B (puc. 5). IMycts runorenysa BC npHHamiexkuT ocH X, a CTOpOHA
xpanparta ABCD — ocu Y. Haiinem KoopauHaThl To9eK O M X

1 = e @ | ab
({2 i +b} xl'a’+b"\l'a‘+b’J

IMo (opMyne paccTOSHHS MEXIY ABYMS TOUKAMU:

2
v'a +b’] A
2
¥ rs——y ab X
+[_E o5 _\J'a‘-c-b’] o
_(a‘—b’)’ +a+b)'
N 4(a:'+b’) = B 7E] x
@+8)*(@@-b) +@+b)")
= 5 = =
4(a +b ) S

_(a+b)?’ Xo:(ﬁbw'z_
2 PH T

JecaTslit criocob mpemwiaraeTcs A D
HalTH CAaMOCTOATEBHO. Puc. §
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91. KonnekuynoHHas 3agaya

Dra 3apaya 6euia npeioxena C. M. 3erenem B ero nonyiaspHoit
kuure «Hopas reoMeTpua TpeyrosisHuKa» (Mockea: Yunenrus, 1962).
Bo BCAKOM TPeYTONBHHKE

Rl abe
—_—t—t—|= ¥
dt d] dl dl d! dl
raed, ,d, ,d, — COOTBETCTBEHHO PACCTOAHMA HEHTPA OTIMCAHHOH OKpYX-
HocTH O 0T CTOPOH &, b, ¢. [lokasathk.

CaMm aBTop 3a1a9¥ NPEUTONIWI JOKA3aTeILCTBO ¢ MOMOIIBIO TPHIO-
HoMeTpuH, a 5. M. Aiizenmurar u b. T. BenotiepkoBekas B KHure «Pemie-
HHE 3ama" ¢ MOMOIIRI0 TpuroHoMeTpuH» (Mocksa: Yamenrus, 1960),
BOCTIOJIB30BATHCE €10 [UTA JEMOHCTPALMH hopMybl

tg A+tg B+tgC=tg A-tg B-tgC

(A, BuC — yrm Tpeyronsiuka ABC):

Mycte M, M,, M, — cepenunbi cro-
poH BC, AC, AB (puc. 1), TornaOM | =d,
oM, =d,,0OM, =d,.

TMockoneky £BOC =24, mtgA:z%

(u3 AOM | B). AHanoru4so,

b (o
t38=£,:gc=g}.
Tockoneky
tgA+tg B+igC=tg A-1g B-1gC.
a b A€ g abe

el et

2d, 2d, 24, 8dd,’

gLt abe
WIH — +— 4 — = ——,
d d, d, 4ddd,



91, KonnekunoHHan 3apaya

Bmopoii cnocod
(fiez npumenents mpueonomempuu)
TMpumenum Teopemy TTTomeMes K eThipexyronsHuky OM, AM ;:
cdy by _aR
2 2 2
OrcionaaR =cd, +bd,. Auanorndro, bR =ad, +ed, ,cR =ad, +bd,.
JoMHOXHM Bhipaxkenus aR, bR, cR cootsercTseHHO Ha d,, d,, d,.

Hmeem
a-d,R+bd,R+c-d,R=

=(cd,d, +bd,d,) +(adyd, +cd,d, ) +(adyd, +bd,d, )=
=2(ad,d; +bd,d, +edyd, ) =
(/i
=2d,dydy| =+ —+ _}
i J[dl d, d,
ComnocTaBHM HAYAIO0 W KOHEL] 3TOI0 BbIDAKEHHA:

R(ad, +bd, +edy ) =2d,dyd [d +di+E_J
1 3

T

IMockonsky
R(ad, +bd, +ed; ) =R-28

(S — momwwﬁﬁmm“SR=%,m
b L& _abe
d, d d, 4

dd;d"[

77 ol T abe
HIH —+—+—= .
d d, d, 4ddd,

YTO M TpeGOBANIOCE AOKA3ATh.
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92. C rpuroHoMeTpUeH...

be3 TPUFOHOMETPHMH...

PaccMoTpuM HeCKOMBKO 3a1ad, HMEIOIINX TOMBKO IBa PABHOLEHHBIX
cniocofa peleHus (no kpaliHeH Mepe Ha nepssid Barnsa). HecMorps Ha
Majioe KOTHYECTBO CrocobOoB, TAKHE 3a1a9M 3aHMMAIOT JOCTOHHO BHICO-
KO€ MECTO B KOJUTEKLIMH TYYIIHX FeOMEeTPHYECKHX 3a1a4.

3anaua 1 (apropckasn). Jloxasars, 4TO eciu B TpeyronsHuke ABC
MHUEHTP [ TpHHALTEXMUT NpAMoit Ditnepa, To 3TOT TPEYTONLHUK paB-
HODBeApeHHBIH,

3ameTHM, UTO 3a/1a9a OTHOCHTCA K THIY «HeoxunaHHbii athdexT 06-
parHoii 3ana4u».

Hepewiii cnocofi
(agmoperuii)

TMockonbky otpesok OM, napamieneH otpesky AH (M, — cepenuHa
croposnl BC, H — oproueHTp), To Tpeyrobauk OJW, nopobex tpeyrons-
HuKy HIA (puc. 1) ( — oprouenTp, W, — Touka nepeceueHus GHCCeKTPH-
CBl yIvia A ¢ ONTMCAHHON OKOMIO TPEYToibHUKA ABC OKpYXKHOCTLIO).

A CrenopareibHo,
o1 0w,
IH AH
" AHATOrHYHO,
orr oI 0w,
. IH CH'
2 - VL' = Taxum obpaszom,
AH =CH,
P}fj_j H3 yero crnenyet, uyto BC = AB.
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92, C TpuroHoMeTpuen... bea TpUroHOMeTpuM...

Bmapoit cnoco6
(A. Kapaowenro)

Ol A0
W3 AAOH . 2): — =-— (cBoiicTBO

(puc.2) i AH( A
GHCCEKTPHCHL Al , KOTOpas pasneiuT nomno- il
nam u ZOAH), s ABOH:2L = B9, cpe j

IH BH \

nonzrmmﬂo,‘—‘):-&,orxyna.{b':;ﬂﬁ, \

AH BH C B
a 3HauMT, a = b. Pue. 2

Janaua 2. Pamguycsl ABYX mepeceKaloNINXCA OKPYXHOCTEH paBHE R
u r. Ux obimme BHYTpeHHME KacaTelbHbie B3aMMHO MEPIEeHIMKYIAD-
Hel. HaiiTH nioimagb TpeyronbHWKa, 06pajoBaHHOTO STHMM Kaca-
TeNbHBIMH M 00LIEH KacaTeJbHOM K 3THM OKPYXHOCTHAM.

Ilepaniit cnocol

O6oanaunm O, 0, — UEHTPbI OKPYKHOCTEH (PHC. 3).D,K,E,F,E,,
F, — Touxu xacauusi. Beejem nanee 0GO3HAdeHMS DK =1, DA=x,
BK =y, § — mwiomans Tpeyroabhuka ABC.

TMockonbky Yersipexyronbiuku ECO,0, u FCF 0, — ksanparsl, H
FC=F,0, =R, EC =CE, =r,10 AD=AE =x, BK = BF, =y,DB=BE,,
AK = AF, orciona /-x=R+r+x; l-=y=R+r+y, 3HauuT, X=).
AB =R +r.Tlo Teopeme Mudaropa (R+r)* =(R+x)* +(r+x)°;

Rr=Re+m+x’. (4}
Hmeem

S=%(R+x)(r+x)=%(ltr+Rx+rx+x’}. 2)

Tonctasum (1) B (2), monyunM s:%w+&)=b.
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[naga IX. Mnanumerpua. KonnekumoHHsIE 330a4u
Bmaopoi enocofi
Beenem BeroMoratensHbIi yrono = £BAC (puc. 3). Torna
ZF0,K =90°—a.

§ =3 AC-BC =2 (r+AE)(R+B,F) =

=%(r+rtg % ]-[R+Rtg[45°—%]] -

1-tg 2
=1R{I+tga— 1+ 2 =21Rr[l+tg-qz— 2 =R-r.
2 2 l+t.g% =

Janaua 3. OnHa H3 TOYeK MepeceYeHUs IBYX OKpPYXKHOCTel — To4-
ka K. IIpamas KacaeTcs 9THX OKpYyXHocTel B Toukax M u N. Panuycul
okpyxHocteit R, u R,. HaiiTi paguyc oKpyXHOCTH, OHCAHHOI 0KOJIO
TpeyronsHuka KMN.

ITepauiii cnocob

O6osnayum 0, H 0, — ueH-
TPH MEPECeKAIOIMXCS  OK-
pyxHocteit. 0 — LEHTp OK-
PYKHOCTH, OTTHCAHHOI OKOJIO
TpeyroneHuka MNK. loka-
HKeM, 4To Tpeyronbuuku MOK
u NO,K nonobusi (puc. 4).
TyeTs -

ZKNO, =0., ZKMO =p.

Ho

a =90°—4MNK=90°—% ZMOK =

:90*’-%( 180°-2B) =90°-90°+p =p.

3HaumT, o = p 1 paBHOGenperHbie TpeyronbHuku MOK u NO, K 1on106HsL

OGosHayum R, HekoMbiit pammyc. Mmeem :—"=K—Kx H3 nonobus
r

TpeyronmsHukos KON u KO, M crenyer: %‘— = % .TepemuoOXHE 3TH pa-

peHcTsa, monyanum R: =R, -R,,R, = /R, -R,.
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92, C TpuroHoMeTpued... 6es TpUroHOMETpHM. ..

Bmaopoii cnocod

OB6o3HaYUM
ZKNO, =B, £ZMKO, =a.
3naumt (puc. 5),
MK =2R cosa,
NK =2R, cosp,
ZKMN =90°-a,
ZMNK =90°-p.

IMo Teopeme cUHYCOB

_ 2R cosa __ 2R, cosp
* 2sin(90°-B)" " 2sin(90°-a)’

[MepeMHOXME 3TH PABEHCTBA, MOIYIHM

BhissiBaioT 0coBblil HHTEPeC 3a0a4H NOBLIIEHHO TPYIHOCTH, pe-
naraeMble aBTopamMy yaefHHKOB reomeTpuu. [Toyemy HMEHHO 9Ta, a He
HHas 3aJada TIOYIH/Ia TMOYEeTHOe NPaBo Ha BHHMaHHe MHILTHOHOB (1)
yaausxcs dusuero CCCP?

Ipoananusupyem omHy 13 Hux — Ne 1204 u3 yyeGuuka «[eomer-
pusi. 7—9» JI. C. AtanacsaHa U ap.

3anaua 4. B npamoyroasHoii Tpaneunu 4BCD MeHblee OCHOBaAHHE
AD pasHo 3, a 6okosas cropoHa CD), He NiepNeHIMKYJIAPHAsA K OCHOBA-
HusAM, pasHa 6. Touka E — cepenuna otpeska CD, yron CBE paseH o.
Haiignre niomans tpaneuun ABCD.

ITepeniil cnocob

TOBOPAT, YTO MEPBOE PELlIEHHE — 4 D F
He caMoe JIyHiee,

Mpomnum BE no mnepeceyeHHs
¢ AD B Touke F (puc. 6). Obo3HauuM
HC = x.Tlockonexy ABEC paBeH Tpe- L
yronsHuKY DEF , 10

DF = BC = x +3,

aAF =3+3+x=6+x. B C
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Inasa IX. Mnanumerpun. KonnekuMoHHBIE 330241

N3 AABF: AB = (6+ x)tg o.. AcHo, uTO

EL=6+T".SM =(6+x)1tgo‘.'%.

M3 tpeyronsuuka DHC:
x?=36-(6+x)tg’a,
HIH x’(l+tg ’a) +12tg o -x +36(tg g wl) =0.

Pemraem kBafipaTHOE ypaBHEHHE
D =144tg ‘a -144(tg a -1)(tg 2q +1) =

=1441g ‘o ~144(1g ‘o -1) =144,

_—12tg *a +12,
BaE 2 A
2(1+1tg a)
—_ 2 - in? 2
i 121820.'”2: 12 sin a2+12cos “zﬁ(cos’a—sin’a).

cos’a
Umeem 6+ x =12 cos? . 3HaumT,

s =(6+x)’tgu=]44ms‘atga

=72cos’ o sina.
ABCD 2 2

3ameTHM, YTO B PEIIEHHH He HCMOMb3YeTCA YHCIIOBOE COOTHOLIEHHE,
npusoisiee K paseHeTBy AD = DE.

Bmapoii cnoco
A D Hcnonbayem, uto AD = DE (puc. 7),
AE = BE,
3nauut, £LDEA=a.H3 AADE:
F| E AE =2ADcosa =6cosa;
BE =6cosa.
FE = BEcosa =6cos’ o,
B (i AB=2FB=2BEsino =12cosa sina.
il S =FE-AB=72sino.cos’ a.

3anaua 5. B mpamoyronsHoM Tpanewun ABCD nposeneHa GHccek-
Tpuca yraa D. Ona nepecekia cropoHy AB B Touke E Tak, uto AE = BC.
Jokasarts, 4TO B 4eTHIpEXYronbHHK ABCD MOXHO BIHCATh OKPYXKHOCT.
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92. C rpuroHomeTpueil.., 6es TpUroHOMeTpuM. ..

Ilepeviii cnocot - S,
Tpebyerca n0Ka3aTs, YTO
AB+CD =a+b.
3ameTum (puc. 8), uto a <
2
x -9.. ={H— A D
m?_b’u (b-aga, <5y
D= b-a
cosa
Hmeem
AB+CD=(b-d ma+—’-J=(b-a)[“““J:
cosa cosa
o
2tg —
1+ 20.
l+tg 1=
v s =(b—a{l+tg’%+2lg%}—-—l —=
1o i 1=ta 3%
- 2 i 2
1+tg 2%
\ tg 2 /7
3 (bma{l+g-]
=(b-a)[1+tg_'i] - E
2 1-1g 2% 1-2
2 b

_(b-a)(b+a)-b

=b
(b-a)-b e

2 370 3HAYMT, YTO B YETHIPEXYTONBHUK ABCD MOXHO BITMCATb OKPYKHOCTb.

Bmaopoii cnocof

Mposenem EF 1 CD (puc. 9). PaccmoTpum TpeyronsHHku AED u
EFD.Ouwu papHsl, 3Ha4uT, EA = EF.
W3 pasencrsa tpeyroasHukos EFC u F

EBC cnenyer, uro BE = FC.Ilycts BE = x;

CD =y.Torma

B C

AD=x+y, AB=x+a,
AD+BC=a+x+y, AB+CD=a+x+y,
orciona AD+ BC = AB+CD, 3xauur, Tpe- 4

GoBaHHe 3a7auH BHITIONHEHO.

Puc. 9

347



93. «Bcsa» reomeTpus B OAHOWM 3afaue

Takas 3anava sBjseTcs yKpalleHHeM camoil TpeGoBaTebHON KO-
JIEKIHH, MOTOMY YTO OHa MMEeT Bee, YeM obNanaeT XeM4yKHHA... Teo-
MeTpHYecKas KeMIyKIHA.

B npaMoyronsHoM TpeyronsHuEKe ABC (£C =90°) nposeneHa BeicoTa
CH w memuansl CM u CN tpeyronsuukos CAH v CBH . Haiith paccros-
HH#A 0T ToukH C 10 opTOleHTpa TpeyroasHuka CMN  eciu CH = h.

Hepaniii cnocofi
Tycrs AM = MH =m, BN = NH = n (puc. 1). Toraa

CH =h=+AH-BH =2/mn. 1)

ITycTs Q — OpPTOLIEHTP TPEYTOib-
Huka CMN. OnHileM OKpYXHOCTh
BOKPYT TpeyroibHuka CMN | npo-
nomwkuM CH no mepeceveHus ¢ oK-
04 PYXHOCTERIO B TouKe F.

IMycte QH =1, 1orna HF Toxe pas-

B A
N ‘H M Ho ¢. Toraa no TeopemMe o NMpoU3BENe-
‘ HMH OTPE3KOB XOpI:
Puc. 1
CH-HF = MH -HN,,
WIH
ht=m-n. (2)
Yuautsisas cootHoweHue (1), cooTHoweHHe (2) 3anMIIETCs TaK:
z
ppat
4

oTKymal = i h.Torna

CQ=CH—HQ=;._:=;._E=%;,_
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93. «Bcay reoMeTpUA B OQHOA 3agave

Bmopoi cnocof C
Tpeyronmsuuk MQH nonoGen Tpe-
yronsHuky CNH (puc. 2):
QH MH

NH h°
NH -MH
=

orciona QH =

2
Ho 4NH -MH =h1,3ﬁa'lm'.QH=% e huC‘Q=%h.

1
4
Tpemuii cnocod
OGosnayum (puc. 3) HM =x,
HN =y, ZCNH = ¢, ZCMH =y.
Jlnst OCTPOYTOMBHOIO TPEYTrOJIbHH-
- Ka ABC (puc. 4), B Kotopom H — op- g 0 ”
ToueHTp, H, — OCHOBaHHE BLICOTHI A, B |
X M X HYNY
AH cos A
—_— = (1) Puc. 3
HH, cosBcosC

JettcturensHo, AH =2Rcos A,
HH, =H BctgC=ccos B-cigC =

cosC

=2RsinCcos B——=2Rcos BcosC. H
sinC 4

3HauuT, BEIpakeHHe (1) MOKHO
34MHUCATh B BHIE:

cosd _ —cos(B+C) _
cos BcosC  cos BcosC c 7, B
=tg B-tgC-1 Puc. 4
H B TpeyronbHuke CMN':

o _ L
o tgotgy -1

Hotg<p=f'-;tgy=£,cnenonammo,
¥y X

c _»

S g

QH xy

2
ra!cxaxh=2J§ny ="T,cnenonamuo,CQ=%k.



[nasa IX. Mnanumerpus. KonnekyMoHHbIe 3a8a4K

Yemeaepniotii cnocod
Iycts H — OpTOLEHTP OCTPOYTONBHOTO TpeyronbHuka ABC, R — pa-
IHYC OKPYKHOCTH, ONIUCAHHOM OKONO TpeyronsHHKa ABC. Mmeet mecTo
tdopmyna AH? =4R* -a’.
s tpeyronbEnKa CMN (puc. 3): CQ* = 4R? —(x +y)* (R, — pamuyc

OKpYXHOCTH, OIIHCAHHOMH OKOJIO TpeyronsHuKa CMN).
CM =Jh +x*; CN =h* +y*.

c
R ATTNRYY 5 AR ey

R
1. 2h
22
B +x?) (1 +y?
co? =(——*—-—g,( )-(1 +y)t=
x’y? 2
=i +(x’ +y’)+ 7 —(x+y)’ =
xiy? go. Ly ARy KT MR
=h +(x+y) =2xy + p ~(x+y)' =h '?+E=F'

OmwnaCQ:%h

ITamutit cnocob
ITpuMem oBo3HadeHHA TpeThero criocoba (puc. 3): MH = x; HN =y.
O6o3naunm £MCH =a., ZNCH =p.

Torna us AMCH:tga = %,ua &Cﬁ”:tgﬁ=£.3}m‘"fr,

-

X2
go+gp _h h_Mx+y)
I-tgatgh | v A’ -xy

hi

tg (o +p)=

3aMeTHM, 4YTO M3 TOTO, UTO
2

CH =AH HB, h={2x2y, =",

4
CQ = MN ctg ZMCN,
cremyer
h? L
R -xy K -x % 3
= - } = = ="h.
CO=(x+yktg(@ +p)=(x+y ) 5 h F

350



93. «Bca» reoMeTpUA B OAHOR 3agave

Ilecmoii cnocob
O603naunm £ MCN =a (puc. 3). U3 tpeyronsHuka MCN:

CQ=2Rcosa =££-cusu =£ctso.. (1)
sina 2

2CM -CN -sina = h-c.
Mo dhopMyse MeaHAHEI
CM? =2a* +2h* —BH? ,4CN* =2b* +2h* - AH*.

Ho
AH? + BH® =(AH + BH)! -2 AH -BH =c¢* -2h*.

M3 tpeyronsauka CMN Mo TeopeMe KOCHHYCOB:
¢’ =4CM* +4CN? -8CM -CN cosa. =
=2a" +2b* +41* —(AH’ +BH’)—4hcctga -
=2¢? +6h* ~c* ~dhectgo =¢* +6h* —dhciga,
orcionac’ =¢” +6h* —4hcctga,

mma4hcctgu=6k’,nnnctgu=%.
IMoncraBuM B BEIpaxkeHHe (1):

=fcgent oM o

e e Sy

Cedomoii cnocod

Tycrs K — cepe/inHa BbICO-
T CH (puc. 5). Torna NK —
CpelHAs JHHHA TPEYTONBHHKA
BCH, 3uaunt, NK|| BC. Iycts
Touka [) — TOYKa MnepecedecHH
NK u AC. Torna NDLAC u
K — opTolieHTp TpeyroibHHKA i
ACN, 3naunt, npamas AK co-
nepxwut BoicoTy AT Tpeyromib-
Huka ACN: AT LCN. Ho seicota MF TpeyronsHuka MCN Takxe nep-
neHmuKynapHa CN, suaunt, AT || MF, cnenosarensno, MQ — cpeasss
JHHAA TpeyronbHuka AHK u Q — cepenuna KH , sHaqnr,

H:HXH —_—CH, —_—CH.

Puc. 5
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Fnasa IX. Nnanumerpun. HonnekuMoHHbIE 33A34K

Bocsmoii cnocob
Iycts K — cepenuna CH
c (puc. 6). TTpoBeneM OTpe3oK
BK.YT06H NOKa3aTte, 4to Q —
cepennna KH, nocratouHo

K nokasate, uto NQ|| BK (torma
0 NQ — cpenuas munms u Q —
P cepennHa KH). 3nauur, Heob6-
A M H N 3 XOIMMO J0KAa3aTh, 4TO
g ZBKH = ZNQH.
Kak usBectHo,

£ZNQH = /CMH =¢
(oba paBHBI 90°-LQNM).

[Mockonsky AACH ~ ACBH, 10 BCE COOTBETCTBCHHBIE YI/IBI 3THX
TPEYTOIBHUKOB paBHhl, ¢ = /CMH — yron Mexny MeIHaHO H cTOpO-
Hoif TpeyronbHuka ACH, Haxomsameitcsa nporus yrna ACH, pasHoro B.

£ZBKH — yron mMexny MeiHaHOH H CTOpPOHO# TpeyronsHuka BCH,
HaxousuieHes NpoTHB yria B, cnenosarensHo,

ZBKH = ZCMH =g,

@ 9TO 3HAYHT, mC‘Q:%CH.

Jleaamsuii cnocof
Ilycts K — cepenuHa otpes-
ka CH (puc. 7). Torna NK|| BC
(cpemHsis TMHUS TPEYTONRHUKA
BCH), MK || AC (cpemisa ma-
Hus Tpeyronbinka ACH). Torna

A M B
ZMKN = ZACB =90°.
Iyers MH, , NH , — pricoTs
b Tpeyronstnka CMN, Q — opro-
Puc.7 LeHTp TpeyronbHuka CMN .
Tak kak

ZMH,N = ZMKN =90°,

1o Touku H,, K, H, nexar Ha okpyxHocTH y ¢ iuamerpom MN Tlponon-
*kuM CH no nepeceuerns ¢ y B touke D, Torna

CK-CD=CH, -CN. (1
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93. «Bcan reomeTpua B DAHON 3apave

Hmeem: CK =% h(tax kak K — cepemuna CH). Mmeem nanee KH = HD

(tak Kak MN — muamerp, MN L KD, 3nauur,
KD =2KH=2‘§=.&,

cnenosarensHo, CD = % h.

[lyets ZQCH| =a. W3 tpeyronbruka COH,
CH, =CQcosa
(. — yron HCN). IoacTaruM 3TH BeIpakeHHA B (1):
h3

——h= .cosa -:CN.
3 g =G

Hocoso.-CN =CH (u3 ACHN):
h3

3
2.2 h=C0- CO==h
= CQ-h, otkyna CQ 7
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94. Bocxuwerue obyyeHnem

IMpaBo, He ckaxy, rae GbUIA HANMEYaTaHA BIEPBLIE 9Ta 3a1a4a, KTO ee
aBTop. 3aTO C YBEPEHHOCTBIO MOTY YTBEPXK/ATh, YTO THPAX €€ OTPOMEH:
OHa CKPOMHO pa3MecTHIach B rpynne B nirecTHeltero 3anauynuka nox
penakumei M. Cxanasu. Bor ee ycnosue.

Inomans Tpeyromsuuka ABC pasHa 5, , ruiowmamns Tpeyronbiuka AHB
(H — oprouentp) pasxa S,. Ha npamoit CH Basita Takas Touka K, 4to
TpeyronsHuK ABK npamoyronsHei, JTokasats, 410 miolans Tpeyrofis-
HHKa ABK ecThb cpellHee reoMeTpHIecKoe MeXny S, H .S, .

C 3anageif 1 3HAKOM IAaBHO, HO TOJIBKO TETIEPh OCO3HAJ €€ TeIarorn-
YECKYIO LIeHHOCTD.

Haunem ¢ Toro, 4To pemmTh 3a1a4y He npocto. HaBepHoe, camoe ec-
TECTRBEHHOE €€ pellieHHe — C MOMOLIBI0 Nojobus.

Hepeviii cnocol
c Tpebyerca nokasats (puc. 1), uto

§=5,-S,

(S; — momans TpeyroNbHAKa AB}(]. 30
PABEHCTBO MOXHO 38IMHCATD B BHIEC:
¢*-KH! =c*.CH, -HH,,
A H
Puc. 1

WIH
KH} =CH,-HH,. )
Mockoneky £BKA =90°, 10
KH} = AH, -BH,.
Yro6el MOMYIHUTE PABEHCTBO (*), HANO I0OKA3aTh, YTO
CH,-HH,=AH,-BH,.
Ecnu 370 paBEeHCTBO 3aIMHCATE B BUJIE
CH, =£

AH, HH,’ i
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94, Bocxuuienme obyyenuem

TO OYEBHIHO, 4TO HANO BOCHONB30OBATHCSA MONOGHEM TPeyrolLHHKOB
CBH, n AHH,. [eiicTBUTE/IEHO, 3TH NPAMOYTOILHAEIC TPEYTONEHHKH
HMEIOT 110 PABHOMY OCTPOMY YTy,

Kcrari, MoxHO «0boliTi» nmogobdue: u3 paseHcTsa (1°)

CH, BH
—=tgd, ) =tg ZBHH,,Ho LBHH, = A!
H, g aHH, E 3 3

Hrak, 3aaya «noMeLaeTcs» B pABEHCTBO:
KH} =CH,-HH,. (*)

IMonpoGyeM TPHTOHOMETPHIO.

Bmopoii cnocofi
Bripasum ¢ noMomsio R 1 YI/IOB TPEYTONLHHKA BCE KOMIOHEHTHI pa-
BEHCTBA (¥):
HH, = BH cos A=2Rcos Acos B,
CH, =asin B =2Rsin Asin B,
KH, =\[AH,-BH, =+/bcos A-acos B =/R* sin24-sin2B.
Hmeem

HH,-CH, =R’ sin2A-sin28.

Opnako! Cywecrsyer TpeTHil cnocob nokazaTensctsa. M BHOBB
Ha «XOpOUIYIO TeOMETPHIO» BhRIBEIET ayirebpa!

Tpemuii cnocob

OGosuauum AH, =m; BH, =n; HH, =t. Umeem:

Bicr " WH:
Hanee Sua =Y {Tepemsoskim:
ARC a
8 3 Nmn -mn

8 s S t-h,

OueBHIHO, 4TO JOJDKHO OBITL mn =1 -h,.
HeificTBHTENBHO, OMHILEM OKPYXHOCTh BO-

H
Kpyr AABC (puc. 2). pommamM otpesokCH, B
10 NepeceeH s ¢ OKPYXKHOCTBIO BToYKe N.
Torna H, N =t (ucrions3oBany H3sect- N

Hoe croiicTeo HH, = H,N). Puc. 2




Fnasa IX. MaauumeTpua. HoNNeKUHOHHBIE 3808401

Teneps NPUMEHUM TEOPEMY O NPOH3BEIEHHH OTPE3KOB X0PI
CH, -H,N=AH, -BH,,

WiIH mn =1 -h,,a 34294, S 1y =8 p S gac-

M, HakoHelt, KyTbMUHALMA!
PemmM 3amady ¢ momolnblo crepeoMetpus. [IpuMeHeHHe crepeo-
METDHH Il pellieHis TUIAHMMEeTPHYECKHX 3anay ocobo HHTEpecHo!

< Hemaepmuii cnocoli
PaccMOTpHM NPAMOYTObHBIH TET-
pasap CSAB (Tpu yrna TNpH BepIInHE
S — npaMeie (puc. 3)).
MoXHo NOKa3aTh, YTO

S i =S asc S ann - 29

K tpeyronsrauky 4BC (puc. 4) Bripo-
CTpaHCTBe M3 opTolieHTpa H BoCCTaHO-
BHM nepnennukyip . [lyctes K — He-

A KoTopas Touka Ha npamoit CH, Takas,

Puc. 3 uyto ZAKRB =90°. [ToRepHeM TpeyToib-

C HHK AKB Tax, 4to0bl ero BepumHa K

OKa3aNach Ha NeprneHnuKyipe ¢. [oxy-
YeHHYI0 TOUKY obo3aHauum S(k).

Torna terpasnp CS(k)AB — npamo-
yroneHsr, n6o £BS(k)A =90°, a Beico-

“‘, Ta §(k)H npoxoauT 4yepes oproueHtp H
S0 rpani CAB. Torna no dopmyse (2°)
- B
1 \ Ss:r)u =\I|S,m:‘sms-
Ho TpeyronsHuk SAB — 310 Tpe-
A yroneHWK AKB, takum obpasom
Puc. 4 Sxe =S uoc Sags

BomcTHHY, paccMaTpHBaeMas 3a/la4a — XEMYYXKHHA He TONBKO reo-
METPHH, HO U NMeJarorHKH reoMeTpun!
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95. EAMHCTBEHHAA U HENOBTOPUMAA

KoHeuHo, Kak BEl M JOTafalich, peYb CHOBA MOMIET O 3ajave.
IMocrapatock 00BACHHTE, 3a 9TO el TaKas 4ecTh.

HeiicTeuTenbHO, nosBuBlIKMch Ha MexnyHaponHoit MareMaTuyde-
ckoif Onumnuane B 1978 ., oHa 1o cux nop obeyxnaercs.

Jna peiueHs NpHBIEKAETCS FOMOTETHS, BCIIOMOraTebHAS OKPYX-
HOCTH, TPHTOHOMETPHS, JieMma ApxuMena, Teopema ITackans, hopmyna
Ditnepa u naxe Teopema Ka3u, Kakas u3 3a1a4 MOXET «TIOXBACTATHCS»
TAKHM ITOCTYKHEIM CIIHCKOM?

HauHewm ¢ Toro, 4To NepBOHAYAILHOE YCIOBHE 3a0a4H, MPeLIoKeH-
Hoe Ha MexIyHapoaHOi oMuMITHae, OBUIO NEPErpyXeHHbIM — CIOBO
«papHoOGeapeHHbIH» GbUT0 MHInHUM. Ho MMeHHO Takoe ycnoBHe omy6-
JIMKOBas Briepsbie XypHan «Ksant» (Ne 537).

OKpyXKHOCTbL KacaeTcsl BHYTPeHHMM 00pa3oM OKDYKHOCTH, ONH-
CaHHOH BOKpYT paBHOGepeHHOTO TpeyroibHuKa ABC, a Takke paBHEIX
cropoH AB u AC 3TOTO TpeyrojbHHKA B TO4KaX P, 0 COOTBETCTBEHHO.
Jokaxure, 4yTo cepeanHa oTpe3ka PQ SBIAETCH LIEHTPOM OKPYXHOCTH,
BIMCaHHOI B TpeyronsHuK ABC.

[NpuBeneM JOKa3aTeNbCTBO M3BECTHOTO MOCKOBCKOTO MATEMATHKA,
coTpyxHMKa xypHaia «Keant» H. Bacuibepa.

Ilycte AH — BRICOTA TpPEYTONBHHKA
ABC, E — cepeauna otpeska PQ,0, —
LEHTP JaHHO# OKpyxHocTH, T — ToYKa
KACAHHA NAHHOH OKPYXHOCTH C OMH-
CaHHOM OKOJIO TpeyrolbHuka (puc. 1).
SlcHo, uto Touku E u T npuHamiexar
npsaMoi AH.

TpoBeneM 4Yepe3 Touky T Kacarellb- B 0 J\
HYIO K IAHHOH OKPYXHOCTH (a 3HAYHT, H H ,
K OKDYXHOCTH, OTHCAHHO oKolo Tpe-  Bi T G
yronsHuka ABC). Ilycte oHa mepeceder Puc. |
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[naga IX. Mnanumerpus. KoanekuumoHHbie 3a0a4u
npsimMbie AB 1 AC B Toukax B, uC, coorBercrBeHHo. Tpeyroneuuxu ABC
H A B,C, roMOTEeTHYHBI C LIEHTPOM FOMOTETHH B TOYKE A H HEKOTOPBIM

koadypuunenTom k. OyeBuaHO, 4TO kK =%. W3 npaMoyronbHeIX Tpe-

yronsHukoB AHB u ABT umeeM, 4to

e T T i

coso
(o = ZBAH = ZCAH), 3niaumr, k =cos® o.. AHAIOTHYHO, H3 IPAMOYTOIb-

HBIX TPEYTONbHHKOB AEP 1 APO, :% =cos’ a.
1
[oatomy npu roMoTeTHH To4Ka E mepeitneT B To4Ky O, , & OCKONLKY
TouKa O, — LEHTp BIUCAHHON B TpeyronbHHK AB,C, OKpYXHOCTH, TO
Touka E GyaeT HHUEHTPOM TpeyroasHuKa ABC!

Tenepp nNpuBenem PEIIEHHsS YCOBEPIIEHCTBOBAHHOM 3anauu, ybpas
CIOBO «paBHOGEAPEHHEI»:

OxpyxHocTb KacaeTest cTopoH AB u AC TpeyronsHnka ABC B TouKax
P 1 Q cooTBETCTBEHHO, a TAKKe BHYTPEHHHM 06GPa30M KacaeTcs OKpyX-
HOCTH, OTIMCAHHOM OKOJIO 3TOro TpeyroabHHKa. JoKa3ars, YT0 HHLUEHTP
I tpeyronbhnka ABC cosnanact ¢ cepeauHoil otpeaka PQ.

ITepeuiii cnocoii
(€ ROMOW(bIO MPUCOHOMEMPUL)
Yrobul mokasaTs, uTo Touka E, cepennHa otpeska PO, ABISETCA WH-
LEHTPOM TpeyroibHuKa ABC, 10cTaTOYHO NOKA3aTh, YTO

AE=-1 )

i
sin —
2
rie r — paguyc OKpyXHOCTH, BITHCAHHON B TpeyronkHHK ABC. [leitct-
BHTEJIbHO, MOCKONBKY AP = AQ, 10 A0, L PQ (O, — ueHTp DaHHO# OK-
PYXKHOCTH) M TouKa E NpHHALIEXHT npsi-
moit A0, (puc. 2).

ITockoMbKy HHUEHTD TAKXKe MpHHAILTEe-
#uT npamoit AO, (Guccextpuce yrna A),
TO YTODOBI I0Ka3aTh, YTO TOYKH E u I coB-
TafaloT, JOCTATOYHO M0Ka3aTh, 9T0

AB=Al. AF=—1
sin —
2




95. EAMHCTREHHAR W HENOBTOPUMAR

O603HaYHM 7, — PalMyC OKPYXHOCTH, JaHHO# B ycnopuu: 0,0 =r,.
W3 tpeyroasnuxos O, EQ u AEQ umeem:

A e
AE tg — sin —
B g OB ~AE-— 2
1
cos ZEQO, 005322 coszé
2 A
rcos” —
Ortkyna AE = A2 .Hitak, wis noxasatenscTea opMyinsl (1) mocra-
sin =
2
TOYHO MOKA3aTh, YTO
r,cos’%:r. 2)

3nech GyseT YMECTHO MPOBECTH AHAIOTHIO C TPHTOHOMETPHYECKHM
[IOKa3aTenbeTBOM (opMynel Ditnepa (01 = R? =2Rr) (cM. kuury «Tpe-
YroBHHK M TeTpasp B 3anadaxs).

TTocKOMBKY 3a1aHHaA OKPYKHOCTb H OKPYKHOCTB, ONTHCAHHAsA OKOJIO
TPeyro/ibHuKa, Kacaioresi, 10 00, =R—r,, rae R — paguyc onucaHHoi
okpyxkHoctH. Touka O, npuHaWIeXHT GHCCeKTpHce yria A, MOITOMY
ZOAO, = # (cunTaem, uto £ B> ZC). TIpuMEHHM TeOpEMY KOCHHY-

h

coB K TpeyrombHuky AOO,: AO =R, A0, = , 3HAYMT,

sin —
2

n oosB_C+ rf
gy s @eig A
2 2

(R-1r,)" =R* -2R.

#, sin’ ﬁ—rl = 2Rsin A cos2=C 1oRsin? 4,
2 2 2 2

n coa® AR sinAl coot <Smsin s

2 2 2 2

rlooszﬁ=2Rsiné cmﬂ_mﬂ
2 2 2 2
1 A AT Iy -
— =4Rsin —sin—sin —.
BeRtig i
IMockonsKy no u3BecTHOH hopMyIe Npapas YacTh PABEHCTEA PABHA T,

107, cos’ -'-21 = r,Toraa hopmyna (2), a 3HAYMT, ¥ caMa 3amaya, JOKa3aHa.
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Fnasa IX. Nnanumerpus. HonnexkuwoHHbIe 33a34k

lna npumeHeHHs APYruX crocoGOB HaM TMOHAZOGHMTCA aeMma
Apxumeda.

Jlemma Apxumena, EcnHM HeKOTOpas OKPYXHOCTB KacaeTcd HaHHOMN
OKDYXHOCTH H €e XOpIEI, TO NpfAMas, COeOHHAIOIIAA TOYKHM KACAHHH,
TIPOXO/IMT Yepes cepeiMHY IyTH, CTRTHBAEMO# 3Toi Xopmoit.

Hepesui enocod, Tlyets 0,0, — LEHTPEI HaHHBIX OKPYXHOCTEH (pHC. 3),
T,,T, — TouKH KacaHus OKpyXHocTel i xopasi BC Gosbineii OKpyKHOCTH,
A — Touka nepeceyenus npamoit T\ T,, ¢ Gombureit okpyxmoctsio. Tpe-
yronshuku O, T, T, n OT, A — pasHOGeOpeHHbIE, TOITOMY

£OT,T, = LOT,T, = LOT, A= LOAT,,
otkyna O,T, ||OA. Ho O,T, L BC, cnenoearensto, OA L BC u nostomy
UAB =UAC.
1 A

-]
b
o

Puc. 3 Puc. 4

Bmopoii cnocot. PaccMOTPHM TOMOTETHIO ¢ LIEHTPOM B Touke T, H KO-

abduuneHTOM 2 ,rae R ur — panguycsl GoNbIIO# B MANTO# OKpYXHOCTEH
r

(puc. 4). [1pu 3T0# rOMOTETHH MEHBIIIAA OKPYXHOCTD NepeiineT B 6oib-
wyio, a xopaa BC B KacaTe/IbHYIO ! K GoNbluei OKPYXHOCTH B TOYKE A,
npudem || BC. TlockonsKy B 3ToM ciydae UAB = UAC, To neMMa Apxu-
Mefla JoKa3aHa.

Bmopoii cnocob
(€ noMowLIo Jemmbl Apxumeda u scnomoeamensiol oxpycRocmu)
CoxpaHuM Bce 0003HAYEHHS H3 «TPUIOHOMETPHYECKOTO crocobas.
TMycte T — TOYKA KACAHHA AAHHON OKPYXHOCTH W OKDYAKHOCTH, OMH-
CaHHOIi BOKPYT TpeyronsHuKa ABC (puc. 5).
Iposenem Guccextpucy yrna BTC. Ilycts oHa nepeceyer otpesok PQ
B HEKOTOPO#H TouKe D).
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95, EAMHCTEEHHAR W HENOBTOPUMAR

Hoxaxem, 4To

ZPCD = % ZACB. 3

JeAcTBHTENBHO,
ZLCPD+ £CTD =

AT
=180° °——= |+ - ZLCTB =
180 {90 > )+2

=90°+ 2+ 1 (180°-4) =180°,
79

CrnenoBaTebHO, 4YeTHIPEXYTONbHHK
CPDT — BIMCAHHEIH, IO3TOMY

ZPTD = ZPCD.

Bocmons3ayemcs neMmoit Apxumena. [lycrs npamas PT nepecekaer
GobIIYIO OKPYXKHOCTS B Touke F. Toraa
UCF = UAF = % UAC.

OcrawTcs BEIYHCICHHS:

LCTD = ZCTF + £FTD =

+ ZACD.

C pyroii CTOPOHBI:
1 1 A
LCTD=— ZCTB =—(180°-A4)=90°-=,
2 2 ( ) 2
CIENOBATENBHO,
R L M e
2 2 2
PageHcTBO (3) moKaszaHo, cnenoparenbHo, CD — GuccekTprca yrna ACB.
AHaNOTHYHO NoKasbBaeTcs, yro BD — buccextpuca yrna ABC, 3Ha-
4T, TouKa D — unueHTp [ TpeyronsHuka ABC, a 3HauuT, D — cepenHHa
PQ (AP = AQ).

Jns noKasateNbCTBa TPETHM criocoboM HaM MOHAZOGHTCA TeopeMa
TMackans.

Teopema [Mackans. Ecnu mwectayronsHuk ABCDEF BITHCaH B OKPYX-
HOCTB M NPOTHBONOJIOXHEIE ero cTopoHsl (AB u DE, BC u EF,CD u FA)
He MapaUie/ibHEl, TO TOUKH MepecedeHus MPOJO/DKEHHI 3THX CTOPOH
JIEXAT Ha OXHOM npsMo# (pHc. 6).
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[nasa IX. N TpuA. Honnexy 3apaum

Ta

Puc. 7

Tpemuit cnocob
(npumenenue meopeme flackann u aemmm Apxumveda)

TMo nemme ApxumMena npamas PT nepecexaer myry AC B ee cepeuHe —
Touke W, (puc. 7).

AmuanoruuHo, npsaman TQ nepecexaer ayry AB s Touke W,  ITepeceue-
HHE npAaMeIX BW, u CW,; — ecTb uHUeHTp [ Tpeyronsiuka ABC.

JlokaxeM, 4TO OH NPHHALIEXKHT OTPe3Ky PQ.

Paccmorpum wecrnyronsuuk TCW, AW, B. Touku nepecedeHHs ero
NPOTHBOTIONOXHBIX cTOpoH (P, 1, Q) npuHamIeXaT ogHOH npsmoit PQ.

Yetseprsiit criocob Joka3aTenkCTBA PH MOMOIIH TeopeMul Ka3u pe-
KOMEH/IYEM HAWTH CaMOCTOATETBHO,

Jymalo, 4T0 3THM He OIPaHHYHBAETCH NpPHMEHEHHE 3HAMEHMTRIX
TEOpPEM K [OKA3aTe/IbCTBAM NpelioxeHHoH 3anaun. Bpema nmoxaxert!
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96. Mpaso asTopa

DTHM NIPaBOM A M BOCTIONB30BA/ICH, YTOOB! 6€3 BCAKOH apryMeHTaluH
BeIOpaTs 3agauay.

Janava. Otpesku MN, EF u KL, napauienbHble CTOPOHAM TPEYTOMb-
HuKa ABC U nepeceKalolue ero cTopoHs! (puc. 1), obosHauuma, , b, ,c,.
Jloka3aTh COOTHOLIEHHE

S E- +8 2,
a/ch e

Iepebuit cnocol
Iycrs CE =k, EK =m, BK =n. Torna
MX =k, NX =n,T. e. a, =k+n. U3 mopo-
6us tpeyronsHukos BEF u BCA nMeem:

b _m+n

b a
AHATOTHIHO,

¢ _k+m

Firs, Tl

CrnenoBarenbHO, HMEEM:
G b o _ktn men kim 2k+mim) .
Tl C a a a a

Bmopoii cnocot
Mycts S,,S,,8, — mromany Tpeyronbaukos XEK, XLM , XFN, co-
oteercTeHHO (puc. 1). CrnpasemiMBo paBeHCTBO (JOKaxHTe!):

S paw =(E+J§D3‘

MN _S; +S,
PR g

3Haumr,
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[naea IX. Nnavumerpua. HonnekyMoHHble 3a0a4K

AHATOTHYHO,
EF S, +S,
__—JE :
LK S, +VS:
. oan!

Vayrsisas, a0 VS = ,f_ JE S5, UMeeM:
a i"_‘,'.lmz(\[_+ 3 +4f 5y
a b Js

A

Tpemuit cnoco6
c (meopema Kepzona)
B, 4 Tlycts Tpu oTpeska Ad, , BB, CC, ne-
pecekalores B Touke X (puc. 2). Hmeer
MECTO COOTHOILEHHE (Teopema JKeprosa):

AX BX C&X _,
A4, BB, CC,
B Hamrem ciyuae (puc. 3)
MN _ AX
BC A4,
3HauuT,
f‘_+b_1+c_’=ix_+.§X__+g_=2
C i 'B a b e 44 BB (C

Puc. 3

Iymaro, 4T0 CBA3E TeopeMl JKeproHa 1 mocTaBlIeHHOH 3a0a49H4 H eCThb
rrnaBHas aprymenTanus. CornacHnr?
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